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Abstract We consider the (scalar) gradient fields 1, = (np)—with b denoting the
nearest-neighbor edges in Z?—that are distributed according to the Gibbs measure
proportional to e A7y (dn). Here H = 3", V() is the Hamiltonian, V is a sym-
metric potential, § > 0 is the inverse temperature, and v is the Lebesgue measure on
the linear space defined by imposing the loop condition np, + np, = np; + np, for
each plaquette (b1, by, b3, bs) in 72 For convex V, Funaki and Spohn have shown that
ergodic infinite-volume Gibbs measures are characterized by their tilt. We describe
a mechanism by which the gradient Gibbs measures with non-convex V undergo a
structural, order-disorder phase transition at some intermediate value of inverse tem-
perature 8. At the transition point, there are at least two distinct gradient measures
with zero tilt, i.e., Enp = 0.

1 Introduction
1.1 Gradient fields

One of the mathematical challenges encountered in the study of systems exhibiting
phase coexistence is an efficient description of microscopic phase boundaries. Here
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2 M. Biskup, R. Kotecky

various levels of detail are in general possible: The finest level is typically associated
with a statistical-mechanical model (e.g., a lattice gas) in which both the interface
and the surrounding phases are represented microscopically; at the coarsest level the
interface is viewed as a macroscopic (geometrical) surface between two structureless
bulk phases. An intermediate approach is based on effective (and, often, solid-on-
solid) models, in which the interface is still microscopic—represented by a stochastic
field—while the structural details of the bulk phases are neglected.

A simple example of such an effective model is a gradient field. To define this
system, we consider a finite subset A of the d-dimensional hypercubic lattice Z¢ and,
at each site of A and its external boundary d A, we consider the real-valued variable ¢,
representing the height of the interface at x. The Hamiltonian is then given by

Hy@)= D> Vigy— oo, (1.1)

(x,y)
x e A,y e AUIA

where the sum is over unordered nearest-neighbor pairs (x, y). A standard example is
the quadratic potential V() = %K n? with ¥ > 0; in general V is assumed to be a
smooth, even function with a sufficient (say, quadratic) growth at infinity. The Gibbs
measure takes the usual form

Pa(dg) = Z e PHA@D gg, (1.2)

where d¢ is the | A |-dimensional Lebesgue measure (the boundary values of ¢ remain
fixed and implicit in the notation), 8 > 0 is the inverse temperature and Z is a nor-
malization constant.

A natural question to ask is what are the possible limits of the Gibbs measures
Px(dp) as A 1 74, Unfortunately, in dimensions d = 1,2, the fields (¢y)yecp are
very “rough” no matter how tempered the boundary conditions are assumed to be. As
aconsequence, the family of measures (P4 ) 5 ~74 is not tight and no meaningful object
is obtained by taking the limit A 1 Z%—i.e., the interface is delocalized. On the other
hand, in dimensions d > 3 the fields are sufficiently smooth to permit a non-trivial
thermodynamic limit—the interface is localized. These facts are established by com-
binations of Brascamp-Lieb inequality techniques and/or random walk representation
(see, e.g., [16]) which, unfortunately, apply only for convex potentials with uniformly
positive curvature. Thus, somewhat surprisingly, even for V() = n* the problem of
localization in high-dimension is still open [23, Open Problem 1].

As it turns out, the thermodynamic limit of the measures P, is significantly less
singular once we restrict attention to the gradient variables n = (17,). These are defined
by n, = ¢, — ¢y where b is the nearest-neighbor edge (x, y) oriented in one of the
positive lattice directions. Indeed, the n-marginal of P (d¢) always has at least one
(weak) limit “point” as A — Z%. The limit measures satisfy a natural DLR condition
and are therefore called gradient Gibbs measures. (Precise definitions will be stated
below or can be found in [16,22].) One non-standard aspect of the gradient variables
is that they have to obey a host of constraints. Namely,
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Gradient Gibbs states 3

Nby + Nby = Nbs + Ny (1.3)

holds for each lattice plaquette (b1, b2, b3, bs), where the edges b; are listed coun-
terclockwise and are assumed to be positively oriented. These constraints will be
implemented at the level of a priori measure, see Sect. 2.

It would be natural to expect that the character (and number) of gradient Gibbs
measures depends sensitively on the potential V. However, this is not the case for the
class of uniformly strictly-convex potentials (i.e., the Vs such that V" () > c_ > 0
for all ). Indeed, Funaki and Spohn [17] showed that, in these cases, the translation-
invariant, ergodic, gradient Gibbs measures are completely characterized by the #ilt of
the underlying interface. Here the tilt is a vector u € R such that

Enp=u-b (1.4)

for every edge b—which we regard as a vector in R?. Furthermore, the correspon-
dence is one-to-one, i.e., for each tilt there exists precisely one gradient Gibbs measure
with this tilt. Alternative proofs permitting extensions to discrete gradient models have
appeared in Sheffield’s thesis [22].

It is natural to expect that a serious violation of the strict-convexity assumption
on V may invalidate the above results. Actually, an example of a gradient model
with multiple gradient Gibbs states of the same tilt has recently been presented [22];
unfortunately, the example is not of the type considered above because of the lack of
translation invariance and its reliance on the discreteness of the fields. The goal of this
paper is to point out a general mechanism by which the model (1.1) with a sufficiently
non-convex potential V fails the conclusions of Funaki—Spohn’s theorems.

1.2 Potentials of interest

The mechanism driving our example will be the occurrence of a structural surface
phase transition. To motivate the forthcoming considerations, let us recall that phase
transitions typically arise via one of two mechanisms: either due to the breakdown of
an internal symmetry, or via an abrupt turnover between energetically and entropically
favored states. The standard examples of systems with these kinds of phase transitions
are the Ising model and the g-state Potts model with a sufficiently large g, respectively.
In the former, at sufficiently low temperatures, there is a spontaneous breaking of the
symmetry between the plus and minus spin states; in the latter, there is a first-order
transition at intermediate temperatures between g ordered, low-temperature states and
a disordered, high-temperature state.

Our goal is to come up with a potential V' that would mimic one of the above situa-
tions. In the present context an analogue of the Ising model appears to be a double-well
potential of the form, e.g.,

V) =km® —nH (1.5)
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4 M. Biskup, R. Kotecky

Unfortunately, due to the underlying plaquette constraints (1.3), the symmetry between
the wells cannot be completely broken and, even at the level of ground states, the sys-
tem appears to be disordered. On Z? this can be demonstrated explicitly by making
a link to the ice model, which is a special case of the six vertex model [1]. A similar
equivalence has been used [2] to study a roughening transition in an SOS interface.

To see how the equivalence works exactly, note that the ground states of the system
(1.5) are such that all n’s equal £7,. Let us associate a unit flow with each dual bond
whose sign is determined by the value of 5, for its direct counterpart b. The plaquette
constraint (1.3) then translates into a no-source-no-sink condition for this flow. If we
mark the flow by arrows, the dual bonds at each plaquette are constrained to one of six
zero-flux arrangements of the six vertex model; cf Fig. 1 and its caption. The weights
of all zero-flux arrangements are equal; we thus have the special case correspond-
ing to the ice model. The ice model can be “exactly solved” [1]: The ground states
have a non-vanishing residual entropy [21] and are disordered with infinite correlation
length [1, Sect. 8.10.1IT]. However, it is not clear how much of this picture survives to
positive temperatures.

The previous discussion shows that it will be probably quite hard to realize a sym-
metry-breaking transition in the context of the gradient model (1.1). It is the order—
disorder mechanism for phase transitions that seems considerably more promising.
There are two canonical examples of interest: a potential with rwo centered wells and
atriple-well potential; see Fig. 2. Both of these lead to a gradient model which features
a phase transition, at some intermediate temperature, from states with the n’s lying
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Fig.1 The six plaquette configurations of minimal energy for the potential (1.5) on 72 and their equivalent
ice model configurations at the corresponding vertex on the dual grid. The sign marks represent the signs
of ny, along the side of the plaquette (b1, by, b3, by)—with horizontal bonds b1, b3 oriented to the right and
vertical bonds by, b4 oriented upwards. The unit flow represented by the arrows runs upwards (downwards)
through horizontal bonds with positive (negative) sign, and to the left (right) through vertical bonds with
positive (negative) sign. The loop condition (1.3) makes the flow conserved (i.e., no sources or sinks)
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Gradient Gibbs states 5

(mostly) within the thinner well to states whose 1’s fluctuate on the scale of the thicker
well(s).

Our techniques apply equally to these—as well as other similar—cases provided
the widths of the wells are sufficiently distinct. Notwithstanding, the analysis becomes
significantly cleaner if we abandon temperature as our principal parameter (e.g., we
set B = 1) and consider potentials V' that are simply defined by

e~V — pe_KO"z/z +1-p) e—KD’?Z/z_ (1.6)

Here ko and «p are positive numbers and p is a parameter taking values in [0, 1]. For
appropriate values of the constants, V defined this way will have a graph as in Fig. 2a.
To get the graph in Fig. 2b, we would need to consider V’s of the form

e V) = peror’/2 4 1 ;P eon2/2 4 1 ;P eI 2 (17

where +1, are the (approximate) locations of the off-center wells.

The idea underlying the expressions (1.6) and (1.7) is similar to that of the Fortu-
in—Kasteleyn representation of the Potts model [12]. In the context of continuous-spin
models similar to ours, such representation has fruitfully been used by Zahradnik [24].
Focusing on (1.6), we can interpret the terms on the right-hand side of (1.6) as two
distinct states of each bond. (We will soon exploit this interpretation in detail.) The
indexing of the coupling constants suggests the names: “O” for ordered and “D” for
disordered.

It is clear that the extreme values of p (near zero or near one) will be dominated
by one type of bonds; what we intend to show is that, for xo and «p sufficiently dis-
tinct from each other, the transition between the “ordered” and “disordered” phases
is (strongly) first order. Similar conclusions and proofs—albeit more complicated—
apply also to the potential (1.7). However, for clarity of exposition, we will focus on
the potential (1.6) for the rest of the paper (see, however, Sect. 2.5). In addition, we
will also restrict ourselves to two dimensions, even though the majority of our results
are valid for all d > 2.

(a) Vi (b) V)

n n

Fig. 2 Two canonical examples of potentials that will lead to a structural surface phase transition. The
picture labeled a is obtained by superimposing—in the sense of (1.6)—two symmetric wells of (signifi-
cantly) different widths. b Represents the triple-well potential as defined in (1.7). For the application of our
technique of proof, it only matters that the widths of the wells are sufficiently different
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6 M. Biskup, R. Kotecky

2 Main results
2.1 Gradient Gibbs measures

We commence with a precise definition of our model. Most of the work in this paper
will be confined to the lattice torus T; of L x L sites in Zz, so we will start with
this particular geometry. Choosing the natural positive direction for each lattice axis,
let B, denote the corresponding set of positively oriented edges in T . Given a con-
figuration (¢y)xeT, , we introduce the gradient field n = V¢ by assigning the variable
Ny = ¢y — ¢x to each b = (x,y) € B. The product Lebesgue measure [ [, £0 doy

induces a (o -finite) measure vy, on the space RBL via

uMﬁ/ [T déx| 560 1vpen. @.1)

xeT 7 ~{0}

where § denotes the Dirac point-mass at zero.

We interpret the measure vy, as an a priori measure on gradient configurations n €
RBL. Since the n’s arise as the gradients of the ¢’s it is easy to check that vy, is entirely
supported on the linear subspace X; C REL of configurations determined by the
condition that the sum of signed 1’s—with a positive or negative sign depending on
whether the edge is traversed in the positive or negative direction, respectively—van-
ishes around each closed circuit on T . (Note that, in addition to (1.3), the condition
includes also loops that wrap around the torus.) We will refer to such configurations
as curl-free.

Next we will define gradient Gibbs measures on T . For later convenience we will
proceed in some more generality than presently needed: Let (V)pep, be a collection
of measurable functions Vj: R — [0, c0) and consider the partition function

ZLw,) = / exp 1 — > V(np) ¢ vidn). (2.2)

R‘BLl bE]BL

Clearly, Z (v,) > 0 and, under the condition that n > e~Vo( is integrable with
respect to the Lebesgue measure on R, also Zy, (v,) < 0o. We may then define Py (v,
to be the probability measure on RBLI given by

1
Pmmm=awﬁp—2wm>umy (2.3)
Vb beBr,

This is the gradient Gibbs measure on Ty, corresponding to the potentials (V). In
the situations when V}, = V for all b—which is the principal case of interest in this
paper—we will denote the corresponding gradient Gibbs measure on Ty, by Py, y.
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Gradient Gibbs states 7

It is not surprising that Py, (v, obeys appropriate DLR equations with respect to all
connected A C T, containing no topologically non-trivial circuit. Explicitly, if naec
in A€ is a curl-free boundary condition, then the conditional law of n, given nc is

1
Prv,ydnalnae) = a0 exp [— Z Vb(flb)] va(dnalnae). 24
beA

Here Py (v,)(dnalnac) is the conditional probability with respect to the (tail) o-
algebra .7, generated by the fields on A€, Z A (nac) is the partition function in A,
and va (dna|nac) is the a priori measure induced by vy, on n, given the boundary
condition nac.

As usual, this property remains valid even in the thermodynamic limit. We thus say
that a measure on u is an infinite-volume gradient Gibbs measure if it satisfies the
DLR equations with respect to the specification (2.4) in any finite set A C Z2. (As is
easy to check—e.g., by reinterpreting the 7’s back in terms of the ¢’s—va (dna|nac)
is independent of the values of nc outside any circuit winding around A, and so it is
immaterial that it originated from a measure on torus.)

An important aspect of our derivations will be the fact that our potential V' takes
the specific form (1.6), which can be concisely written as

= / o(dic) ™27, 25)

where o is the probability measure o0 = pé,, + (1 — p)d,,. It follows that the Gibbs
measure Py, y can be regarded as the projection of the extended gradient Gibbs mea-
sure,

1
exp 1 =3 2 Kb t v(dmor(de), (2.6)
bEBL

(dn,dk) =
Qp(dn Ziy

to the o -algebra generated by the 1’s. Here gy, is the product of measures o, one for
each bond in B . As is easy to check, conditioning on (1p,kp)pecac yields the cor-
responding extension Q a (dnadia [nac) of the finite-volume specification (2.4)—the
result is independent of the «’s outside A because, once nxc is fixed, these have no
effect on the configurations in A.

The main point of introducing the extended measure is that, if conditioned on
the «’s, the variables n;, are distributed as gradients of a Gaussian field—albeit with
a non-translation invariant covariance matrix. As we will see, the phase transition
proved in this paper is manifested by a jump-discontinuity in the density of bonds
with k5 = ko which at the level of n-marginal results in a jump in the characteristic
scale of the fluctuations.

Remark 2.1 Notably, the extended measure O, plays the same role for Py, y as the so
called Edwards—Sokal coupling measure [10] does for the Potts model. Similarly as
for the Edwards—Sokal measures [18,3], there is a one-to-one correspondence between
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8 M. Biskup, R. Kotecky

the infinite-volume measures on 7’s and the corresponding infinite-volume extended
gradient Gibbs measures on (1, x)’s. Explicitly, if p is an infinite-volume gradient
Gibbs measure for potential V, then [i, defined by (extending the consistent family of
measures of the form)

I ((nb’Kb)beA e Ax B) = /QA(dK) Eﬂ(‘lA H e_%’(bni-FV(ﬂb))’ 2.7)

B beA

is a Gibbs measure with respect to the extended specifications Q  (-|na¢). For the sit-
uations with only a few distinct values of «}, it may be of independent interest to study
the properties of the k-marginal of the extended measure, e.g., using the techniques of
percolation theory. However, apart from some remarks in Sect. 2.3, we will not pursue
these matters in the present paper.

2.2 Phase coexistence of gradient measures

Now we are ready to state our main results. Throughout we will consider the poten-
tials V' of the form (1.6) with ko > xp. As a moment’s thought reveals, the model is
invariant under the transformation

Ko — K092, Kp —> KD92, np — np/0 2.8)

for any fixed 6 # 0. In particular, without loss of generality, one could assume from
the beginning that kokp = 1 and regard o/, as the sole parameter of the model.
However, we prefer to treat the two terms in (1.6) on an equal footing, and so we will
keep the coupling strengths independent.

Given a shift-ergodic gradient Gibbs measure, recall that its tilt is the vector u such
that (1.4) holds for each bond. The principal result of the present paper is the following
theorem:

Theorem 2.2 For each € > 0 there exists a constant ¢ = c(€) > 0 and, if
Ko = CKp, (2.9)
a number p; € (0,1) such that, for interaction V with p = py, there are two distinct,

infinite-volume, shift-ergodic gradient Gibbs measures [Lorq and [Lgis Of zero tilt for
which

A 1
Mord(|77b|2\/—K_O) §€+m, Vai>0, (2.10)
and
Hdis (|77b| < ) <e+ C1K1/4, V> 0. 2.11)
D
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Gradient Gibbs states 9

Here cq is a constant of order unity.

Remark 2.3 Aninspection of the proof actually reveals that the above bounds are valid
for any € satisfying € > cz("D/,(O)l/ 8 where ¢ is a constant of order unity.

As already alluded to, this result is a consequence of the fact that the density of
ordered bonds, i.e., those with kj, = ko, undergoes a jump at p = py. On the torus, we
can make the following asymptotic statements:

Theorem 2.4 Let R‘I’fd denote the fraction of ordered bonds on Ty, i.e.,

1
Ry = B 1 ey=ro} (2.12)
bEBL

For each € > 0 there exists ¢ = c(€) > 0 such that the following holds: Under the
condition (2.9), and for p. as in Theorem 2.2,

lim QL(Rf<e)=1, p<p (2.13)
L—o0
and
Jim QLR >1-¢e)=1, p>p. (2.14)
—00

The present setting actually permits us to determine the value of p; via a duality
argument. This is the only result in this paper which is intrinsically two-dimensional
(and intrinsically tied to the form (1.6) of V). All other conclusions can be extended
to d > 2 and to more general potentials.

Theorem 2.5 Let d = 2. If o/, >> 1, then py is given by

U,
P _ (K—D) . (2.15)
1—-p Ko

Theorem 2.4 is proved in Sect. 4.2, Theorem 2.2 is proved in Sect. 4.3 and Theo-
rem 2.5 is proved in Sect. 5.3.

2.3 Discussion

The phase transition described in the above theorems can be interpreted in several
ways. First, in terms of the extended gradient Gibbs measures on torus, it clearly cor-
responds to a transition between a state with nearly all bonds ordered (kj, = ko) to a
state with nearly all bonds disordered (k; = xp). Second, looking back at the inequal-
ities (2.10, 2.11), most of the n’s will be of order at most 1/, /k¢ in the ordered state
while most of them will be of order at least 1/,/kp in the disordered state. Hence,
the corresponding (effective) interface is significantly rougher at p < p; than it is
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10 M. Biskup, R. Kotecky

atp > p¢ (both phases are rough according to the standard definition of this term) and
we may thus interpret the above as a kind of first-order roughening transition that the
interface undergoes at p;. Finally, since the gradient fields in the two states fluctuate
on different characteristic scales, the entropy (and hence the energy) associated with
these states is different; we can thus view this as a standard energy—entropy transition.
(By the energy we mean the expectation of V (n,); notably, the expectation of «p, ni
is the same in both measures; cf (4.35).) Energy—entropy transitions for spin models
have been studied in [9,19,20] and, quite recently, in [11].

Next let us turn our attention to the conclusions of Theorem 2.4. We actually believe
that the dichotomy (2.13, 2.14) applies (in the sense of almost-sure limit of R"er
as L. — o0) to all translation-invariant extended gradient Gibbs states with zero tilt.
The reason is that, conditional on the «’s, the gradient fields are Gaussian with uni-
formly positive stiffness. We rest assured that the techniques of [17] and [22] can be
used to prove that the gradient Gibbs measure with zero tilt is unique for almost every
configuration of the k’s; so the only reason for multiplicity of gradient Gibbs measures
with zero tilt is a phase transition in the k-marginal. However, a detailed write-up of
this argument would require developing the precise—and somewhat subtle—corre-
spondence between the gradient Gibbs measures of a given tilt and the minimizers of
the Gibbs variational principle (which we have, in full detail, only for convex periodic
potentials [22]). Thus, to keep the paper at manageable length, we limit ourselves to
a weaker result.

The fact that the transition occurs at p; satisfying (2.15) is a consequence of a
duality between the x-marginals at p and 1 — p. More generally, the duality links the
marginal law of the configuration («) with the law of (1/«p); see Theorem 5.3 and
Remark 5.4. [At the level of gradient fields, the duality provides only a vague link
between the flow of the weighted gradients (,/kp7p) along a given curve and its flux
through this curve. Unfortunately, this link does not seem to be particularly useful.]
The point p = py is self-dual which makes it the most natural candidate for a transi-
tion point. It is interesting to ponder about what happens when %o/, decreases to one.
Presumably, the first-order transition (for states at zero tilt) disappears before o/,
reaches one and is replaced by some sort of critical behavior. Here the first problem
to tackle is to establish the absence of first-order phase transition for small <o/, — 1.
Via a standard duality argument (see [8]) this would yield a power-law lower bound
for bond connectivities at py.

Another interesting problem is to determine what happens with measures of non-
zero tilt. We expect that, at least for moderate values of the tilt u, the first-order
transition persists but shifts to lower values of p. Thus, one could envision a whole
phase diagram in the p-u plane. Unfortunately, we are unable to make any statements
of this kind because the standard ways to induce a tilt on the torus (cf [17]) lead to
measures that are not reflection positive.

2.4 Outline of the proof
We proceed by an outline of the principal steps of the proof to which the remainder
of this paper is devoted. The arguments are close in spirit to those in [9,19,20]; the

differences arise from the subtleties in the setup due to the gradient nature of the fields.
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Gradient Gibbs states 11

The main line of reasoning is basically thermodynamical: Consider the k-marginal
of the extended torus state Oy which we will regard as a measure on configura-
tions of ordered and disordered bonds. Let x (p) denote (the L — oo limit of) the
expected fraction of ordered bonds in the torus state at parameter p. Clearly x (p)
increases from zero to one as p sweeps through [0, 1]. The principal observation is
that, under the assumption o/, > 1, the quantity x (1 — x) is small, uniformly in p.
Hence, p — x (p) must undergo a jump from values near zero to values near one at
some p; € (0,1). By usual weak-limiting arguments we construct two distinct gradient
Gibbs measures at p, one with high density of ordered bonds and the other with high
density of disordered bonds.

The crux of the matter is thus to justify the uniform smallness of x (1 — x). This
will be a consequence of the fact that the simultaneous occurrence of ordered and
disordered bonds at any two given locations is (uniformly) unlikely. For instance, let
us estimate the probability that a particular plaquette has two ordered bonds emanat-
ing out of one corner and two disordered bonds emanating out of the other. Here the
technique of chessboard estimates [15,13, 14] allows us to disseminate this pattern all
over the torus via successive reflections (cf Theorem 4.2 in Sect. 4.1). This bounds
the quantity of interest by the 1/L?-power of the probability that every other hori-
zontal (and vertical) line is entirely ordered and the remaining lines are disordered.
The resulting “spin-wave calculation”—i.e., diagonalization of a period-2 covariance
matrix in the Fourier basis and taking its determinant—is performed (for all needed
patterns) in Sect. 3.

Once the occurrence of a “bad pattern” is estimated by means of various spin-wave
free energies, we need to prove that these “bad-pattern” spin-wave free energies are
always worse off than those of the homogeneous patterns (i.e., all ordered or all dis-
ordered)—this is the content of Theorem 3.3. Then we run a standard Peierls’ contour
estimate whereby the smallness of x (1 — x) follows. Extracting two distinct, infinite-
volume, ergodic gradient Gibbs states worg and jtgis at p = py, it remains to show that
these are both of zero tilt. Here we use the fact that, conditional on the «’s, the torus
measure is symmetric Gaussian with uniformly positive stiffness. Hence, we can use
standard Gaussian inequalities to show exponential tightness of the tilt, uniformly in
the k’s; cf Lemma 4.8. Duality calculations (see Sect. 5) then yield p = py.

2.5 Generalizations

Our proof of phase coexistence applies to any potential of the form shown in Fig. 2—
even if we return to parametrization by 8. The difference with respect to the present
setup is that in the general case we would have to approximate the potentials by a
quadratic well at each local minimum and, before performing the requisite Gaussian
calculations, estimate the resulting errors.

Here is a sketch of the main ideas: We fix a scale A and regard 7, to be in a well
if it is within A of the corresponding local minimum. Then the requisite quadratic
approximation of S-times energy is good up to errors of order SA3. The rest of the
potential “landscape” lies at energies of at least order A% and so it will be only “rarely
visited” by the 7’s provided that SA? >> 1. On the other hand, the same condition
ensures that the spin-wave integrals are essentially not influenced by the restriction
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12 M. Biskup, R. Kotecky

that 1, be within A of the local minimum. Thus, to make all approximations work we
need that

BAS <1« BA? (2.16)

which is achieved for 8 >> 1 by, e.g., A = /12 This approach has recently been
used to prove phase transitions in classical [5,4] as well as quantum [6] systems with
highly degenerate ground states. We refer the reader to these references for further
details.

A somewhat more delicate issue is the proof that both coexisting states are of zero
tilt. Here the existing techniques require that we have some sort of uniform convexity.
This more or less forces us to use the Vs of the form

V) =—log [ D e Vi, (2.17)
j

where the V;’s are uniformly convex functions. Clearly, our choice (1.6) is the simplest
potential of this type; the question is how general the potentials obtained this way can
be. We hope to return to this question in a future publication.

3 Spin-wave calculations

As was just mentioned, the core of our proofs are estimates of the spin-wave free
energy for various regular patterns of ordered and disordered bonds on the torus.
These estimates are rather technical and so we prefer to clear them out of the way
before we get to the main line of the proof. The readers wishing to follow the proof in
linear order may consider skipping this section and returning to it only while reading
the arguments in Sect. 4.2. Throughout this and the forthcoming sections we assume
that L is an even integer.

3.1 Constrained partition functions

We will consider six partition functions Z;, 0, Z1.p, Z1.,u0, Z1,.uD, Z1.mp and Z, ma
on T, that correspond to six regular configurations each of which is obtained by reflect-
ing one of six possible arrangements of “ordered” and “disordered” bonds around a
lattice plaquette to the entire torus. These quantities will be the “building blocks” of
our analysis in Sect. 4. The six plaquette configurations are depicted in Fig. 3.

We begin by considering the homogeneous configurations. Here Z;, ¢ is the parti-
tion function Zy, (v, for all edges of the “ordered” type:

1
V() = —log p+ EKOYIZ, b e By. (3.1)
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T

Uuo

° °
UD MA §
Fig. 3 Six possible arrangements of “ordered” and “disordered” bonds around a lattice plaquette. Here the
“ordered” bonds are represented by solid lines and the “disordered” bonds by wavy lines. Each inhomo-
geneous pattern admits other rotations which are not depicted. The acronyms stand for: (fop row) ordered,

disordered and U-shape ordered and (bottom row) U-shape disordered, mixed periodic and mixed aperiodic,
respectively

Similarly, Z; p is the quantity Z; (v, for

1
V() = —log(l —p) + zmz, b e By, (3.2)

i.e., with all edges “disordered.”

Next we will define the partition functions Z;, yo and Z; yp which are obtained
by reflecting a plaquette with three bonds of one type and the remaining bond of the
other type. Let us split B/, into the even B$" and odd B‘idd horizontal and vertical
edges—with the even edges on the lines of sites in the x direction with even y coordi-
nates and lines of sites in y direction with even x coordinates. Similarly, we will also
consider the decomposition of B, into the set of horizontal edges Bg"r and vertical
edges BY". Letting

—log p+ %Konz, if b € BT UBS",

V =
b(m) —log(1 —p) + %KDTIZ, otherwise,

(3.3)

the partition function Z; yo then corresponds to the quantity Zy, (v,). The partition
function Z, yp is obtained similarly; with the roles of “ordered” and “disordered”
interchanged. Note that, since we are working on a square torus, the orientation of the
pattern we choose does not matter.

It remains to define the partition functions Z;, mp and Z;, ma corresponding to the
patterns with two “ordered” and two “disordered” bonds. For the former, we simply
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14 M. Biskup, R. Kotecky

take Z;, (v,) with the potential

—log p+ %Konz, if b € Bher,

3.4
—log(1 — p) + kpn?, if b € By, ©h

V() = [

Note that the two types of bonds are arranged in a “mixed periodic” pattern; hence
the index MP. As to the quantity Z;, ma, here we will consider a “mixed aperiodic”
pattern. Explicitly, we define

—log p + %Kol’]z, if b € BY'",

35
—log(1 — p) + $kpn?, if b e B 3-3)

V() = {

The “mixed aperiodic” partition function Z;, wma is the quantity Z;, (v, for this choice
of (V). Again, on a square torus it is immaterial for the values of Zy mp and Z1, ma
which orientation of the initial plaquette we start with.

As usual, associated with these partition functions are the corresponding free ener-
gies. In finite volume, these quantities can be defined in all cases by the formula

1 Z
Fro(p) = ——1log — =% 4 —0,D,U0,UD,MP,MA, (3.6)
’ L2 (Zﬂ)%(Lz_l)

12 .
where the factor (Zn)f(L ~D has been added for later convenience and where the
p-dependence arises via the corresponding formulas for Vj, in each particular case.

3.2 Limiting free energies

The goal of this section is to compute the thermodynamic limit of the 7y, ,’s. For homo-
geneous and isotropic configurations, an important role will be played by the momen-
tum representation of the lattice Laplacian D (k) = |1 —e'*1 |2+ |1 —e'k2|2 defined for
all k = (kq, k2) in the corresponding Brillouin zone k € [—7, 7] x [—7m,7]. Using
this quantity, the “ordered” free energy will be simply

1 dk —~
[—7.7]?

while the disordered free energy boils down to

1 dk —~
Fo) = —2log—p)+5 [ osloe Db}, (3:8)

[-m ]

It is easy to check that, despite the logarithmic singularity at k = 0, both integrals
converge. The bond pattern underlying the quantity Zj, yvp lacks rotation invariance
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Gradient Gibbs states 15

and so a different propagator appears inside the momentum integral:

Fyp(p) = —log [p(1 - p)]
1 dk iky 2 iky 2
+§ / Wlog{/coﬂ—e | + kp|1 — e'"2| } (3.9)

[—m,7]?

Again, the integral converges as long as (at least) one of ko and «p, is strictly positive.

The remaining partition functions come from configurations that lack translation
invariance and are “only” periodic with period two. Consequently, the Fourier trans-
form of the corresponding propagator is only block diagonal, with two or four differ-
ent k’s “mixed” inside each block. In the UO cases we will get the function

1 1 dk
Fuo() = =5 loglp®(1 = p)] + 5 / 9 log {det Ty}, (3.10)

4 (2m)?
[T
where ITyo (k) is the 2 x 2-matrix
kola—|* + 3 (ko + kp)[b—* 5 (ko — kp)|b—|?
Myotk) = | 5 o , )G
5 (ko — kp)|b—]| Kkola+|” + 5 (ko + kp)|b—]|
with ay and by defined by
ay =1+ and by =1+e . (3.12)

The extra factor 1/—on top of the usual 1/,—in front of the integral arises because
det TMyo (k) combines the contributions of two Fourier models; namely k and k+ 7 €;.
A calculation shows

det Tyo(k) > ko?la—|*|at|* + kokplb—|*, (3.13)

implying that the integral in (3.10) converges. The free energy Fyp is obtained by
interchanging the roles of g and «p and of p and (1 — p).

In the MA-cases we will assume that ko 7# kp—otherwise there is no distinction
between any of the six patterns. The corresponding free energy is then given by

Fuva(p) = —log[p( —p)]

1 dk Ko — Kp 4
+3 / Wlogi( > )det HMA(k)]- (3.14)

-7

@ Springer



16 M. Biskup, R. Kotecky

Here ITpa (k) is the 4 x 4-matrix

r(la—> +1b-1* |b_|? la_[? 0
Ib_? r(lap > +16-1% 0 la|?
Mma (k) = 2 ’ 2 2 . 2
la_| 0 r(ja—? +1b+1%)  |b]
0 la.|? by |? r(lag > + b4 1?)
(3.15)
with the abbreviation
Ko + K
=210 (3.16)
Ko — Kp

Note that 7 > 1 in the cases of our interest.

Observe that det TTya (k) is a quadratic polynomial in 2 ie., det TIya = Ar* +
Br? + C. Moreover, ITya (k) annihilates (1, —1,—1,1) when r = 1, and so ¥ = 1 is
aroot of Ar* + Br? 4+ C. Hence det TTya (k) = (r2 — 1)(Ar?2 — O), i.e.,

det Mya() = (2 = 1) {—(lasPla—? = b+ Pb-)?

+(lag P + b1y (ja-l? + b+ )
(a2 + b-P(a- P+ b-PP) . (3.17)
Setting » = 1 inside the large braces yields
det Tlva (k) = 4(% = Dla-Play Plb- b %, (3.18)
implying that the integral in (3.14) is well defined and finite.

Remark 3.1 The fact that ITya (k) has zero eigenvalue at r = 1 is not surprising.
Indeed, r = 1 corresponds to xp = 0 in which case a quarter of all sites in the MA-
pattern get decoupled from the rest. This indicates that the partition function blows up
(at least) as (r — 1)~ Tel/* a5 r | 1 implying that there should be a zero eigenvalue
at r = 1 per each 4 x 4-block ITya (k).

A formal connection between the quantities in (3.6) and those in (3.7-3.14) is
guaranteed by the following result:

Theorem 3.2 For all « = O,D,UO,UD, MP, MA and uniformly in p € (0,1),

Jim Fra(p) = Fu(p). (3.19)

Proof. This is a result of standard calculations of Gaussian integrals in momentum
representation. We begin by noting that the Lebesgue measure [, d¢y can be re-
garded as the product of vy, acting only on the gradients of ¢, and d¢, for some
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Gradient Gibbs states 17

fixed z € Ty . Neglecting temporarily the a priori bond weights p and (1 — p), the par-
tition function Z;, ,, « = O, D, UO, UD, MP, MA, is thus the integral of the Gaussian

weight (2 T~V Ze—%(d),C; K2 against the measure [ [, d¢,, where the covariance
matrix Cy is defined by the quadratic form

2

” 1
@.C.lo) =D &} )(vb¢)2+m > e - (3.20)

bG]BL XETL

Here (K )) are the bond weights of pattern «. Indeed, the integral over d¢; with
the gradient variables fixed yields 27 |T 1)1/2 which cancels the term in front of the
Gaussian weight. The purpose of the above rewrite was to reinsert the “zero mode”
(/ﬁ() = |Tp|~ Y2 > &x into the partition function; 50 was not subject to integration
due to the restriction to gradient variables.

To compute the Gaussian integral, we need to diagonalize C, . For that we will pass

to the Fourier components ¢ = |Tr|~/2 D xeT, ¢xe'** with the result

@.Ca'd)="D qidy [rodwa+ D Ayl —e ) —eko)), (3.21)

k,k/ETL o= 12

where T; = (27 /L(n1,n2): 0 < ny,ny < L} is the reciprocal torus, &p g4 is the
Kronecker delta and

o _ 1 (@) nwany
kK T ']T_ K(x’x_,’_éa) € . (322)
[TLl T,

Now if the horizontal part of (K(“)) is translation invariant in the y-th direction,

then Aa;{, = 0 whenever k,, # ky, while if it is “only” 2-periodic, then A;{l), =0

unless k, = k ork, = k;, + 7 mod 2. Similar statements apply to the vertical part
of (K(a)) and Ak [z
figurations, the covariance matrix can be cast into a block-diagonal form, with 4 x 4
blocks ©,, (k) collecting all matrix elements that involve the momenta (k, k+ &1, k+
wéy, k + mé€ + m€y). Due to the reinsertion of the “zero mode”—cf (3.20)—all of
these blocks are non-singular (see also the explicit calculations below).

Hence we get that, for all « = O,D,UO, UD, MP, MA,

Since all of our partition functions come from 2-periodic con-

1
Zla 1 Mo N 1 s
— 5 d-=p)" | | —| (3.23)
(27-[)2(L2 1) L ke, det @4 (k)

where No and Np denote the numbers of ordered and disordered bonds in the under-
lying bond configuration and where the exponent 1/g takes care of the fact that in the
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18 M. Biskup, R. Kotecky

product, each k gets involved in four distinct terms. Taking logarithms and dividing
by |T, |, the sum over the reciprocal torus converges to a Riemann integral over the
Brillouin zone [—m, ] X [—m, ] (the integrand has only logarithmic singularities in
all cases, which are harmless for this limit).

It remains to justify the explicit form of the free energies in all cases under con-
siderations. Here the situations ¢« = O, D, MP are fairly standard, so we will focus
on @ = UO and @ = MA for which some non-trivial calculations are needed. In the
former case we get that

O (2 _ Ko +kp 2) _ ko —Kp
Ay =K0dk,  Apg= T Ap ke, = I (3.24)

with A;flz, = 0 for all values that are not of this type. Plugging into (3.21) we find

that the (k, k + 7&1)-subblock of ®yp (k) reduces essentially to the 2 x 2-matrix in
(3.11). Explicitly,

. Myo(k 0
Ouo (k) = diag (8k.0, Ok e, » Ok wes» Okt +mey) + ( Ug( ) l'luo(k+71é2))' (3.25)

Since k. = k, whenever A;‘G,i, # 0, the block matrix @yo (k) will only be a function

of moduli-squared of a1 and b_. Using (3.25) in (3.23) we get (3.10).
As to the MA-case the only non-zero elements of A;{J,Z/ are

O _ 4@ _ kotkp 1 @ _ ko —Kp
Ak =Apk = —> and Ayyine, = Abkine, = 5

(3.26)

(0)
kK

and |b|2. An explicit calculation shows that

So, again, k,, = k, whenever A # 0 and so ®pa (k) depends only on lax|?

Ko — Kp

Oma (k) = diag (8,0, Skre, » Skreys Shemey 46y) + ( ) Ima (k), (3.27)

where TTpa (k) is as in (3.15). Plugging into (3.23), we get (3.14). O

3.3 Optimal patterns

Next we establish the crucial fact that the spin-wave free energies corresponding to
inhomogeneous patterns UO, UD, MP, MA exceed the smaller of Fp and Fp by a
quantity that is large, independent of p, once ko > kp.

Theorem 3.3 There exists ¢y € R such that if kp < & ko with & € (0,1), then for
allp € (0,1),

1 Ko 1
i Fy(p) — min Fz(p) > < log — + —log(l — (3.8
«=U0.UDMPMA «(P) 520D a(p) = 8 % T og(1 — &) +cy. (3.28)
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Gradient Gibbs states 19

Proof Let us use [ and J to denote the integrals
1 dk dk
I= 3 / e log{D(k)}, and J = / ey logla_|. (3.29)

[-m,7m]? [~ 7]

We will prove (3.28) with¢y =J — 1.
First, we have

1
Fo(p) = —2logp + 7 logko + 1 (3.30)
and
1
Fp(p) = —2log(1 — p) + 5 logkp + 1, (3.31)

while an inspection of (3.14) yields

Fua(p) = —log [p(d — p)]

1 dk , X
+§ / 2n)? log {KoKD(Ko —kp)? laya_byb_| }

2

[—7m,m]

1 1
—log«p + 1 log(l —&)+J. (3.32)

3
= —log[p(1 —p)] + Zlogko + g

Using that
: 1
min {Fo, Fp} < 7 (Fo + Fp) , (3.33)
we thus get
. 1 Ko 1
Fyva(p) — min {Fo(p), Fp(p)} = 3 log —tg logd —&)+J—1, (3.34)
D

which agrees with (3.28) for our choice of c;.
Coming to the free energy Fyo, using (3.13) we evaluate

1/2
detHUO(k)ZK02|a—|2|a+|2=(K—O) ko 2kp Pla_Plar > (3.39)
Kp
yielding

1 1 3 1
Fuo(p) = —3 log [p a- p)] —log Lo + Slogko + glogkn +J. (336)

8
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20 M. Biskup, R. Kotecky

Bounding
. 3 1
min {Fo, Fp} < ZFO + ZFD (3.37)
we thus get
1
Fuo(p) — min (Fo(p). Fo(p)) = g log *> +J — 1. (3.38)
D

in agreement with (3.28). The computation for Fyp is completely analogous, inter-
changing only the roles of kg and «p as well as p and (1 — p). From the lower bound

1/2
det Myo (k) > xokplb—|* = (K—O) Ko 2iep b |* (3.39)

KD

and the inequality

1 3
min {Fo, Fp} < ZFO + ZFD, (3.40)
we get again
. 1 Ko
Fup(p) —min{Fo(p), Fp(p)} = 3 log P +J -1, (3.41)
D

which is identical to (3.38).
Finally, for the free energy Fyp, we first note that

1
Fwp(p) = —log[p(1 —p)] + 5 logko +7, (3.42)
which yields
1-— P 1 Ko
Fyvp(p) — Fo(p) > log +=log—+J -1 (3.43)
p 2 Kp

Under the condition that log 1’%‘0 > —% log Z—g, we again get (3.28). For the comple-
mentary values of p, we will compare Fyp with Fo:

+J -1, (3.44)

Fae(p) = Fo(p) = log

Since we now have log p < —% log Z—g, this yields (3.28) with the above choice

p
of c1.
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4 Proof of phase coexistence

In this section we will apply the calculations from the previous section to the proof of
Theorems 2.2 and 2.4. Throughout this section we assume that ko > «p and that L
is even. We begin with a review of the technique of chessboard estimates which, for
later convenience, we formulate directly in terms of extended configurations («p, 1p).

4.1 Review of RP/CE technology

Our principal tool will be chessboard estimates, based on reflection positivity. To
define these concepts, let us consider the torus T, and let us split Ty into two sym-
metric halves, ']I‘JLr and T, sharing a “plane of sites” on their boundary. We will
refer to the set Tz N T} as plane of reflection and denote it by P. The half-tori ’]l'f
inherit the nearest-neighbor structure from Ty ; we will use ]]3%1E to denote the corre-
sponding sets of edges. On the extended configuration space, there is a canonical map
Op: RBL x {KO,KD}BL — RBL x {KO,KD}BL—indUCCd by the reflection of Tz into
T, through P—which is defined as follows: If b, b" € B are related via b’ = 6p(b),
then we put

—np, ifb L P,
0 = 4.1
©@rmp [Ub” it || P, 4.1
and
@pK)p = Kpr. 4.2)

Here b L P denotes that b is orthogonal to p while b || P indicates that b is parallel
to P. The minus sign in the case when b L P is fairly natural if we recall that 7
represents the difference of ¢, between the endpoints of P. This difference changes
sign under reflection through P if b 1 P and does notif b || P.

Let # Pi be the o-algebras of events that depend only on the portion of (1p, kp)-
configuration on BY; explicitly Z5 = o (np, kp; b € B} ). Reflection positivity is, in
its essence, a bound on the correlation between events (and random variables) from
F I‘f and .7, . The precise definition is as follows:

Definition 4.1 Let IP be a probability measure on configurations (np, kp)pep, and let
E be the corresponding expectation. We say that P is reflection positive if for any plane
of reflection P and any two bounded F ;,L -measurable random variables X and Y the
following inequalities hold:
E (X6p(Y)) = E(YOp(X)) (4.3)
and
E (X0p(X)) > 0. (4.4)

Here, 6p(X) denotes the random variable X o 6p.
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22 M. Biskup, R. Kotecky

Next we will discuss how reflection positivity underlines our principal technical
tool: chessboard estimates. Consider an event A that depends only on the (1, kp)-
configurations on the plaquette with the lower-left corner at the torus origin. We will
call such an A a plaquette event. For each x € T, we define 9 (A) to be the event
depending only on the configuration on the plaquette with the lower-left corner at x
which is obtained from A as follows: If both components of x are even, then ¥, (A)
is simply the translate of A by x. In the remaining cases we first reflect A along the
side(s) of the plaquette in the direction(s) where the component of x is odd, and then
translate the resulting event appropriately. (Thus, there are four possible “versions” of
Ux(A), depending on the parity of x.)

Here is the desired consequence of reflection positivity:

Theorem 4.2 (Chessboard estimate) Let P be a reflection-positive measure on con-

figurations (np,Kp)pey, - Then for any plaquette events Ay, . .., Ay and any distinct
sites xX1,...,xXm € T,
m m 1/1Tr
Pl (2D | <T]P[ () A : 4.5)
j=1 j=1 xeTy,

Proof See [15, Theorem 2.2].

The moral of this result—whose proof boils down to the Cauchy-Schwarz inequal-
ity for the inner product X, Y — E(X0p(Y))—is that the probability of any number
of plaquette events factorizes, as a bound, into the product of probabilities. This is
particularly useful for contour estimates (of course, provided that the word contour
refers to a collection of plaquettes on each of which some “bad” event occurs). Indeed,
by (4.5) the probability of a contour will be suppressed exponentially in the number
of constituting plaquettes.

In light of (4.5), our estimates will require good bounds on probabilities of the
so called disseminated events [, ¥x(A). Unfortunately, the event A is often a
conglomerate of several, more elementary events which makes a direct estimate of
Ny eT; Ux (A) complicated. Here the following subadditivity property will turn out to
be useful.

Lemma 4.3 (Subadditivity) Suppose that P is a reflection-positive measure and let
A1, Az, ... and A be plaquette events such that A C | i Aj. Then

1/ 1/ITL]
Pl () (A <D P () %4 . (4.6)
j

XETL xeTL

Proof This is Lemma 6.3 of [5].
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Apart from the above reflections, which we will call direct, one estimate—namely
(4.39)—in the proof of Theorem 2.2 requires the use of so called diagonal reflections.
Assuming L is even, these are reflections in the planes P of sites of the form

Pr={yeTr:& (y—x)Fé& (y—x €{0,n}}. (4.7)

Here x is a site that the plane passes through and €; and &, are the unit vectors
in the x and y-coordinate directions. As before, the plane has two components—
one corresponding to é; - (y — x) = £€, - (y — x) and the other corresponding to
&1-(y—x) ==+& - (y — x) + Lr—and it divides T, into two equal parts. This puts
us into the setting assumed in Definition 4.1. Some care is needed in the definition of
reflected configurations: If b’ is the bond obtained by reflecting b through P, then

ny, ifP=P.,
0 = 4.8
©pm)p [_W’ h P (4.8)

This is different compared to (4.1) because the reflection in P preserves orientations
of the edges, while that in P_ reverses them.

Remark 4.4 While we will only apply these reflections in d = 2, we note that the gen-
eralization to higher dimensions is straightforward; just consider all planes as above
with (&1,&) replaced by various pairs (€;,€;) of distinct coordinate vectors. These
reflections will of course preserve the orientations of all edges in directions distinct
from &; and ¢;.

4.2 Phase transitions on tori

Here we will provide the proof of phase transition in the form stated in Theorem 2.4.
We follow pretty much the standard approach to proofs of order-disorder transitions
which dates all the way back to [9,19,20]. A somewhat different approach (motivated
by another perspective) to this proof can be found in [7].

In order to use the techniques decribed in the previous section, we have to deter-
mine when the extended gradient Gibbs measure Q7 on T obeys the conditions of
reflection positivity.

Proposition 4.5 Let V be of the form (2.5) with any probability measure o for which
ZLy < 00. Then Qy, is reflection positive for both direct and diagonal reflections.

Proof The proof is the same for both types of reflections so we we proceed fairly

generally. Pick a plane of reflection P. Let z be a site on P and let us reexpress the 1’s
back in terms of the ¢’s with the convention that ¢, = 0. Then

vL(dnp) = 8(dgy) [ | dox. (4.9)
X#Z
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Next, let us introduce the quantity

1 1
Wan.x) = 5 > kg + J > ko (4.10)
beB} P beP

(We note in passing that the removal of P from the first sum is non-trivial even for
diagonal reflections once d > 3.) Clearly, W is .7 If -measurable and the full (n,«)-
interaction is simply W(n,«x) + (6pW)(n,«). The Gibbs measure Q7 can then be
written

Qr.(dn, dic) = %ewm”“<9PW><V¢’K>8<d¢z>(Hd¢x) [T ptdes) @.11)

X#Z bGBL

Now pick a bounded, .7 If -measurable function X = X (1, x) and integrate the func-
tion X Op X with respect to the torus measure Q7 . If ¥p is the o -algebra generated by
random variables ¢, and «p, with x and b “on” P, we have

2

Eg, (X6pX|¥p) o /X<V¢,x>e—W<W”K> [T déx ] ewa)| 0. 412

xeTz ~P beIEBzr ~P

where the values of (kp, ¢y) on P are implicit in the integral. This proves the property
in (4.4); the identity (4.3) follows by the reflection symmetry of Oy .

Let us consider two good plaquette events, Gorg and Gy;s, that all edges on the pla-
quette are ordered and disordered, respectively. Let B = (Gorg U Gais)¢ denote the
corresponding bad event. Given a plaquette event A, let

1/ITl
sep(A =100 () %A (4.13)

xeTy,

abbreviate the quantity on the right-hand side of (4.5) and define

3(A) =limsup sup 37,(A). (4.14)
L—oo 0<p<l

The calculations from Sect. 3 then permit us to draw the following conclusion:

Lemma 4.6 For each § > 0 there exists ¢ > 0 such that if ko > ckp, then
3(B) <. (4.15)
Moreover, there exist po,p1 € (0,1) such that

limsup 3z p(Gord) <8, p < po, (4.16)

L—oo
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and

limsup 37, ,(Gais) <8, p > p1. 4.17)

L—oo

Proof. The event B can be decomposed into a disjoint union of events B; each
of which admits exactly one arrangement of ordered and disordered bonds around
the plaquette; see Fig. 3 for the relevant patterns. If B; is an event of type o €
{O,D, U0, UD,MP,MA}, then

lim sup 3. (B7) < exp [— [FL,a(m - min F&(m“ . (4.18)

L—o0

By Theorem 3.3, the right-hand side is bounded by O(l)(KO/KD)_l/ 8, uniformly in p.
Applying Lemma 4.3, we conclude that 37, ,(5) is small uniformly in p € [0,1]
once L > 1. (The values p = 0,1 are handled by a limiting argument.)

The bounds (4.16, 4.17) follow by the fact that

Fo(p) = Fo(p) = ~2log £

flog X0, (4.19)
KD

which is (large) negative for p near one and (large) positive for p near zero. O

From 3(B) <« 1 we immediately infer that the bad events occur with very low
frequency. Moreover, a standard argument shows that the two good events do not like
to occur in the same configuration. An explicit form of this statement is as follows:

Lemma 4.7 Let R"er be the random variable from (2.12). There exists a constant
C < oo such that for all (even) L > 1 and all p € [0,1],

Eo, (Rgfda - R‘fd)) < C31p(B). (4.20)

Proof. The claim follows from the fact that, for some constant C’ < 0o,
Or (9x(Gora) N Py (Gais)) = C'31,(B)?, (4.21)

uniformly in x,y € T . Indeed, the expectation in (4.20) is the average of the prob-
abilities O (kp = ko, kj = kp) over all b,b € By.If x and y denotes the pla-
quettes containing the bonds b and b, respectively, then this probability is bounded
by Q1 (9x(Gora) NIy (G5 ))- But G, = BUGg;s and so by (4.21) the latter probability
is bounded by 31.,(B) + C'31,(B)* < (C'+1)31.,(B), where we used 37, ,(B) < 1.

It remains to prove (4.21). Consider the event #x(Gorg) N Py (Gais) Where, with-
out loss of generality, x # y. We claim that on this event, the good plaquettes at x
and y are separated from each other by a x-connected circuit of bad plaquettes. To
see this, consider the largest connected component of good plaquettes containing x
and note that no plaquette neighboring on this component can be good, because (by
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definition) the events Gorq and Ggis cannot occur at neighboring plaquettes (we are
assuming that ko # kp). By chessboard estimates, the probability in Oy, of any such
(given) circuit is bounded by 3., (B) to its size; a standard Peierls’ argument in toroi-
dal geometry (cf the proof of [5, Lemma 3.2]) now shows that the probability in (4.21)
is dominated by the probability of the shortest possible contour—which is 31 (B)*.
(The contour argument requires that 37, ,(B) be smaller than some constant, but this
we may assume to be automatically satisfied because the left-hand side of (4.20) is
less than one.) m]

Now we are in a position to prove our claims concerning the torus state:

Proof of Theorem 2.4. Let R(I’fd be the fraction of ordered bonds on Ty, (cf. 2.12) and
let x7,(p) be the expectation of R‘fd in the extended torus state Q7 with parameter p.
Since (1 — p)"EUZL,V is log-convex in the variable & = log 1’%[7, and

dlog (1 —p)~Briz; y)
oh ’

IBrlxL(p) = (4.22)

we can conclude that the function p — x7 (p) is non-decreasing. Moreover, as the
thermodynamic limit of the torus free energy exists (cf Proposition 5.5 in Sect. 5.3),
the limit y (p) = lim; _, » x7 (p) exists at all but perhaps a countable number of p’s—
namely the set D C [0, 1] of points where the limiting free energy is not differentiable.

Next we claim that QL(|R2rd —x(p)| > €p) tends to zero as L. — oo forall ¢g > 0
and all p ¢ D. Indeed, if this probability stays uniformly positive along some sub-
sequence of L’s for some ¢y > 0, then the boundedness of R"er ensures that for
some ¢ > 0 and some € > 0 we have QL(R‘ird > x(p) +¢€) > ¢ and QL(R‘ird <
x(p) —€) > ¢ for all L in this subsequence. Vaguely speaking, this implies p € D
because one is then able to extract two infinite-volume Gibbs states with distinct
densities of ordered bonds. A formal proof goes as follows: Consider the cumulant
generating function Wy (h) = |Br| ! logEg, (eh|BL|R°er) and note that its thermo-
dynamic limit, W (h) = lim;_, o Wy (h), is convex in & and differentiable at & = 0
whenever p ¢ D. But Q L(R‘ird > x(p) +€) > ¢ in conjunction with the exponential
Chebyshev inequality implies

Vi) —h(x(p)+e€) = —— (4.23)

log¢
Bl

which by taking L — oo and & | 0 yields a lower bound on the right derivative at
origin, %\I’(h) > x(p) + €. By the same token QL(R"Lrd < x(p) —€) > ¢ implies
an upper bound on the left derivative, dhl_ W (h) < x(p) — €. Hence, both probabilities

can be uniformly positive only if p € D.
To prove the desired claim it remains to show that x jumps from values near zero
to values near one at some p; € (0, 1). To this end we first observe that

lim Eg, (ROL“‘ (1 - Rgfd)) —x@[1-x@]. pgD. (424
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This follows by the fact that on the event {x (p) — € < R‘ird < x(p) + e}—whose
probability tends to one as L. — oo—the quantity R‘{d(l — ROer) is bounded be-

tween [x(p) + €](1 — x(p) + ¢€) and [x(p) — €](1 — x(p) — €) provided € <
min{y (p),1 — x(p)}. Lemma 4.7 now implies

X [1-x(P)] = G5B, (4.25)

with 3(B) defined in (4.14). By Lemma 4.6, for each 6 > 0 there is a constant ¢ > 0
such that

x() €[0,61U[1-6,1], p¢&D, (4.26)

once o/, > c. But the bounds (4.16, 4.17) ensure that x(p) € [0,6] forp « 1
and x(p) € [1 —4,1] for 1 — p <« 1. Hence, by the monotonicity of p — x (p), there
exists a unique value p; € (0,1) such that x (p) < é forp < p; while x(p) > 1 -4
for p > py. In light of our previous reasoning, this proves the bounds (2.13, 2.14). O

4.3 Phase coexistence in infinite volume

In order to prove Theorem 2.2, we will need to derive a concentration bound on the
tilt of the torus states. This is the content of the following lemma:

Lemma 4.8 Let A C Ty and let Bp be the set of bonds with both ends in A. Given
a configuration (Np)pep,; , we use Uy = Up (1) to denote the vector

Un=|m= 2. m%l_M > m (4.27)

beBTNB beB}' NB

of empirical tilt of the configuration np, in A. Suppose that kmin = inf suppo > 0.
Then

PL(|Up| = 8) < de~ skmind”[Bal (4.28)

foreach § > 0, each A C T, and each L.

Proof We will derive a bound on the exponential moment of U . Let us fix a collection
of numbers (vp)pep, € RBLI and let O ;) be the conditional law of the n’s given
a configuration of the «’s. Let Q[ min be the corresponding law when all k;, = Kin.
In view of the fact that Q7 (,) and Oy min are Gaussian measures and K, > Kmin, We
have

VarQL,(Kb)( Z Vb’?b) < VarQL,min( Z Vbnb)- (4.29)

bGBL bE[BL
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(Note that both measures enforce the same loop conditions.) The right-hand side is
best calculated in terms of the gradients. The result is

1
Varg, o | D vems | < — D v (4.30)

P
beBy, mn e,

The fact that Eg, ., (n5) = 0 and the identity E@eX) = eEX +3Var(X) alid for any
Gaussian random variable, now allow us to conclude

1
Eg, [exp{ D vomp t | <exp Z—Zvi . (4.31)

P
beBy, N peB,

Choosing vy, = A - b/|B| on B, and zero otherwise, we get

1 A2
E ~Un) < = 1. 432
ACES {2xmin B2l @2

Noting that |Up | > & implies that at least one of the components of Uy is larger (in
absolute value) than 9/, the desired bound follows by a standard exponetial-Chebyshev
estimate.

Remark 4.9 We note that the symmetry of the law of the #’sin Oy, (., is crucial for the
above argument. In particular, it is not clear how to control the tightness of the empir-
ical tilt U, in the measure obtained by normalizing exp{— >, V(1 + hp)}vr (dn),
where i, = k- b is a “built-in” tilt. In the strictly convex cases, these measures were
used by Funaki and Spohn [17] to construct an infinite-volume gradient Gibbs state
with a given value of the tilt.

Proof of Theorem 2.2. With Theorem 2.4 at our disposal, the argument is fairly straight-
forward. Consider a weak (subsequential) limit of the torus states at p > p; and then
consider another weak limit of these states as p | p;. Denote the result by fiorq. Next let
us perform a similar limit as p 1 p; and let us denote the resulting measure by figis. As
is easy to check, both measures are extended gradient Gibbs measures at parameter py.

Next we will show that the two measures are distinct measures of zero tilt. To this end
we recall that, by (2.14) and the invariance of QO underrotations, lim inf; _, .o O (kp =
ko) = 1 — e when p > p; while (2.13) implies that lim sup; _, ., Or(kp = ko) < €
when p < p.. But {kp = Ko} is a local event and so

flord(kKp = ko) =1 —€ (4.33)
while
Mdis(kp = ko) < €, (4.34)
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for all b; i.e., flord 7 [dis- Moreover, the bound (4.28)—being uniform in p and L—
survives the above limits unscathed and so the tilt is exponentially tight in volume for
both fiorg and figis. It follows that Uy — 0 as A 1 72 almost surely with respect to
both fiog and figis; i.e., both measures are supported entirely on configurations with
zero tilt.

It remains to prove the inequalities (2.10, 2.11) and thereby ensure that the n-
marginals g and pgis of fiorg and figis, respectively, are distinct as claimed in the
statement of the theorem. The first bound is a consequence of the identity

. 1
lim Eg, (kpn?) = —, (4.35)
L—o0 4

which extends via the aforementioned limits to jioq (as well as figis). Indeed, using
Chebyshev’s inequality and the fact that porg(kp = kp) < € we get

ﬁord(’foﬁi = )\2) — € < jlord (Koni = )\za Kp = ’CO)

< [ 2 > )\2 < E.aord (Kbnlz)) _ L (436)
= Mord Kbnb = — )\’2 - 4)\’2
To prove (4.35), the translation and rotation invariance of Qy, gives us
2 1 2
Eg, (kpny) = Eg, EQL,(W @ Z Kpmy, : (4.37)

bE]BL

Let Z; («,) denote the integral of exp{—% > Kbl’]i} with respect to vz,. Since we
have vy (Bdn) = ﬂ'TL‘_le(dn), simple scaling of all fields yields Zj (gi,) =
ﬁ’%“TL"l)Z L,(xy)- Intepreting the inner expectation above as the (negative) B-deriv-
ative of [Bz| ™! log Z1 (g« at B = 1, we get

1 Tz —1
OLkp) By | bEB Kpny, 2(By | ( )
L

From here (4.35) follows by taking L. — oo on the right-hand side.

As to the inequality (2.11) for the disordered state, here we first use that the diag-
onal reflection allows us to disseminate the event {/cbni < A2} around any plaquette
containing b. Explicitly, if (b1, by, b3, bs) is a plaquette, then

Octonmy =3 =0 () [ =22} - (4.39)

(We are using that the event in question is even in 77 and so the changes of sign of 1, are
immaterial.) Direct reflections now permit us to disseminate the resulting plaquette
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event all over the torus:

1
1|TL|
Orlapmy <23 = O | ) tign; = 2%) : (4.40)
BEBL
Bounding the indicator of the giant intersection by
-1)2|B 1 2
eB=D2%IBLI gy s _E(ﬂ_l) Z Kpny ¢ s (4.41)

bGIBL

for B > 1, and invoking the scaling of the partition function Zy (g, we deduce

o(B—122By | /4T
Orkpn <3%) < | ——— (4.42)
/32(|TL|—1)
Choosing 8 = A~2, letting L — oo and p 1 p;, we thus conclude
~ 2 2 1
fiais (ko <37) < ek, (4.43)

Noting that figis(kp ni <22 > ,&dis(/q)nlz7 < 22) — ¢, the bound (2.11) is also proved.
O

5 Duality arguments

The goal of this section is to prove Theorem 2.5. For that we will establish an interesting
duality that relates the model with parameter p to the same model with parameter 1 —p.

5.1 Preliminary considerations
The duality relation that our model (1.6) satisfies boils down, more or less, to an alge-

braic fact that the plaquette condition (1.3), represented by the delta function 8 (np, +
Nb, — Nbs — Nby)> can formally be written as

dp* e o
8(7”)1 + 77b2 — )’]b3 — 77b4) = / gelqb (7717] +nb2 Nbs nb4)' (51)

We interpret the variable ¢* as the dual field that is associated with the plaquette
(b, Mby»> Mb3» Mby)- As it turns out (see Theorem 5.3), by integrating the n’s with
the ¢*’s fixed a gradient measure is produced whose interaction is the same as for
the 1’s, except that the «p’s get replaced by 1/kp’s. This means that if we assume that

KoKp = 1, (52)
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which is permissible in light of the remarks at the beginning of Sect. 2.2, then the
duality simply exchanges ko and «p! We will assume that (5.2) holds throughout this
entire section.

The aforementioned transformation works nicely for the plaquette conditions which
guarantee that the n’s can locally be integrated back to the ¢’s. However, in two-dimen-
sional torus geometry, two additional global constraints are also required to ensure the
global correspondence between the gradients 1 and the ¢’s. These constraints, which
are by definition built into the a priori measure vy, from Sect. 2, do not transform
as nicely as the local plaquette conditions. To capture these subtleties, we will now
define another a priori measure that differs from v, in that it disregards these global
constraints.

Consider the linear subspace A7 D A7 of RBL that is characterized by the equa-
tions np, +np, — Npy — np, = 0 for each plaquette (b1, bz, b3, bs). This space inherits
the Euclidean metric from R ; we define v as the corresponding Lebesgue measure
on X} scaled by a constant Cy, which will be determined momentarily. In order to
make the link with vy, we define

Nvert = Z Nx+8; and  npor = Z Nx+é- (5.3)
XETL XETL
Clearly,
XL = {7) € Xi: Nvert = 0, Nhor = 0} . (5.4

Consider also the projection Iy, : X7 — A which is defined, for any configuration
n € RBL by

np — %nvert, ifb e B\Lert,

5.5
b — Zxmhors if b € BYT. )

(TIMzmp = [

Then we have:

Lemma 5.1 There exist constants Cy, such that, in the sense of distributions,
vian =2 [0 ] 0+ ==y =0 ) [T dm 50
R (b1,b2,b3,b4) beT;
Moreover, we have

v.(dn) = v7 (dn)3(hor)d (Mver) (5.7

and
vy (dn) = vg o Iz (dn) Am, (dn). (5.8)
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Here, Ay, (dn) is a multiple of the Lebesgue measure on the two-dimensional space
Hzl(O) N X7, which can be formally identified with dnpordnyert.

Proof. We begin with (5.6). Consider the orthogonal decomposition RBLl = X @
(Xi)L. Clearly, dim &} = L? + 1. Choosing an orthonormal basis wy,...,w,
in (X Z)J- (where n = dim(Xi)J- = L2 — 1) the measure v can be written as

vidp =Cr | [Tsowi-m ] [] dne- (5.9)
j=1

beIB%L

Let ¢, denote the vectors in R/BL! guch that if 7 = (by, b2, b3, bs) then £ - n =
Nb, + b, — Np; — Np,- Then £, € (X Z)J- with all but one of these vectors linearly
independent. This means that we can replace the linear functionals n — wj - n by the
plaquette conditions. Fixing a particular plaquette, 7y, we find that

vidp={ [] s -n | [] dmw (5.10)

AT beTy,

provided that

Cr = |det(wj - £x)| = V/det(ly - ). (5.11)

The expression (5.10) is now easily checked to be equivalent to (5.6): Applying the
constraints from the plaquettes distinct from 7, we find that n, +np, —1p; —1p, = (1—
L%)6. The corresponding §-function becomes § (L20), and so we can set § = 0 in the
remaining §-functions. Integration over 6 yields an overall multiplier fR §(L?0)do =
1/L2.

In order to prove (5.7), pick a subtree 7 of T as follows: 7 contains the horizontal
bondsin {b;+£€1: £ =0,...,L—2}andthe vertical bonds in {br +£&1+mér: £L,m =
0,...,L —2}. As s easy to check, 7 is a spanning tree. Denoting by y;, the measure
on the right-hand side of (5.7) pick a bounded, continuous function f: RBL - R
with bounded support and consider the integral [ f(17)yr (dn). The complement of 7°
contains exactly IL2+1 edges and there are as many é-functions in (5.10) and (5.7),
in which all n,, b ¢ 7, appear with coefficient £1. We may thus resolve these
constraints and substitute for all {n,: b & 7} into f—call the result of this substitu-
tion f (n). Then we can integrate all of these variables which reduces our attention to
the integral [ f(n) [1pc7 dnp.

As is easy to check, the transformation 1, = ¢, — ¢, for b = (x, y) with the con-
vention ¢o = 0 turns the measure [ [, .7 dnp into 5(d¢o) Hx;éo d¢, and makes f(n)
into f(V¢). We have thus deduced

/ FmyLdn) = / Fon T dms = / F(V) 3(deo) [ dgr. (5.12)

RIBLI RIT| beT RITLI 170
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From here we get (5.7) by noting that the latter integral can also be written as
[ fvr(dn).

To derive v} = vy o [Tz dnhordnver, let us write X7 = Xz @ (I1;'(0) N A7).
Since vy is the Cp-multiple of the Lebesgue measure on X7 and since nhor and nyert
represent orthogonal coordinates in Hzl(O) N X7, we have

Vi (dn) = CLix, o Tz (dn) L™>dnnor L™ 2dnyer, (5.13)

where Ay, is the Lebesgue measure on A7,. Plugging into (5.7) we find that v, =
CrL~*Ax, which in turn implies (5.8). O

Remark 5.2 Itis of some interest to note that the measure v7 is also reflection positive
for direct reflections. One proof of this fact goes by replacing the §-functions in (5.6)
by Gaussian kernels and noting that the linear term in 6 (in the exponent) exactly
cancels. The status of reflection positivity for the diagonal reflections is unclear.

5.2 Duality for inhomogeneous Gaussian measures

Now we can state the principal duality relation. For that let T} denote the dual torus
which is simply a copy of T, shifted by half lattice spacing in each direction. Let B}
denote the set of dual edges. We will adopt the convention that if b is a direct edge,
then its dual—i.e., the unique edge in B} that cuts through b—will be denoted by b*.
Then we have:

Theorem 5.3 Giventwo collections (kp)pep, and (kj)peB, of positive weightsonBy,
consider the partition functions

1
ZLkp) = / vL(dn) exp | —> > ko (5.14)
bGBL
and
* * 1 * 2
Logy = [ Vi@ exp =5 > wpup - (5.15)
bE]BL

If (kp)pem, and (kp)peB, are dual in the sense that

1
Kte=—, beBy, (5.16)
Kp
then
* 2
Z} ey =27L [T v | ZL.ey- (5.17)
bEBL
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Proof. We will cast the partition function Z3% into the form on the right-hand side

L,(kp)
of (5.17). Let us regard this partition function as defined on the dual torus T7 . The
proof commences by rewriting the definition (5.6) with the help of (5.1) as

vy (dm= | L? / de / 11 —exp i et —O ¢ | [T dmes 5.18)

R RTL xeTy, xeTy, b*eB}

where 7,+(y) is the plaquette curl for the dual plaquette 7*(x) with the center at x.
Rearranging terms and multiplying by the exponential (Gaussian) weight from (5.15),
we are thus supposed to integrate the function

Lz/de / H al - Z (K}:*ni* —Zinb*vb(b) —i0 D" ¢y (5.19)

xe’IF b*eIB*L xeTy,

against the (unconstrained) Lebesgue measure HbeIBL dnp. Here Vpo = ¢y — ¢y

if b = (x,y) is dual to the bond b*. Completing the squares and integrating over
the 1’s produces the function

(Vo)> —i0 D ¢y . (5.20)

xeTy,

b*

L2|: il 1*:|/d6/ Hdd)xexp‘—;z

b*eB} Kpx R RIL xeTy, beB

Invoking (5.16), we can replace all 1/« by «p. The integral over 6 then yields 27
times the §-function of D, ¢ which—¢y — ¢y + I']Tlﬁq&o that has no effect on the

rest of the integral—can be converted to 278 (¢g). Invoking the definition (2.1) of vy,
this leads to the partition function (5.14). O

Remark 5.4 Let Q. p be the extended gradient Gibbs measure Q. for ¢ = pé,, +
(1 — p)éy, with parameter p and let Q* be the corresponding measure with the
a priori measure vy, replaced by v . Then the above duality shows that the law of (k)
governed by Qr p is the same as the law of its dual (k;)—defined via (5.16)—in
measure Q*L’P*, once p and p, are related by

P Px _ [kp

I1-p1l—ps KO'

(5.21)

Indeed, the probability in measure Q* . of seeing the conﬁguration () with Ng
ordered bonds and Ny disordered bonds is proportional to p, O(1 — p)NbZ* L)
Considering the dual configuration (xp) and letting Np = N¢j denote the number of
disordered bonds and No = N[ the number of ordered bonds in («), we thus have

N§ * N, N
Px 0(1 —P*)NDZL’(K;) = 27TL2 (P*\/%) ° ((1 —P*)v KD) © ZL,(K[,)' (5.22)
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For p and p, related as in (5.21), the right-hand side is proportional to the probability
of (kp) in measure Qp ,. We believe that the difference between the two measures
disappears in the limit L — oo and so the x-marginals of the states [ioq and figis at
P can be considered to be dual to each other. However, we will not pursue this detail
at any level of rigor.

5.3 Computing the transition point

In order to use effectively the duality relation from Theorem 5.3, we have to show that
the difference in the a priori measure can be neglected. We will do this by showing
that both partition functions lead to the same free energy. This is somewhat subtle due
to the presence (and absence) of various constraints, so we will carry out the proof in
detail.

Proposition 5.5 Let o7 (dk) = [[,ep L [Péio (dicp) + (1 — p)di, (dkp)] and recall
that Z v denotes the integral of Z () with respect to o1.. Similarly, let Z7 , denote

the integral of Z7 (k) with respect to o1,. Then (the following limits exist as L. — 00
and)

1 1
lim —logZyy = lim —— log Z* 5.3
Lo [T BobY = BT, BeLY (5:23)

forallp € [0,1].

Before we commence with the proof, let us establish the following variance bounds
for homogeneous Gaussian measures relative to the a priori measure vz and v :

Lemma 5.6 Let iy, be the (standard) Gaussian gradient measure

1
uL(dn) ocexp { =5 > nj, ¢ vi.(d) (5.24)
bEBL
and |1} be the measure obtained by replacing vi by vi. Form =1,...,L, let

m—1
Yim = Z N(eey,(e+1)8)- (5.25)

£=0
There exists an absolute constant c3 > O such thatforall L > 1andallm =1,...,L,
Var,, (Yyn) < VarMZ(Ym) < c3(1 + logm). (5.26)
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Proof. In measure 17, we can reintroduce back the fields (¢y) and Y, then equals
®mg, - Discrete Fourier transform implies that

|1__€»kf

I (5.27)

1
Vary, (¢ = 75 2.

kGT[A

where T is the reciprocal torus and B(k) = |1 —e*12 4|1 — e'*2|2 is the dis-
crete (torus) Laplacian. Simple estimates show that the sum is bounded by a constant
times 1 + log |x|, uniformly in L. Hence, Var,, (Y;;) < ¢3(1 4+ logm) for some
absolute constant 3.

As for the other measure, we recall the definitions (5.3) and use these to write np =
Vo + %nhm if b is horizontal (and 1, = V¢ + # Nvert if D is vertical). The fact that
the Gaussian field is homogeneous implies—via (5.8)—that the fields (¢x) and the
variables nyer and npor are independent with (¢, ) distributed according to 147, and fyert
and npor Gaussian with mean zero and variance Lz/z. In this case Y,,, = Ome, + %nhor
and so we get

2

m
Varuz(Ym) = Vary,, (Ym) + ﬂ (5.28)

But m < L and so the correction is bounded for all L. O

Proof of Proposition 5.5. The proof follows the expected line: To compensate for the
lack of obvious subadditivity of the torus partition function, we will first relate the
periodic boundary condition to a “fixed” boundary condition. Then we will establish
subadditivity—and hence the existence of the free energy—for the latter boundary
condition.

Fix M > 0 and consider the partition function Z(LM& defined as follows. Let Ay,

be a box of L x L sites and consider the set IB%% of edges with both ends in Ay,. Let

véM) (dn) be as in (2.1) subject to the restriction that |¢,| < M for all x on the internal
boundary of Ay, Let

1
Zyy = / or.(dr) / vi @nyexp 1 =5 D ko | - (5.29)
beBY

We will now provide upper and lower bounds between the partition functions Zj, y
(resp. Z7 /) and Z(LM&, for a well defined range of values of M.

Comparing explicit expressions for Z;, y and ZzM‘} and using «p < ko, we get

Zry = Z{M exp {—%KO(ZM)z(ZL)} . (5.30)
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To derive an opposite inequality, note that for k; > kp we get that VarQL,(Kb) (¢x) =
Var,, (¢x)/kp, where piy, is as in (5.24). Invoking one more time the Gaussian identity

E@X) =efX +3Var(X) conjunction with Lemma 5.6, yields

1 M?
> M) < S
QL(@x = M) = exp 2 kpes(1 +log L)

(5.3
Hence, if M > log L we have that with probability at least 1/ in measure Qy , all
variables ¢, are in the interval [—M, M]. Since the interaction that wraps A, into the
torus is of definite sign, it follows that

Zry <2723 (5.32)

forall L and all M > log L.

Concerning the star-partition function, Lemma 5.6 makes the proof of (5.32) exactly
the same. As for the alternative of (5.30), we invoke (5.8) and restrict all |¢y| on the
internal boundary of A to values less than M and |npor| and |nyer| to values less
than ML?. Since |np| = |Vpe + #nvenl <2M + M = 3M for every vertical bond
that wraps Ay into the torus (and similarly for the horizontal bonds), we now get

sy = ZM ML) exp {—%Ko(3M)2(2L)} , (5.33)

where the factor (2M L)% comes from the integration over nyer; and 7por. We conclude
that, forlog L < M = o(vVL), the partition functions Zy, v, Z*L,V and Z(LM‘) lead to
the same free energy, provided at least one of these exists.

It remains to establish that the partition function Z(LM‘) is (approximately) submulti-
plicative for some choice of M = M . Choose, e.g., M7 = (log L)? and let p > 1 be
an integer. If two neighbors have their ¢’s between —M[, and M, the energy across
the bond is at most %KO (4M)?. Splitting Apy into p? boxes of size L, and restricting
the ¢’s to [—M |, M| ] on the internal boundaries of these boxes, we thus get

2
M, p
Zo = [Z%L)] exp {—%Ko(zML)Z 2p — 1)L} : (5.34)

The exponent can be bounded below by (pL)3/2 — p2L3/2 = —(p? - p3/2)L3/2 for L
sufficiently large which implies that p > [ZI()AL/I,P‘? exp{—(p L)3/2}]1/ L) is increas-
ing for all p > 1 and all L > 1. This proves the claim for limits along multi-
ples of any fixed L; to get the values “in-between” we just need to realize that, as

before, Z(L]\:IFL,:"}) > Z(LA’/IVL)CO(kLMi), for any fixed k. m]
Now we finally prove our claim concerning the value of the transitional p:
Proof of Theorem 2.5. Let Z(Lp)v denote the integral of Zj (.,) with respect to the a

priori measure oy, (d«x) with parameter p and let Zz’(";) denote the analogous quantity
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for ZL(Kb). The arguments leading up to (5.22) then yield

* x IB
7y =78y, (2”L2) (Par/Ko + (1 = p)icp ) (5.35)

whenever p, is dual to p in the sense of (5.21). Thus, using F(p) to denote the limit
in (5.23) with the negative sign, we have

F(p.) = F(p) —2log (p.y/ko + (1 — p)J/kp ) . (5.36)

Now, as a glance at the proof of Theorem 2.4 reveals, the value p; is defined as the
unique point where the derivative of F(p), which at the continuity points of p — x (p)
is simply F'(p) = 2x(p) — 1, jumps from values near —1 to values near +1. Equa-
tion (5.36) then forces the jump to occur at the self-dual point p, = p.Inlightof (5.21),
this proves (2.15). O
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