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ABSTRACT.

We consider fermionic lattice systems with Hamiltonian H = H(©) 4 AHg, where
H©O is diagonal in the occupation number basis, while Hg is a suitable “quantum
perturbation”. We assume that H() is a finite range Hamiltonian with finitely many
ground states and a suitable Peierls condition for excitations, while Hg is a finite
range or exponentially decaying Hamiltonian that can be written as a sum of even
monominals in the fermionic creation and annhilation operators. Mapping the d
dimensional quantum system onto a classical contour system on a d 4+ 1 dimensional
lattice, we use standard Pirogov-Sinai theory to show that the low temperature phase
diagram of the quantum system is a small perturbation of the zero temperature phase
diagram of the classical system, provided A is sufficiently small. Particular attention is
paid to the sign problems arrising from the fermionic nature of the quantum particles.

As a simple application of our methods, we consider the Hubbard model with an
addidional nearest neighbor repulsion. For this model, we rigorously establish the
existence of a paramagnetic phase with commensurate staggered charge order for the
narrow band case at sufficiently low temperatures.

1. INTRODUCTION

In recent years, the Hubbard model has become one of the most important
models in the theory of strongly correlated electron systems. Since its invention
by Hubbard and others [1-3], it has been used to describe, amoung others, an-
tiferromagnetism [4], ferromagnetism [5], paramagnetism [6], the metal-insulator
transition [7-9], and, more recently, high-T,. superconductivity [10, 11].

As already pointed out by Hubbard in his original paper [1], the standard Hub-
bard model is a very crude approximation to the actual behaviour of electrons in
these systems. Many terms, some of which may drastically change the phase di-
agram, have been neglected. The largest and most important of these terms is
the nearest neighbor Coulomb repulsion. The modification of the Hubbard model
which contains this term is usually referred to as the extended Hubbard model. Most
relevant for physical applications is the so called narrow band case of this model,
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characterized by a hopping constant ¢ that is small with respect to the Coulomb
interaction.

In this paper we rigorously establish the existence of a low temperature phase
with staggered charge order in the narrow band extended Hubbard model in d > 2
dimensions. This phase is characterized by an electron density which, rather than
being constant, varies from one sublattice to the next of a bipartite lattice A. While
the existence of such a phase has been predicted by many authors (see e.g. [12-16]),
the only previous rigorous results consider the atomic limit ¢ = 0 [17, 18].

In order to obtain our results for the narrow band extended Hubbard model, we
combine the methods of reference [18] with our recent extension of Pirogov-Sinai
theory to quantum spin systems [19] to obtain a convergent expansion about the
atomic limit. Actually, this expansion will be derived for a more general class of
strongly interacting fermionic lattice system, see Section 3 below.

The extended Hubbard model is defined by the Hamiltonian

(z,y)

A L U .
+U an’mm,i +W <Z> Rafy — (14 2W + 5) an (1.1)
T x,y x

where the second and fourth sum run over the points x of a bipartite lattice A
with constant coordination number z, while the first and third sum run over the
set B(A) of all nearest neighbor pairs (x,y) in A. The symbols ¢} . and c,,,

x,0
denote the creation and annihilation operators of the electron with up and down
spin, o =1, |, while fg 5 : = CLUCW, and N, := Ny, + Ny, are the corresponding

number operators. As usual, the electron creation and annihilation operators satisfy
canonical anticommutation relations.

The first term of the Hamiltonian (1.1) stands for the isotropic nearest neighbour
hopping of electrons, the second one is the familiar on-site Hubbard interaction, the
third term represents the isotropic nearest neighbour interaction, and the last one
the contribution of the particle reservoir characterized by the chemical potential p.
We have introduced the shift zW + % in order to move the hole-particle symmetry
point (the half-filled band) to the value! g = 0. Originally, the second and the
third terms were supposed to simulate the effect of the Coulomb repulsion between
the electrons, hence only positive U and W were considered. Later on, in various
applications of the model, the parameters t, U and W represented the effective
interaction constants that take into account also other interactions (for instance
with phonons). Therefore U and W could take negative values as well. In this
paper U will be allowed to change its sign while W always stays positive.

Before stating our main result for the narrow band model at low temperatures,
we recall the ground state diagram of the atomic limit model (¢ = 0). In order
to simplify the notation, we restrict ourselves to the simple hypercubic lattice Z¢,
although our results should hold for other bipartite lattices as well. Observing that

1 For more general biparite lattices where the coordination number z varies from sublattice to
sublattice, one would need a shift which is different for the two sublattices. Even though our
methods do not require any symmetry between the two sublattices and would allow us to analyse
this asymmetric model as well, we don’t consider it here in order to simplify our notation.
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the potential term in (1.1) can be written as a sum over pair potentials,

Hpy =—t Z (cjmc%T + cl’lcy7l + C,LVTCQC,T + c;rwc%l) + Z V(Mg Ny )
(z,y)eB(A) (z,y)eB(A)
(1.2)
with
N N N Uy, 2, /a 2 mo A
O(Rg, y) = W (e —1) (Ry—1)+ i ((nm —1)*+(n,—1) ) ~57 (fe+7y—2), (1.3)
the ground states of the ¢ = 0 model are easily determined. The corresponding
ground state diagram is shown in Figure 1. One finds three regions H,, a =0, 1,2
with homogeneous particle density (f,) = a, and three regions Sy, 4}, {a,b} =
{0,1},{0,2}, {1,2} with a commensurate charge density wave: (n,) = p+ (—1)*A,
where p = GTer and A = j:b_Ta.

pf2d
H,
Si1,2)
1%%
w2 |
i,
Wiz U/4d
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—W/2
—W
Sto,1}
Hy

F1c.1. GROUND STATE PHASE DIAGRAM OF THE ¢t = 0 MODEL

In this paper we will prove that, for all € > 0, and for all (U, i) in the subregion

Steay = {(U,p) €R?|U < 2d(W —e), |u| < 2dmin{W —e, W —e—U/4d}} (1.4)

of the region Syg oy = SEB)Q}, the staggered charge order persists for sufficiently

low temperatures and sufficiently small ¢. We also establish that the corresponding
phase is paramagnetic,? see Section 2 for the precise statements of our results.

2It would be very interesting to establish the existence of a phase with ferro- or antiferro-
magnetic order in this model. Unfortunately, this is a very difficult task, due to the Goldstone
boson which is expected as a consequence of spontaneous symmetry breaking of the corresponding
continuous symmetry. Note that this problem does not arise in the asymetric t — J model studied
in [20], where the symmetry to be broken is a discrete symmetry.
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The more general class of fermionic systems we consider is described by a Hamil-
tonian H = H©) + AHg, where H (0) is diagonal in the occupation number basis,
while Hg is a suitable “quantum perturbation”. We assume that H ) is a finite
range Hamiltonian with finitely many ground states and a suitable Peierls condition
for excitations, while Hq is a finite range or exponentially decaying Hamiltonian
that can be written as a sum of even monominals in the fermionic creation and
annhilation operators. For these models, we derive a convergent cluster expan-
sion about the “classical theory” with A = 0, folowing closely the methods used in
[19]: In a first step, we use the Duhamel-Phillips (or Schwinger-Dyson) expansion
to derive a path integral representation of the model. In the next step, we block
the configurations contributing to the path integral onto lattice configurations on a
suitable space-time lattice A x {1,2,..., M}. Applying Pirogov-Sinai theory [21,22]
in the form developed in [23] to the resulting classical contour system, we obtain
our main results.

Namely, we determine the stable phases in dependence on the external parame-
ters (construction of the phase diagram), and show that the corresponding infinite
volume states are periodic, pure states with exponential clustering for truncated
expectation values. We also control the thermodynamic limit for periodic boundary
conditions and prove that it is a convex combination of the stable states with equal
weight for each of them. Finally, we discuss conservation laws for the quantum
system in a general setup. Under the condition that the full Hamiltonian com-
mutes with an operator @A, we show that the density pg = limy_,za \T1| (Qn) in the
ground state (-) of the quantum system exactly coincides with the density of the
corresponding classical ground state, see Section 3.6 for the precise statement.

In a parallel work, Datta, Frohlich and Fernandez [20] have also derived conver-
gent expansions for fermionic lattice systems, leading to results that are similar to
ours. In contrast to our methods that are based on renormalization group ideas
and the reduction to a contour model on a space-time lattice with a subsequent ap-
plication of standard Pirogov-Sinai theory, they study directly the contour model
emerging from the functional integral, extending Pirogov-Sinai theory to contour
models with continuous time.

The organization of this paper is as follows. In the next section, we state our
main result concerning the extended Hubbard model, Theorem 2.1. In Section 3,
we define the general model and state our results in this case. Section 4 is devoted
to the derivation of the contour representation of the model, paying particular
attention to the factorization properties of the signs coming from the permutation
of fermions. In Section 5 we proof exponential decay of contours and use these
bound, together with standard cluster expansion methods, to prove the results of
Section 3. Theorem 2.1 is proved in Section 6.

2. STATEMENT OF RESULTS FOR THE EXTENDED HUBBARD MODEL

For any even L we consider a finite box A = A(L) = {-L/2,...,L/2 —1}¢ with
L? points, the fermionic creation and annhilation operators CLU and ¢z, (z € A,
o =1, |), the corresponding Fock-space H,, the algebra A, that is generated by
even monominals in the creation and annhilation operators and the algebra of local
observables, A = UA,, where the union runs over all finite sets A C Z<.

Chosing periodic boundary conditions, we define the partition function at the
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inverse temperature § = 1/kT as
B _ —BHA
Zper’A—TrHAe ,

and the expectation value of an observable ¥ € A,

1 _
()0 p = T Trog We M,
per,A

(2.1)

(2.2)

Assuming for a moment that the corresponding limit exits for all local observables

U € A, we define the infinite volume Gibbs state

(W)8 = lim (U)?

per per,A >

where the limit is taken along cubic boxes A(L) of even side length L.3
Next, we define, for an arbitrary periodic state (-) on 4, the density,

_h —1
p=lim [A]"") (na),
z€EA

and the staggered density,

A= Ah/Héo |A|71 Z(_l)x<nx>7 .

TEA

Introducing, in addition to the number operators

A

Ng = Ny y + Ng, 1y MNgo= 6170'033,0' 5
also the spin operators
3 _ 1(p B + _ 7 - _ f
S2 =4 (Agyy — Nayy), SP = CptCo, and S5 =c¢, Coy.

T

our main theorem is:

(2.3)

(2.4)

(2.6)

(2.7)

Theorem 2.1. Ford > 2 there are constants C1 = C1(d) < oo and Cy = Cy(d) >0

such that, for 0 < e < W, Be > Cq, |t| < eCy and all (U, p) € SES),z}"

i) The thermodynamic limit (2.3) exists for all local observables ¥V € A. It is a

convex combination,
<'>}B)er = %<'>eﬁven + %<'>§dd ’

of two pure states (-)2 _ and <->§dd with charge density waves

<ﬁ$>gven =p + (_1)mA7 T E Z’d
(e g =p—(-1)*A,  zeZ?,

(2.8)

(2.9)

where A > 0. Here A = Agven = —Qodd aNd P = Peven = Podd are given by (2.4)

and (2.5).

3The existence of the limit (2.3) in the relevant region (1.4) is part of our results.
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ii) For all x € Z%, and m = even or odd, (S,)8 = 0.
i11) Let t.(-) be the translation by x € Zd, and let ¥, ® € A be arbitrary local
observables. Then, for m = even or odd, and all x € Z¢

(W 20 (@), — (O) (ta(®))] < O(T, @)1/ (2.10)

Here C(V,®) < 00 and £ < oo are constants.
iv) At zero temperature, the compressibility Op/Ou vanishes for all (U, u) € SEE}),z}'

Remarks.
i) By Statement iii), (-)2 . and (-)gdd are pure phases.

even

ii) Statement ii) implies the absence of magnetic ordering in the phases (-)2
and ()g qq- Our methods can actually be extended to include non-zero magnetic

fields, giving paramagnetism in the usual sense.

3. GENERAL SETTING AND RESULTS

In this section, we state our results for a general class of fermionic models on
Z%. We consider a finite index set ¥ = {1,2,...,|%|} labelling internal degrees of
freedom, finite subsets A C Z¢, fermionic Creatlon and annhilation operators cT
and ¢, , labelled by indices z = (z,0) € A = A x X, the corresponding Fock- space
Ha, the algebra A, that is generated by even monominals in the creation and
annhilation operators, and the algebra of local observables, A = UA\, where the
union runs over all finite sets A C Z%. In order to define an occupation number
basis in H,, we introduce an arbitrary total order on Z¢ x ¥. We then define, for
a classical configuration n : Z¢ x ¥ — {0,1}: (z,0) — ng ., the vector |n), as

n)a =P [ (ch)"=0)a, (3.1)

TEA

where |0), is the Fock vacuum in H,, and P denotes ordering with respect to the
order on Z¢ x . Finally we define the projection operator onto the classical state
n in a finite set U C Z¢ as

I P(n) (3.2a)

xzeUxZ

where
Py(n) = nﬁ(cl_cg) + (1 —ng)(1— c Cz) (3.2b)

T

and U is a finite subset of Z?. Note that Py (n) is a local observable in A, provided
UcCA.

We assume that the Hamiltonian H of the model is a sum of two terms,
H=HY + \Hg, (3.3)

where the “classical part” H(® is diagonal in the occupation number basis and the
“quantum part” Hg is a sum of even monominals in the creation and annhilation
operators. In order to prove the results of this paper, we will need several additional
assumption on the classical and the quantum part of the Hamiltonian. We start
with the assumptions on the classical part.
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3.1. Assumptions on the classical model.

Since H(® is diagonal in the occupation number basis, it defines a classical lattice
gas with |X| different species, occupation numbers n, , in {0,1}, configurations
n:Z%x ¥ — {0,1}, (z,0) — a4y, and a suitable Hamilton function H©®) (n). We
assume that this Hamilton function is given in terms of finite range, translation
invariant interactions, depending on a vector parameter p € U, where U is an open
subset of R”. Due to these assumptions, H(®)(n) can be written in the form

HO(n) =>",(n), (3.4)

where ®,(n) € R depends on n only via the occupation numbers n, , for which
dist(z,y) < Rp, where R( is a finite number. In our notation we supress the
dependence of H® and &, on p.

As usually, a configuration g which minimizes the Hamiltonian (3.4) is called a
ground state configuration. For the purpose of this paper, we will assume that the
number of ground states of the Hamiltonian (3.4) is finite, and that all of them are
periodic. More precisely, we will assume that there is a finite number of periodic

configurations gV, ..., g(", with (specific) energies
: 1 m
em = em(n) = lim T z;%(g( M, (3.5)
re

such that for each i € U, the set of ground states G(p) is a subset of {g*),... g™}
Obviously, G(p) is given by those configurations g™ for which e,, (u) is equal to
the “ground state energy”

eo =eo(p) = mﬂiln em (). (3.6)

Note that we may assume, without loss of generality, that ®,(g(™)) is independent
of the point z for all ground state configurations g(™), because this condition can
always be achieved by averaging ®,(n) in (3.4) over the minimal common period
Loof g ... g,

Our goal will be to prove that the low temperature phase diagram of the quantum
model is a small perturbation of the classical ground state diagram provided the
quantum perturbation is sufficiently small. In order to formulate and prove this
statement, we need some assumptions on the structure of the ground state diagram.
Here we assume that for some value of juo € U all statesin {g(V), ..., g("} are ground
states,

em (o) = eo(po) forall m=1,...,r, (3.7)

that e, (1) are C! functions in U, and that the matrix of derivatives

E= (86&(i“)> (3.8)

has rank r—1 for all u € U, with uniform bounds on the inverse of the corresponding
submatrices. We remark that this condition implies that the zero temperature phase
diagram has the usual structure of a v — (r — 1) dimensional coexistence surface
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So where all states g(™) are ground states, 7 different v — (r — 1) — 1 dimensional
surfaces S, ending in Sy where all states but the state g™ are ground states, ...

Next, we formulate a suitable Peierls condition. Recalling that ®,(n) does not
depend on n, , if dist(x,y) > R,, we define U(x) as the minimal set of points y
such that ®,(n) depends on n, ,.* We then introduce, for a given configuration n,
the notion of excited sites € Z?. We say that a site  is in the state g(™ if the
configuration n coincides with the configuration g(™ on U(z); a site is excited, if it
is not in any of the states gV, ..., g("™. Given this notation, the Peierls assumption
used in this paper is that there exists a constant v, > 0, independent of u, such
that

D, (n) > eo(p) +va for all excited sites = of all configurations n. (3.9)

Finally, we assume that the derivatives of ®, are uniformly bounded in /. More
explicitely, we assume that there is a constant Cy < oo, such that

‘%@x(n)) < G (3.10)

foralli=1,...,v, u €U, x € Z%, and all configurations n.

Remarks.

i) Given the assumptions stated in this subsection, standard Pirogov-Sinai theory
implies that the low temperature phase diagram of the classical model has the same
topological structure as the corresponding zero temperature phase diagram (see
above).

ii) Let i, be the number operator clc,. Recalling that all these operators com-
mute with each other, we define -

HY = o, (n). (3.11)
With this definition, H( is the formal sum

HO =) "H. (3.12)

3.2. Assumptions on the quantum perturbation.

We assume that Hg is given in the form
Hg :ZtAhA (3.13)
A

where the sum runs over sequences A = (ay,...,as;) of labels a; = (a;,a4,€;) €
74 x ¥ x {—1,1}, t4 € C is a suitable hopping parameter, and

hA = C(dzk)c(dzk_l) ce C(&l) 5 (3148,)

4If H is given as a sum of the form > a ¢, where ¢ depends only on ny , with y € M,
then U(z) is the union over all M such that x € M.
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with
el if e=+1

a,o

Caa if e=-—1.

c((a,a,€)) = { (3.14Db)
It will be convenient to assume that the creation and annihilation operators in
Hg have been ordered in such a way that for each sequence A = (a,...,a)
contributing to (3.13) there exists £ € {0,1,...,2k} such that

i)e; =—1for 1 <i</lande¢ =+1fori> /¢ and

ii) with respect to the given order on Z¢ x ¥ one has (a1, a1) < (a2,a2) < --- <
(ar, ap), and (apt1, aey1) > (arg2, apya) > -+ > (azk, azk).

In the sequel, we call such a sequence a standard sequence and write A, for the set
of all standard sequences.

Given the above representation of Hg (we sometimes call it the standard form
for Hg), our assumptions on H are now formulated in terms of the coefficients t 4.
First, in order to assure that the quantum perturbation is selfadjoint, we assume
that

ta=tar, (3.15)
where the bar denotes complex conjugation, and A* is the sequence
A* = (a5, ...,ay), (3.16a)
with
(a,a,€)* = (a,a, —€). (3.16b)

Note that A* is a standard sequence if and only if A is a standard sequence.

Next, we assume that the hopping parameters ¢4 are translation invariant, and
that that t 4 and its derivatives decays sufficiently fast in the support of the sequence
A, defined as the minimal connected set containing A. To state this more precisely,
for A = (ay,...,as), we consider connected sets of bonds B that connect all points
in {ay,---,asr}. Restricting ourselves to those of minimal size, we define By as
the first in some arbitrary (but fixed) lexiographic order, and define the support,
supp A, of A as the union of all points which are connected by this minimal set
B,. Note that by definition supp A depends only on the set {ay, - ,a2r}. As a
consequence supp A = supp A*.

Introducing, for each v > 0, the Sobolev norm

18l = > (!tAHZ‘ai_tADe“uppA', (3.17)
i=1 v

A:xEsupp A

our decay assumption for the quantum perturbation is the assumption that
[[¢][5q < o0 (3.18)
for a sufficiently large constant ~g.

Remarks.

i) For a finite range quantum perturbation, this assumption is obviously fulfilled
for any g < oo.

ii) If the quantum perturbation is of infinite range, we need that |t4] and
|0t a/0p;| decay exponentially fast in the size of the support of A. Assuming ex-
ponential decay with a sufficiently large decay constant «, and observing that the
number of connected sets B of size s that contain a given point 2 € Z¢ is bounded by
(2d)?*, while the number of standard sequences A with supp A = B is bounded by
22IBIIEl the condition (3.18) can be satisfied provided v > g +2log(2d)+2|%| log 2.
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3.3. Finite volume states for the quantum system.

In order to discuss the phase diagram of the quantum spin system, we will
consider suitable finite volume states <)§ A Which are analogues of the classical

states with boundary condition ¢, with ¢ = 1,...,7. Given a finite set A C Z¢, we

define ﬁ(f’A) as the number gg(gq) if # € A° =79\ A, and as the operator c;cg if

x € A. With this definition, the operators

0) _ (g, A
HO) = @, (), (3.19)

0
2R =" 1O (3.20)

TEA

and o

Hoa=HQ +x > taha (3.21)
A:supp ACA

are selfadjoint operators in H, provided A € R (recall that the sets supp A have
been chosen in such a way that supp A = supp A*).

Given the Hamiltonian with boundary conditions ¢, we introduce the quantum
state (->5’A by

1 _
()0 ) = —Trg, (We PHar), (3.22)
Zq,A
where
Z0 = Trgg e PHon, (3.23)

We close this section with the definition of the support and norm of a local observ-
able U . Recalling that, by definition, any local observable ¥ is a finite sum of the
form

U => Mha, (3.24)
A

where the h4 are even monominals in creation and annihilation operators (cf.
(3.13)), we say that ¥ is given in its standard form, if all sequences contribut-
ing to (3.24) are standard sequences. Let now W be a local observable, and let
(3.24) be its standard form. Then the support of U is defined as

supp ¥ = U supp A4, (3.25)
ANY£0

and its norm as

NMIEESEEA? (3.26)

A€eAg

3.4. Statement of results for non-zero temperatures.

In order to state our results in the form of a theorem we introduce, for each x
in Z¢ and any local obserbable ¥ € A, the corresponding translate t,(¥). Defining
finally A(L) as the box

L L
A(L):{xEZd’ —5 <@ <5 forall izl,...,d}, (3.27)

our main results are stated in the following two theorems.
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Theorem 3.1. Letd > 2 and let H = HO + AHg be a Hamiltonian satisfying the
assumptions of Section 3.1 and 3.2. Then there are constants 0 < vo = vo(d, |X]) <
oo and o = «(d,|X|) > 0 such that for all v > o, all finite 5 > By = v/va and all

A € C with .

~ 2¢0(7)]1t],

there are functions f,(p,3), ¢ =1,...,r, continuously differentible in p, such that
the following statements hold true whenever

Al < Ao (3.28)

aq(p, B, A) = Re fy(u, B) — minRe fn (1, §) = 0. (3.29)

i) The infinite volume free energy corresponding to Zqﬁ, AL) exists and 1s equal to

fq-'

1 . 1
ii) The infinite volume limit
(W)y = lim (U), ) (3.31)

exists for all local observables W and has the same period as the corresponding
classical ground state g(?.
iii) For all local observables ¥ and ®, there exists a constant Cy ¢ < 00, such that

(Dt (@))F — (U5 (2, (2))2| < Cy eI, (3.32)

iv) The projection operators pim = PU(m)(g(m)) onto the “classical states” g[(Jm;)

obey the bounds
[(PI)S — G g| < Ce™, (3.33)

where C' < 00 is a constant that depends only on d and |X|.
v) With C' < 0o as above, and Cy as in (3.10), one has

| fa(p, B) — eq(p)| < Ce™ (3.34a)

and

‘ d

7 i, 5) = eq(,u)‘ < CCye . (3.34b)

Remarks.
i) Following the usual terminology of Pirogov-Sinai theory, we call a phase with
aq = 0 stable. By (3.34b) and our assumptions on the derivative matrix (3.8), the

matrix IR
€ b
Opi
has rank r—1, and the inverse of the corresponding submatrix is uniformly bounded
in U, provided 7 is sufficiently large. By the inverse function theorem, statement v)
of the Theorem therefore implies that the phase diagram of the quantum system has
the same structure as the zero temperature phase diagram of the classical sytem,
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with a v — (r — 1) dimensional coexistence surface Sy where all states are stable,
different v — (r — 1) — 1 dimensional surfaces S,, ending in Sy where all states but
the state m are stable, - - -

ii) Choosing [ sufficiently large and A sufficiently small, the bounds (3.33) can be
made arbitrary sharp. In this sense, the quantum states (-), are small perturbations
of the corresponding classical state whenever ¢ is stable.

iii) While Theorem 3.1 is stated (and proven) for general complex A, the phys-
ical situation corresponds, of course, to real values of A\, as required by the self-
adjointness of the Hamiltonian H. The “meta-stable free energies” f, are real in
this case®, making the real part in (3.29) and (3.34) superfluous.

iv) As stated, Theorem 3.1 is only valid for § < co. Some care is needed when
stating the corresponding results for zero temperature, since the thermodynamic
limit and the limit of zero temperature, in general, do not commute. Theorem 3.1
does hold for zero temperature, if f,(u, 3) is replaced by

Falp) = Jim fq(u. B) (3.35)

and the equalities (3.30) and (3.31) are replaced by

1
— _ % e B ’
fo(p) = Lhm ma GIAD)] log Z \ (1 (3.30")
and
— 1 : B
(U)g = lim lim (W) /. (3.31)

L—o00 B—o00

For a statement concerning the possibility to interchange the order of limits see
Section 3.5 below.

In order to state the next theorem, we define states with periodic boundary

conditons on A(L). To this end, we consider the torus Ape (L) = (Z/ LZ)d and the
corresponding Hamiltonian

Hyorary = », HO+A S taha, (3.36)

xE€Aper(L) A: supp ACAper(L)

where the second sum goes over sequences A whose support supp A does not wind
around the torus Ape,(L). With these definitions, we then introduce the quantum
state with periodic boundary conditions as

1

(Voenr) = = Tragp) (- e oerac), (3.37)
per, ( ) ZB
per,A(L)
where
deLA(L) =Tr HA(L)e_BHper'A(L)' (338)

5Given our constructions in Section 4 and 5, the proof of this fact is identical to the corre-
sponding proof in [19].
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Theorem 3.2. Let HO), Hg, B and X\ as in Theorem 3.1, and let Ly be the smallest
common period of the ground states ¢V, ..., ¢\"). Assume in addition that \ is
real. Then the infinite volume state with periodic boundary conditions,

B
per,A(nLo) (339)

exists for all local observables ¥, and is a conver combination (with equal weights)
of the stable states,

Ver = D | Q‘ (3.40)

q€Q
with
Q = Q(,uvﬁv )‘) = {q € {17 . 774} ’ aCI(,U’aﬁv )‘) = 0} (341)

Remark:. The statement of the theorem remains true if the sequence of volumes
in (3.39) goes over volumes A(L) with L = nLy(Q), where Lo(Q) is the smallest
common period of all stable ground states g9, g € Q = Q(u, 5, \).

5. Quantum states at zero temperature.

As discussed in Remark iv) above, some care is needed when considering zero
temperature states since the zero temperature limit 3 — oo and the thermodynamic
limit A — Z?, in general, do not commute. In order to discuss this further, let us
consider the modified partition function

: —BH
Z93P = (g e~ |giP) (3.42)
where np indicates non-periodic boundary conditions. Namely, represented as a
contour partition function on a suitable space-time lattice, see Section 4, the par-

(9)

tition function Zg W7 is characterized by the boundary conditions g," at times 0

and [, instead of the periodic b.c. in time corresponding to Zg A- As a conse-
quence, Z 5 A Might contain contours wrapped around the lattice in time direction,
while Zqﬁ W7 does not. Since these contours may force a state that is stable at zero

temperature to be unstable at finite 3, the cluster expansion for log Zi A might be
divergent for arbitrary large (3, even though the phase ¢ becomes stable as § — oo.

This phenomen does not occur for Zﬂ P that does not allow for the dangerous
contours Wrapped around the lattice 1n tlme direction. Therefore, the partition
function Z(’i W7 can be analysed by the convergent expansion provided 3 > 5, and
q is stable for § = co. The same will be true for the modified expectation values

(D) n” = (Al 197 1), (3.43)

where

1 _8
Q) ) = ———e" 2 Hlan 19'9). (3.44)

/37
VZan"

As a consequence, we obtain the following lemma.



14 C. Boras, R.KOTECKY

Lemma 3.3. Letd > 2 and let HO), Hg, o, v, Bo, B and X be as in Theorem 3.1.
Let q be a phase with

ma aq(p, B,A) =0, (3.45)

and let (+)q and f,(p) be as defined in (3.31") and (3.30"). Then
1 ]6A|

———log Z\" + ( oL+t 3.46
and . .
{<\Ij>§;/r\lp o <\P>q’ S C\I/e—a'y min{3/Bo,dist(supp ¥,0A)} , (347)

where Cy < 0o depends on d, |3, the norm ||V|| of U, and the size | supp ¥| of the
support of W.

Remarks.

i) Lemma 3.3 implies, in particular, that the limits 3 — co and A — Z? commute
for the modified partition function and expectation values (3.42) and (3.43).

ii) The statement (and the above consequence) of Lemma 3.3 remains true for the

unmodified partition function and expectation values, Z A A and <\Il>q/3 A» if the phase

q is stable for all § in [8, 00|, i.e. if aq (i, B,A) =0 for all 3 € [3,0c]. In fact, the
error term O(B) in (3.46) gets replaced by an error term O(e~#/%) in this case.

3.6. Low temperature states and global symmetries.

In this section we consider the case in which the Hamiltonian H, » commutes
with some operator (), which is extensive in the sense that

Qr =) Qua, (3.48)
z€EA

where @, A are local observables in A, for which |supp Qg a| and [|Qz Al is uni-
formly bounded in both x and A. A typical example would be the operator of total
particle number

Na =) ng, (3.49)

z€EA

or the operator of the total number of particles of a given spin o,
=) Mo (3.50)

In addition to the assumption that Q5 is a symmetry of the quantum system,
[Hyn,QAl =0, (3.51)

(Q)> is an eigenstate of Qj,

we will assume that |g
Qnlai”) = p1A]a"). (3.52)

and that the classical density p&q) has a limit as A — oo,

p((ﬁss = lim ps\q). (3.53)
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(9)

class 1 the average density or the average density of particles

with spin o, respectively, in the classical state | gE\q)>. The following Theorem states

that the “quantum density”

In the above examples, p

) 1
P (B) = Jm, m(QA>§ (3.54)
approaches the classical density p((ff&)ms as 3 — oo.

Theorem 3.4. Let d > 2, let H, Hg, Bo, and \o be as in Theorem 3.1., and
let |A| < Xo. Assume that Qu is an operator that is extensive in the sense de-
scribed above, and that satisfies (3.51) through (3.53) for some q. Then there exist
constants C' = C' < oo and ¢ > 0 such that

i) If q is stable at § = oo, i.e. if img_,o0 ag(p, B, A) =0, then

(99 _

pquant -

<QA>q = p((:(llezss’ <355)

i 1
1m —
A—7Z4d ’A|

where (+), is the zero temperature state defined in (3.31").
it) If Bo > Bo and if q is stable for all B > [y, then

et (B) — Pl | < CemPe, (3.56)

pquant

provided 3 > .

Remark. For many models, the classical density pggss is constant in some range of

parameters p. For these models, Theorem 3.4 implies that the compressibilities

Z' a
X() = T/ﬂpgﬁam(ﬁ) (357)

vanish at zero temperature. An example of such a model is the extended Hubbard
model in the staggered phase considered in Section 2.

4. CONTOUR REPRESENTATION

We consider a fixed finite volume A = A(L) = {zx € Z% | |x;] < L for all
i=1,...,d}, and a fixed value ¢ € {1,...,r} for the boundary condition; further,
we are not explicitely specifying this in our notation.

Fixing an interger M to be determined later, and setting 5 = 3 /M, we introduce
the transfer matrices

T7(0) — ~BHL) (4.1)

and N
T = e PHan (4.2)

and rewrite the partition function Z; A as

Zgn = Trq, TM. (4.3)
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4.1. Duhamel Series and Path Integral Representation.

In a first step, we expand the transfer matrix 7" around the matrix 7 using
the Duhamel (or Dyson) series for the operator T (for a reference on the Duhamel
series, see e.g. [25]). Introducing the family A of all sequences A contributing to
(3.21), and, for each multiindex m: 4y — {0,1,...,}, the notation

‘m’: Z ma,

Ae Ay

(_)‘t)m = H (_)‘tA)mAa

A€eAg

- [

AcAy

B B
/d‘l’m— / dT}y../ drifs
0 0

the Duhamel series for the operator T can be written in the form

T = Z i / dr™ T(T,m). (4.4)

and

AEAQZ’I’TLA#O

Here the sum goes over multiindices m: Ag — {0,1,...,}, 7 ={74,..., 7\, A €
Ao}, and the operator T'(7,m) is obtained from T(®) by “inserting” the operator
ha at the times 7},...,74'4, A € Ag. Formally, it can be defined as follows. For

a given m and T, let A = {A1,..., A} be the set of all A € Ay with m4 # 0,
m; =ma,, and h; = ha,. Let

(51,5 5)m)|) :W(T}h,...,TZI,...,Tjk,...,TAn:) (4.5)
be a permutation of the times 7 such that 51 < g5 <--- < Slm| and set
(Moo s hym)) = TPy By By By, (4.6)

where on the right-hand side each h; appears exactly m,; times. Then T'(7,m) is
defined by

T(‘r,m):e_(fé_slm\)Hé?z)xﬁ|m|e (8)m| =8|m|- 1)Hth‘m| L.

.67(52*81)H;01)Xh e S1H(§O/)\ . (47)

For later reference, we also define the time ordered monminals

R(T, m) = il|m|f~l|m|_1 ce hl. (4.8)

(Notice that, formally, R(T,m) = Ty =¢(T,m).)
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Inserting the expansion (4.4) into (4.3), and using the occupation number basis
(3.1) to express the trace as a sum of expectation values, we get

Zan =22 2 (ﬁ %/%f’“)WIT(W,mm--~T<ﬁ,m1)|n>,

n mi k=1
(4.9)
where my, k = 1,..., M are multiindices my: Ay — {0,1,...,}: A+ my 4 and
T = {T,i A - ,T;: W A e A} are the corresponding integration variables.

Each term on the right hand side of (4.9) can be interpreted, in a standard
manner, in terms of a classical path m(-): [0,8] — {0,1}2 determined uniquely
by the vector |n) and sequences (71,m1), ..., (Tar,mpr). To get the assignement
7 +— n(7) we start with the observation that an operator h4 applied to a vector

of the form (3.1) yields either zero or again a vector of the form (3.1). Combined
with the fact that H é?j)\ is diagonal in the basis (3.1),

HyR[n) =" @a(n)|n), (4.10)
TEA

we infer that T'(Tpr,mps) -+ T(71,mq) |n) and R(7mar, mps) - - R(T1,my) |n) are
parallel vectors of Ha and that (n|T'(7ar, mar) - - - T(71,m1) |n) is non zero if and
only if (n| R(Tar,mar) -+ - R(T1,m4) |n) does not vanish. The classical path n(-)
is now obtained in the standard way. Starting from n(0) = n, n(7) is piecewise
constant, with a jump whenever

T=(k-1B+Ti4 (4.11)

for some k € {1,...,M}, A € Ay, and ¢ € {1,...,mp a}. At these times, n(-)
jumps from n(7) to n(7 4 0) defined by

In(1 +0)) := ha)|n(r)), (4.12)

with A(7) implicitely defined by (4.11). Note that n(7 + 0) is not defined if the
right hand side of (4.12) is zero. It is easy to see, however, that the correspond-
ing terms do not contribute to the right hand side of (4.9), since the matrix ele-
ments (n| R(Tar, mar) - - R(m1,mq) In) and (n|T(mar, mar) - - - T(11,m1) |n) van-
ish in this case. In a similar way, paths with n(3) # n(0) = n do not contribute to
(4.9). Note also that there may be several values for A, k and ¢ which fulfill (4.11).
Since such “events” have measure zero in the integration on the right hand side of
(4.9), we may assume, without loss of generality, that this does not happen. Given
the above construction and the definition (4.8) of the matrix 7'(7, m), one immedi-
ately gets the following explicit formula for the vector T'(1pr, mpy) -+ T(711,mMm1) |N2)
in terms of R(mar, mar) -+ - R(T1, mq) [n). Namely,

T(tap,mypy) - T(m1,mq) |n) =
B
:exp{—Z/ @, (n(r))dr s B(ryr.mar) - R(ryma) ). (4.13)
TEA 0

Inserting the equality (4.13) into (4.9), and introducing the symbol S(n, {1, m})
for the “sign”

S(n,{Tg, my}) = (n|R(Tpr,mpr) - R(T1,mq) ), (4.14)
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we obtain the representation

Zgr=3" %" (ﬁ %/dfgnk) exp{_;A/Oﬁ @, (n(r))dr } x

x S(n, {T,my}), (4.15)

where the second sum stands for the M sums over mq,... ,m,.

Remarks.

i) Note that for = near to the boundary, the value of ®,(n(7)) depends on the
configuration outside A, which we assumed to be the ground state configuration g(%)
by assuming boundary conditions q. We suppress this dependence in our notation.

ii) As discussed above, configurations {m, {7y, my}} only contribute to the par-
tition function Z, 5 if they correspond to a classical configuration n(-) with n(0) =
n(0). To make this condition more explicit, it is convenient to consider time ordered
monominals M, (7,n) which are obtained from R(7,n) by leaving out all creation
and annhilation operators CL and ¢y, with y # z. A configuration {n, {7y, my}}
then contributes to the partition function Z, A if and only if, for each z, the monom-
inals My (Tar,may) - - My(71,mq) are of the form clc.cl -+ ¢, if n, = 1, and of
the form c,cle, - - - el if n, = 0.

4.2. Ground State Cells, Excited Cells and Contours.

In order to define contours, we introduce a suitable space time lattice, the notion
of an elementary cell, and the definition of ground state cells and excited cells. We
define the lattices ~

L=2%x3{0,..., M}per (4.16a)

and ~
Ly =AXxpB{0,...,M}per, (4.16b)

where the index “per” stands for the identification of (z,0) and (z, M3) = (z, 3),
and the continuum tori

T =R x [0, Bper (4.17a)

and
Ta = {y € R? | dist(y, A) < 3} x [0, Blper , (4.17b)

again with periodic boundary conditions in the “time direction”.
An elementary cell C(x,k), labbeled by an index (z,k) € Z¢ x {1,..., M} (we
identify 0 and M), is now defined as the set

C(z, k) = {y € R? | dist(y, z) < 1} x Blk —1,K]. (4.18)

Given a “configuration” w = {n, {7, my}} contributing to the right hand side of
(4.15), we distinguish between elementary cells C(z, k) with constant occupation
numbers n, ,(7), and those which are “visited” by a hopping term h4. We define
an elementary cell C(z,k) C Tp to be a quantum cell, if © € suppmy, where
supp my, = UA:mk,A;éo supp A, and to be a classical cell if x ¢ suppmy. Note
that with this definition, the occupation number n, ,(7) is constant inside classical
cells, so that 1, 4(7) = Ny (k) =: ne(C(z,k)) if C(z,k) is a classical cell and
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(k—1)8 <7 < kB. We say that a cell C(z, k) is in the ground state m, if all cells

C(y, k) with y € U(z) are classical cells, and n, (C(y, k)) = g?S?Z,). A cell which is not
in a ground state is called an excited cell, and the set of excited cells corresponding
to the configuration w is denoted by D = D(w).

At this point, the definion of contours is standard. One defines a (labeled)
contour Y as a pair (suppY,«), where suppY C T is a finite, connected union of
elementary cells, while « is an asignment of labels a/(F') to faces of dsupp Y which
is constant on the boundary of all connected components of T \ supp Y.

The contours Y7, ...,Y,, corresponding to a configuration w = {n, {7, my}} are
then defined by taking the connected components of the set D of excited cells in Ty
for their supports supp Y,...,suppY, and by taking the labels m of the ground
states for the elementary cells C' that touch the face F', see above, for the corre-
sponding labels «;(F'). The ground state regions V,,, m = 1,...,r, corresponding
to w, on the other hand, are defined as the union of all elementary cells that are in
the ground state m.

Note that for each configuration w = {n, {7, my}} contributing to (4.15), the
set of contours corresponding to w is a set of mutually compatible contours with
matching labels and external boundary condition ¢. Here, as usually, two contours
Y and Y are called compatible whenever suppY NsuppY’ =0, a set {Y7,...,Y,}
of pairwise compatible contours is called a set with matching labels, if the labels
a(F') of the contours Y7,...,Y,, are constant on the boundary of each component
of T\ (suppYs N---NsuppY,), and a set of mutually compatible contours with
matching labels is said to have external boundary condition q if these labels take the
value ¢ on the boundary of the infinite component of T \ (supp Y1 N---Nsupp Ys,).

Note also that, by our definition of ground state cells, the function ®,(n(7)) in
the exponent in (4.15) is constant and equal to e,, for all (z,7) in the ground state
region V,,,. As a consequence, the contribution of the ground state region V,, to
the exponent in (4.15) is —3|Vjn|em, where |V,,| is the number of elementary cells
in V,,.

In a final step, we now sum (and integrate) over all configurations leading to
the same set of contours {Y7,...,Y,}. Extracting further the factor e~ 2=m fe¢m[Vm|
for the classical energy of the ground state regions, U,,V,,, = Tx \ (suppY1 N---N
supp Y,,), and denoting the numerical value of the sum over the remaining factors

by p(Y1,...,Y,), we obtain the contour representation
Zg A= Z e~ Xm B"/m'e’"p(Yl, oY), (4.19)
(Y1,...Yn}

where the sum goes over all sets of mutually compatible contours with matching
labels, external boundary condition ¢, and support suppY; C Tp. Note that the
external boundary condition g refers to the set {Y7,...,Y,}, not to the individual
contours Y € {Y7,..., Y, }.

Our goal, now, is to show that it is possible to define contour activities p(Y) so
that

p(¥1.- Vo) = [ %), (4.20)

and hence

Zon= Y e =nflWnlen TT5(y;). (4.21)
{Yla“'aYn} =1
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Given this representation, the partition function can then be analysed using a
slightly modified version [19] of standard Pirogov-Sinai theory, provided p(Y') is
decaying sufficiently fast in the size of Y (which will be easy to show, see Section 5).

4.3. Factorization of the contour activities.

In this subsection we prove the factorization (4.20). Let us first introduce the
notation w(V') for a configuration living on a set V' C Ty ; namely, such a configura-
tion is given by w(V) = {n(V), {m(V),my(V)}} with n(V) = {n,,C(x,1) C V'},
mi(V) = {mp,a;Usesupp aAC (2, k) C V}, (V) = {7} 45 UsesuppaCla, k) C V}.
Inspecting now the mapping w — {Y7,...,Y,} assigning a set of mutually com-
patible contours to a configuration w = {n, {7, m}} contributing to Z, r (see
Remark ii) after (4.15) for an explicit condition), we define the indicator function
Xvi,...v,(w) to be 1 if Y7,...,Y,, are the contours corresponding to w and to be 0
otherwise. Note that this definition implicitely gives xy;,...y, (w) = 0 if w does not
contribute to Z; A, since such a configuration does not correspond to a classcial
path n(7) and hence not to any assignment of contours.

The indicator function xy; ..y, (w) can now be decomposed into a product

n

X (@) = [T xm (Vi) T [ xws (w(supp Yi)). (4.22)

=1

Here w(V;;,) and w(suppY;) are the corresponding restrictions of the configuration

w. The function x,, (w(V;,)) indicates that my(V,,) = 0 for all £ and n, = gg(J ™ for

all x such that C(z,1) C V,,. Given a contour Y and extending the configuration

w(suppY’) by putting my (T, \ suppY) = 0 and fixing n, = gé ™) for every cell

C(z,1)NsuppY = ) contained in the component of T \ supp Y whose boundary is
labeled by a = m, the function xy (w(suppY)) indicates that Y is the only contour
of this extension of w(suppY). Note that the conditions according to Remark ii)
after (4.15) are fullfilled for w if and only if they are fullfilled for the extension of
w(suppY), for all contours Y corresponding to w, a condition that is, in turn, again
implicit in xy (w(suppY)).

Next, we introduce the classical energy SE (w(suppY')) of a contour Y:

BE(w(suppY)) Z Z / 1)ﬁ (1)) dr, (4.23)

k=1x:C(x,k)CsuppY

where ny (-) is the classical path obtained from the above extension of w(suppY)
to Tp. With these notations,

M

o ¥ =30 5 (T2 [amm ), o )

X S(w) H o~ BE(w(supp Y1) o (4.24)

=1

where w = {n, {r;, m}}, and S(w) = S(n, {7k, my}) is given by (4.14).
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Thus to prove the factorization (4.20), it remains to show the factorization for
the sign S(w). Our task is to introduce signs S(w(suppY)) € {—1,1} so that, for
a configuration w with contours {Y7,...,Y,}, one has

n

S() = [] Stwlsupp i) (425)

i=1

We need some notation. As ususal, the interior Int Y of a contour Y = (supp Y, )
is defined as the union of all finite® components C of T\ supp Y, while the exterior
ExtY is defined as the infinite component of T \ suppY. One says that YV is a
contour with external boundary condition ¢, or shorter: a g-contour, if a(F) = ¢
for all faces F' in the boundary of ExtY, and one defines Int,, Y as the union

of all components C' of IntY such that a| oc = m. Finally, V(Y) is defined as

suppY UlntY.

We now proceed by determining the signs of contours one by one, starting from
the most inner ones, “erasing” them simultaneously from the configuration w. Let
thus Y; be a contour with external boundary condition ¢;, such that there is no
contour Yj, j # 4, with supp Y; C IntY;. Consider the configuration w obtained by
extending the configuration w(Tx \ V(Y;)) by taking my(V(Y;)) = 0 and n, = géQi)
for all x such that C(z,1) C V(Y;). We will now introduce the sign S(w(suppY;))
(independently of the configuration w(Tx \ V(Y;))) in such a way that

S(w) = S(w(suppY3))S(w) (4.26)

with S(@) defined from the configuration @ by (4.14). Iterating the erasure proce-
dure and formula (4.26), we get a final configuration with no contours and sign +1,
establishing thus the equality (4.25).

To determine the sign S(w(suppY;)), we begin by considering for each x € A the
intersection I(x) of the line {2} x [0, B]per With V(Y;), I(x) = ({z} [0, Blper )NV (Y3).
If nonempty, the set I(x) is either a union of disjoint intervals I(z) = U[k; , k']
or I(z) = [0,B]per- In the former case (I(z) # [0, Bper), We use the fact that
all boundary cells of V(Y;) are classic cells with the same ground state g(™) and
thus the path n(7) (corresponding to w for which xy (w(supp Y;)) # 0 ) necessarily
attains the values n, (1 = k; ) = n,(r = k') = g(g_m). Assuming for a moment that
the interval (k;, k:f') does not contain the time 7 = 0, let us consider the product

ho - hy (4.27)

consisting of those terms h 4 in the product [[ R(7k, my) for which the times 7',? A

fall into the interval (k; , k;"). If the corresponding term is to be nonvanishing (i. e.
if xy (w(suppY;)) # 0 ), there must be in (4.27) the same number of creation and
annihilation operators ¢ and ¢;. Commuting them through all remaining terms
until they mutually annihilate, we produce a sign s, ;(w(supp Y;)). Notice that this
sign does not depend on the configuration w(Ty \ suppY;), since if (4.27) contains
a term hy corresponding to any other contour, then necessarily = ¢ supp A and,
since A is a product of an even number of creation and annihilation operators, the

6In the sense that C is a finite union of unit cells.
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operator ¢, (resp. ¢;) commutes with such hs producing no additional sign. If

the interval (k,, k;“) contains the time 7 = 0, we consider separately the product
of the form (4.27) for the interval (k;,0), and that for the interval (0,k;"). We
then commute all creation and annihilation operators cz and ¢, that correspond to

times in (k;, ,0) with the remaining operators in the product (4.27) until they hit
time zero, and similarly for those in (0, k;r) After annihilating all pairs, we will be
left with monomials Ry and R_ in the operators cz and ¢, such that

Ry [n)(n|R- = [a@) (R, (4.28)

where 7(*) is obtained from m by substituting Ng = gg(cm) for n, . Combining the

steps described so far, we get a sign s;(w(suppY;)) = [[; sz, (w(suppY;)) and the
new state n(*) at 7 = 0, with 71, = gg(c_m), as required by our definition of @.

If I(z) = [0, B]per, then the values n,(r = 0) = ny(r = §) = n, and we can
reason in a similar fashion as in the first case above. Then all operators ¢ and ¢, are
annihilated after the commutations are performed yielding the sign s, (;(supp Yi)),
without any change in the state n at time 7 = 0. Since all operatgrs ¢ and ¢
corresponding to the concerned z have been cancelled, the value of S() does not

depend on the state n, and we may replace it, without any additional change in

sign, by ng, = gém).

Iterating the above procedure for all z (chosen in a fixed (say, lexicographic)
order) such that I(x) is nonempty, we pass to the configuration © and produce the

sign S(w(supp Y;)) =[], sz(w(suppY7)).

5. EXPONENTIAL DECAY OF CONTOUR ACTIVITIES,
PROOF OF THEOREMS 3.1-3.4

5.1. Bound on the contour activities p(Y’).

Given the contour representation (4.21), the proof of Theorems 3.1 and 3.2 is an
easy exercise in Pirogov-Sinai theory, once a suitable bound on the weights p(Y) is
established. This is done in this subsection.

Proposition 5.1. Let A € R, B >0, and vg > 1 be such that

(e = B[], < 1. (5.1)
Then o
p(Y)| < e~ (PeotD)supp Y] (5.2)
where ~
5 = min{Hra, vg — 1} — (1 + [S)) log 2. (5.3)

Proof. Since |S(w)| =1, we get from (4.24) (for n = 1) the bound

|p(Y)| < e—B€O| supp Y\2|E|| supp Y| 5

M my -
% Z Z (H (‘AKL)' Blmm)e*,@%nlsuppY\Xl' (5.4)

XCsuppY {my} k=1
Ug supp mp =X
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The second sum is over all unions X of unit cells in supp Y (corresponding to the
quantum cells on the right hand side of (4.24)) . The factor 2I¥IIswPPY] comes
from the sum over occupation numbers n, observing that, for a g-contour Y, the
occupation numbers are fixed, n, , = gg(;q(),, whenever C(z,1) NsuppY # (), and the
last factor in (5.4) comes from the fact that all cells in supp Y that are not quantum

cells must be classically excited. In a similar manner as in [19], we use the bound

o~ (ALBfEa)™ 4 -
Y T < = DNl (5.5)

mg, a=1
valid whenever |\|3|t4] < 1, to get
p(Y)] < o~ Peol supp Y || S| supp Y| o
X Z ﬁvcllsuppY\XIH Z H e—1 |/\W|tA|) (5.6)
XCsuppY B, AeBy

The ZBk is over all finite collections By, C Ap such that Uaep, A = X, where, for
a fixed k € {1,..., M}, the set X}, is the union of all unit cells C(z, k) contained
in X. Using now (5.1) we get the bound

>, [T (e=DINBIAl <

Bp={A1,..., Ay A;E€BE

9] L
<e oSS X (e — DINBleaferel Al ) <

(=1 "i=1 A;EA(
A;NX #0

£
<e—wlxk|2%r[(z S (e DINBIEa, 7l =wr AT <

i=1 ze€X, Ai€A0
A Sx

oo
- 1 —(o-
< e el Xkl Z E|Xk|£ < e~ (V@ DIXk|, (5.7)
(=1
Since
Z e~ (@ =DIX| ,—Bvei| supp Y\X| <e~ min(Ge1,7q —1)| supp Y | 9| supp Yl (5.8)

X CsuppY

we finally get (5.2) with 4 given by (5.3). O

5.2. Bound on the derivaties 0p(Y) / Op;.

Proposition 5.2. Let A € R, 3 > 0, and Yo > 1 be such that (5.1) is satisfied.
Then

~ e = ~
< _c —(Beo+3)|Y| _
5P| < (BCo+ ) [supp e (5.9)

Here Cy is the constant from (3.10) and 7 is the constant defined in (5.3).
Proof. We start again from the expression (4.24) for n = 1 and bound

0

o %E(w(suppm)‘ < 5‘ (w(supp y»‘e—BE(wcsupp ) <
Hi

< BCy| supp Y|67BE(“’(Sllpp YD) (5.10)
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with the help of (4.23) and (3.10), as well as

M (M|
< (I A

k=1

(AE)™x 0

Opi

| logtA‘. (5.11)
k-

)m’“
‘3M ! Z ME,A
¢ kA

Using then (5.5) and

ZOO ~ (ABta)™EA Bt 1
kA _ 1t 5 -
_ mg i 4]
k:A
0t = ([AlBJEa]) 5 |0ta
— A ‘—A <A ‘— 12
NBJgE| X A S B (5.12)
Mg A= kA
we get

Y)’ < o~ Peol supp Y || S| supp Y| E o~ Bvetl supp Y\X| o
XCsuppY

< {BColsupp Y I TT(X TT (e = DINBIal ) +

k B, A€eBy

3 W] 3 T oA TS T e~ nvaieal))

B  A€Bg k#k Br A€By

AmX 70 AgBy,

Opi P

(5.13)

with the sum on the last line running through all A and B, such that the union of
A with all A in B is Xj. Hence

Y)‘ < e~ Peolsupp Y|l supp Y| o

¢ Z e—ﬁvcll supp Y\ X | {BCO

XCsuppY

Opi

€ —(r@-1)IX]|
_1}e . (5.14)

The rest of the proof then follows the same argument as above in the proof of
Proposition 5.1. [

5.3. Proof of Theorem 3.1 and 3.2.

Given the representation (4.21) and the bounds of Propositions 5.1 and 5.2, the
proof of Theorem 3.1 i) and v) is essentially identical to the proof of Theorem 2.1
i) and v) in [19]. Actually, it is an almost standard application of Pirogov-Sinai
theory, with two modifications: the fact that the contour weights p(Y) are in general
not positive, and the fact that (4.21) describes a contour model in a finite slab, see
[19] for the details. The constants can be chosen as follows. Taking any sufficiently
large v, we put Sy = 7/7a and assume that A fulfils (3.28). Taking now g = 7 and
B e [B0,2080), the condition (5.1) is satisfied and we can infer that the bounds (5.2)
and (5.9) are fulfiled with ¥ =y —1 — (1 +|X|) log 2. Finally, whenever 5 > [y, we
choose M € N so that 8= 3/M € [y, 25).
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In order to prove the remaining parts of Theorem 3.1, we need a representation
of the form (4.21) for expectation values of local observables. By linearity and
the fact that a local observable is a finite sum of even monominals in the creation
annihilation operators, we may restrict ourselves to local observables that are of
the form

V=haw)  @=haa). (5.15)

Rewriting the expectation value of a local observable ¥ as

— R4
(D), = Tr gy, (We PHan) _ Tr 3¢, (PTM) _ Z, A (5.16)
© Tr g, (€7 PHan) Tr g, (TM) Zq,A’

we now derive a contour representation for the modified partition function Z;I:A.
Retracing the steps leading to representation (4.15), we get the expression

M
Z;IjA - Z Z (H :::' /dT,Z"“) exp{—%/f CIDx(n(T))dT}x
S(n, {Te, mp};9), (5.17)

where
S(n,{Tx,mr}; V) = (n|R(Tar,mpr) -+ - R(11,mq)V |n) . (5.18)

In order to define the contours corresponding to a configuration w = {n, {7, my}}
we then introduce, in addition to the set of excited cells D(w), the d+1 dimensional
support of ¥ as

D) := (] C1), (5.19)

resupp ¥

where we localized the observable ¥, by definition, in the first time slice. Consid-
ering all cells in D(w) U D(V) as excited, we then define the set supp Yy as the
union of all connected components of D(w) that are connected to D(¥), and the
set Supp Yy as supp Yy U D(¥). The contours corresponding to the configuration
w are defined by taking the set supp Yy, and the remaining components of D(w),
denoted by supp Y1, ..., suppY,, as their support. Since the cell in D(¥) have to
be considered as excited as well, a slight variance will apear in the definition of the
ground state regions V,,,, which now, by definition, does not contain the cells in
D(W).
With these definitions, we get the contour representation

A—ZZ Z e X AlVnlen p(vy v, V) (5.20)

Yy n= O{Yla }

x S(w; Q)Q—BE(W(WY\?)) H e—BE(w(Supp Y3)) . (5.21)
i=1
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where w = {n,{m;, my}}, and S(w; V) = S(n,{Te, mi}; V) is given by (5.18).
Since the observable ¥ is of the form (5.15), the factorization proof now goes
through without modifications, leading to the representation

n

A—ZZ > e Zm@'v’“'emp(Yw)Hp(E), (5.22)

Yy n=0{Y1,....Yn} i=1

with p(Y;) defined as before, and p(Yy) defined by

=X > (H = /dT;T’“)XYW(mS(w; U)e PEWEDPYY)) (5 .93)

n {my} k=1

Given the contour representation (5.22), we can now proceed as in [19] to complete
the proof of Theorem 3.1. In the same way, Theorem 3.2 follows from the corre-
sponding representation for the modified partition function Zper A = (U)per.AZper,A-

5.4. Proof of Lemma 3.3.

Given the results of Section 4 and 5, the proof of Lemma 3.3 is almost a textbook
exercise. We therefore only indicate the main steps, and leave the details to the
reader.

Starting with the partition function Z(’i W7, we note that it has a representation
of the form (4.15), with the only difference that the sum over n is replaced by the
single term n = gl(xq). Represented as the partition function of a contour model,

Zg WP is then given as a sum over sets of contours in a volume V(A) C RI+!,
V(A) = {y € RY | dist(y, A) < 1} x [0,4], (5.24)

with boundary condition ¢ on 0V (A)

The partition function Z 57 7 can be analysed by standard Pirogov-Sinai theory
as developped in [21-24]. We follow [23,24], with a slight variant in the definition of
truncated contour models. Namely, for a contour Y with support suppY C Rt
we define §(Y") as the diameter of the projection of supp Y on R?, and then proceed
by induction on 6(Y"), see [19], equations (5.8) — (5.10). Denoting the corresponding
truncated partition functions by Z2*(V(A)), we define the truncated free energies

_ log Z2P(V)

folp) = — Vilﬂgf}“rl T ’ (5.25)

where V denotes the euclidean volume of V' (note that |V| is nothing but the number
of elementary cells C(z, k) in V multiplied by 3).

As usual, the untruncated partition functions Z 5’ 7 and the corresponding trun-
cated partition functions Z;P(V(A)) are identical whenever a,(u) = 0, where
aq(p) = 0 is defined as

aq(p) = fo(p) — min frn (). (5.26)

For aq(p) = 0, the partition function Z 5 ¥ can therefore be analyzed by a conver-
gent cluster expansion, giving a representation for

log Z A" + fq(1) [V (A)] = log Zy 2 + fo (1) BIA|
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in terms of clusters connected to the boundary 0V (A). Defining 0,V (A) as the
union over all faces in V' (A) that are orthogonal to the direction i, and recalling
that an elementary cell C(z, k) has extension B in the “time direction”, we therefore
get the bound

d
log 2,37 = ~F,(B1A1 + O ([0V ()] + 3 30V (A)])
=1
- g
= ~1(WBIA1+ O(JAI+ [oA]). (5.27)

In order to complete the proof of (3.46), we need a relation between the truncated
free energies f,(u) introduced above and the truncated free energies f, (11, 3) of the
model on the torus T. To this end, we note that the truncated activity of a contour
Y with suppY C T is the same for both truncated models, as long as the support
of Y does not wind arround the torus T. The cluster expansions for Gf,(u) and
3 fq(p, B) therefore only differ by terms involving clusters winding arround T in the
time direction. As a consequence,

o1t ) = By(p) + O(e= @7 B/0)y (5.28)

where v and > 0 are the constants from Theorem 3.1. From (5.28) we get
fq(p) =limg_ fo(p, B) = fy(1) and as a consequence

aq(p) = Hm aq(p, 3,4). (5.29)

Observing finally that 5 € [y, 280), see the proof of Theorem 3.1 above, the bound
(3.46) follows from (5.27).

As for the proof of (3.47), we note that the above methods also give a convergent
cluster expansion for (\If>§7’xp if a,(p) = 0. Comparing this cluster expansion to the

corresponding cluster expansion in the thermodynamic limit V/(A) — R4*1 we get

<\I,>q/3:/f\1P — Ah_%d <\D>§j\1p + O(e—aw min{dist(supp \IJ,GA),B/2B}) , (530)
B— o0

provided a,(p) = 0. In order to complete the proof, we need to controll the limit
in (3.31"), showing that it is identical to the limit in the right hand side of (5.30).
To this end, we note that the condition a,(x) = 0 implies that

Bag(p, B, 3) < O(e~ /7). (5.31)

Standard Pirogov-Sinai theory, here in the form derived in [19], on the other hand,
gives that Z, o and (‘P)f A can be analysed by a convergent cluster expansion if

Bay(p, B, \) diam(A) < O(1). (5.32)

The limits in (3.30") and (3.31") can therefore be analysed by a convergent expan-

sion. Comparing the resulting expansion for (¥), to that for <W>57’Rp, we obtain

the desired bound (3.47). O
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Proof of Theorem 3.4.

Let 8 > [y, where [y is the constant from Theorem 3.1. Using (3.51), (3.52),
Lemma 3.3, and the fact that the norm and support of ), o are uniformly bounded
in A, we get

1 1 n n
m@ g —PY| = A |’<QA> —(Qn)TRP| = |A|‘Z (Qun)g — (Qun)ohP)| <
|A] ZGXP{ ay min{dist(supp Qz,a, OA), 3/6o}}.  (5.33)
rEA

Taking the limit 8 — oo, this gives

1

L on ‘ |OA
A ~[A] 4

Z exp{—ary dist(supp Qz,,0A)} < O( A

) (5.34)

which in turn implies the bound (3.55).

In order to prove (3.56), we have to bound the difference of (Qz,4)2 and (Qz.a)q-
Since ¢ is stable for all 8 > f,, both (Qq, A) and (Qz,A)q can be analysed by
a convergent cluster expansion. Comparing then the expansions, one obtains a
representation for (Qg )7 — (Qz,a)¢ that only involves clusters which either wind
around the torus T in the time direction or are contained in infinite volume R%*!

and “do not fit” into the torus T. In either case, one gets only contribution of the
order O(e_(B/BO)‘”) yielding the bound

‘<Qa¢,A>q —(Qu)i| < CemB/Bo)en, (5.35)
which in turn implies the bound (3.56).

6. APPLICATION TO THE EXTENDED
HuBBARD MODEL: PROOF OF THEOREM 2.1

The claims i) and iii) are a straightforward corollary of Theorem 3.1. For the

choice of constants we notice that v, > ¢(d)e everywhere in SEB)Q}, where ¢(d) is

a strictly positive constant. As a consequence, By ~ % and Ao ~ €. The bound
|t| < €Cq corresponds to (3.28) (with ¢ replacing A and 2de®” replacing ||¢||, ). The
long range order expressed in (2.9) follows from the bound (3.33) and the staggered
order of the ground states of H(®) (see [18] for a detailed discussion of the classical
states of H(®).

Using Theorem 3.4 for the (quantum) density p(3) defined in (2.4) and noticing
that the density of classical ground state pcjass is actually constant throughout the
region S,(Lg?z}, Pelass = 1, we get the claim iv).

To prove ii), we first show that (S2)? = 0. Taking into account Theorem 3.1 ii),
it is enough to show that

Tr Ha(L) (Sg 6_’8HM,A(L)) =0 (61)

for every A(L) with even L and H,,  defined as in (3.21) with g("™ being the
corresponding {0, 2} staggered ground configuration. Using (2.7) and expressing
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the trace in terms of the base |n) of occupation numbers n : A x ¥ — {0,1}, we
want to show that

N (] (e — fig,) e Hmn) |ny = 0. (6.2)

Indeed, taking into account that

> (nf (g — i) e PHra@ n) =N n|emMHmam) n)(ng ; —ng,)  (6.3)

n n

and that the matrix element (n|e #Hm.21) |n) is symmetric under the overall spin
flip n — n, Ny, = ng,, and Ny, = ng ,, we get (6.1).

The Hamiltonian above is invariant under rotations and has actually an identical
expression in terms of the creation and annihilation operators of the electron with
up and down spin with respect to, say, the 1-axis. To get (S1)2 = 0 and (S?)5 =
it is therefore enough to repeat the above argument in the corresponding occupation
number bases. [J
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