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SURFACE INDUCED FINITE S1ZE EFFECTS

ABSTRACT. We consider classical lattice models describing first-order phase transitions, and
study the finite-size scaling of the magnetization and susceptibility. In order to model the
effects of an actual surface in systems like small magnetic clusters, we consider models with
free boundary conditions.

For a field driven transition with two coexisting phases at the infinite volume transition
point h = h¢, we prove that the low temperature finite volume magnetization meee(L, h) per
site in a cubic volume of size L% behaves like

my +m— m4y — m_ <m+—m_

Miree (L, h) = 5 tanh

LY (h = hy(L))) + O(1/L),

where hy (L) is the position of the maximum of the (finite volume) susceptibility and m+
are the infinite volume magnetizations at h = hy + 0 and h = hy — 0, respectively. We show
that h, (L) is shifted by an amound proportional to 1/L with respect to the infinite volume
transitions point h; provided the surface free energies of the two phases at the transition
point are different. This should be compared with the shift for periodic boundary conditons,
which for an asymmetric transition with two coexisting phases is proportional only to 1/L2<.

One can consider also other definitions of finite volume transition points, as, for example,
the position hy (L) of the maximum of the so called Binder cummulant Ut (L, h). While
it is again shifted by an amount proportional to 1/L with respect to the infinite volume
transition point h¢, its shift with respect to hy (L) is of the much smaller order 1/L2¢. We
give explicit formulas for the proportionality factors, and show that, in the leading 1/L2¢
term, the relative shift is the same as that for periodic boundary conditions.

1. INTRODUCTION

In the last twenty years, the study of finite size (FS) effects near first and second
order phase transitions has gained increasing interest. While the study of FS effects for
the second order phase transitions goes back to the work of Fisher and coworkers in the
early seventies [FB72, FF69, Fi71], finite-size effects for first order phase transitions were
first considered by Imry [I80] and, in the sequel, by Fisher and Berker [FB82], Blote
and Nightingale [BN81], Binder and coworkers [Bi81, BL84, CLB86], Privman and Fisher
[PF83], and others.

Recently, these studies have been systematized in a rigorous framework by Borgs and
Kotecky [BK90] (see also [BK92, BKM91]), and by Borgs and Imbrie [BI92a, BI92b, Bo92].
Their results cover both finite size effects in cubic volumes and long cylinders, both field
and temperature driven transitions, but were always limited to periodic boundary condi-
tions. While the periodic boundary conditions are natural for the description of computer
experiments that are used to study the bulk properties of a system (note that periodic
boundary conditions are used in these computer experiments because they minimize the
unwanted finite size effects) they do not allow for the description of FS effects in actual
physical systems like, e.g., small magnetic clusters, where surface effects are of major
importance.

In this paper we start a rigorous study of such surface effects. We consider spin systems
in a finite box A = {1,..., L}¢, imposing free or so called “weak” boundary conditions
(see Section 2 below) instead of the periodic boundary conditions used in our previous
work.
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In order to explain our main ideas, let us first review the FSS for a system in a periodic
box [BK90, BK92, BKM91]|. For a system describing the coexistence of two phases, say an
Ising magnet at low temperatures, the partition function with periodic boundary conditions
can be approximated by

Zoer(L,h) =2 Z (L, h) + Z_(L, h), (1.1)

where Z1 contain small perturbations of the ground state configurations oy = +1 and
on = —1, respectively. The error terms coming from the tunneling configurations can be
bounded by O(L%e~L/Lo)e=F (") where f(h) is the free energy of the system and Lg is a
constant of the order of the infinite volume correlation length.

In the asymptotic (large volume) behavior of log Z. there should appear, in principle,
volume, surface, ..., and corner terms. A periodic box, however, has neither surface, ...,
nor edges or corners, and one obtains

Zoer(L,h) 22 e~ F+ WL 4 o=~ _ 9ok (f+(h) 5 S-() Ld) o L (1.9

where fy(h) and f_(h) are the (meta-stable) free energies of the phase plus and minus.
Taylor expanding fi (h) around the transition point A, and introducing the spontaneous
magnetizations m+ of the phase plus and minus at h;, one obtains the FSS of the magne-
tization mper(L, h) = L~=%dlog Zper (L, h)/dh in the form

e

er(Ly h) =
mp( h) B

s ;m‘ M 5 "= tanh (m+ h— ht)Ld) . (1.3)

It describes the rounding of the infinite volume transition in a region of width
Ah~ L7 (1.4)

with a shift hy(L) — h; that vanishes in the approximation (1.3). A more accurate calcu-
lation shows that, in fact, for a system describing the coexistence of two low temperature
phases at the infinite volume transition point h; and with infinite volume susceptibilities
X+, one has

6(x+ — x-)

R T

L2 1 O(L3) (1.5)
if hy (L) is defined as the position of the maximum of the susceptibility in the volume L.

Turning to free boundary condition, we again expand log Z1 (L, h) into volume-surface-
....corner terms. This time, however, the volume A has a boundary, and the expansion
yields

—log Z+(L,h) = f\P(R) L + £V (h)2d L4 + O(L42), (1.6)
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where fid)(h) = f+(h) are the (meta-stable) bulk free energies, while fj(td_l)(h) are the
(meta-stable) surface free energies of the phase plus and minus, respectively. As a conse-
quence, (1.2) gets replaced by

(d—1) (d—1)
Zfree(L; h) = exp (_ f+(h) _; f_(h) Ld — ot (h) —;— fﬁ (h) Zdel)
(d—1) (d—1)
o000y SO F ) ),

(1.7)

At this point, one major difference with respect to (1.2) appears: while the free energies f
and f_ are equal at the transition point h;, the surface free energies are typically different at
h: (obviously, there are systems for which 7 := J(rd_l)(ht) and 7_ = fl47Y (h¢) are equal,
as e.g. in the symmetric Ising model where 7, = 7_ by symmetry, but for asymmetric
first order transitions, this is typically not the case). The leading terms in the expansion
around h; then lead to the formula

+m_ —m_ —m_
Miree(L, h) & T o S tanh (%u@ - hX<L>>Ld) . (1Y)
Here
T —T7- 2d 5
hy(L) = hy + —————— + O(1/L") (1.9)

(my —m_) L
which, for 7_ # 74, is now proportional to 1/L, while the width Ah of the transition is
still proportional to L~¢.

In fact, a formula of the form (1.8) has already been given in [PR90], with heuristic
arguments very similar to those presented above. Here, our goal is twofold: first, we want
to make the arguments leading to (1.8) rigorous, deriving at the same time precise error
bounds on the subleading terms (in fact, our method allows to calculate in a systematic
way the corrections to (1.8) in terms of an infinite asymptotic series in powers of 1/L).
Second, we want to generalize these results to a wider class of situations, including, in
particular, the finite-size scaling of expectation values of arbitrary local observables.

It will turn out that the more precise analysis of the subleading terms reveals an in-
teresting fact: if one considers other standard definitions of the finite volume transition
points, as e.g. the position hy (L) of the maximum of the so called Binder cummulant
Utreo (L, h), one finds that all of them are shifted, with respect to the infinite volume tran-
sition point h¢, by an amount proportional to 1/L. Their mutual shifts, however, are of
the much smaller order 1/L??, with proportionality factors that are the same as those for
the corresponding shifts with periodic boundary conditions, see Section 2 for the precise
statements.

The finite-size scaling of local observables, on the other hand, will lead to the construc-
tion of certain ”"meta-stable” states (-)% and their finite-volume analogues (-)2", such
that
L AL AL | ALD) - A1)

<A> free — 2 92

tanh{%(h - hX(L))Ld}. (1.10)
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Here Ay (L) = (A)2"™ differ from the corresponding infinite volume expectation values
Ay = <A>]j; by an amount which is exponentially small in the distance dist(supp A, 9A),
see Theorem 3.2 in Section 3.4 for the precise statement in the more general context of
N phase coexistence. Note that the argument of the hyperbolic tangent in (1.10) is the
same as in (1.9), and is independent of the particular choice for A. Thus the finite-size
scaling of all local observables is synchronized in the sense that, after subtracting the
“offset” M, the functions <A>fLreZ asymptotically only differ by a constant factor,
see Fig. 1.

L 4 \ r h
&A2)free

<A3>L,h

free

Fic. 1. Finite size scaling of three different observables.

The organization of the paper is as follows: in the next section we present, in Theorem
A, our main results for the finite size scaling of the magnetization and susceptibility in
the context of a field driven transition with two coexisting phases. Section 3 is devoted to
the contour representation of the models considered in Section 2, together with our main
assumptions and results for a more abstract class of models describing the coexistence of
N phases. We state two main theorems concerning the finite-size scaling: Theorem 3.1
on partition functions and other thermodynamical quantities, and Theorem 3.2 on the
finite-size scaling of local observables. In Section 4 we will construct suitable meta-stable
free energies and prove Theorem 3.1, deferring the technical details to the appendices. In
Section 5 we construct meta-stable states and prove the corresponding theorem, Theorem
3.2. In Section 6 we prove the results stated in Section 2, using the abstract results
formulated in Section 3.
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2. FIELD DRIVEN TRANSITIONS

2.1. Definition of the model.

In order to explain our main ideas, we consider an asymmetric version of the Ising
model. Working on a finite lattice A = {1,...,L}¢, d > 2, we consider configurations
op i— o0; € {—1,1} and the reduced Hamiltonian

H(G’A):% Z |Ui—0j|2—hZJi+ZnAHUi, (2.1)

(ij)CA icA ACA €A

where J is the reduced coupling (containing a factor § = 1/kgT), the first sum goes
over nearest neighbor pairs (ij), while the third one is a finite range (i.e. kK4 = 0 for
diam A < R, where R < o0) perturbation with translation invariant coupling constants
ka4 € R. While the first two terms in (2.1) describe the standard Ising model, the third
term is a perturbation that may break the +/— symmetry of the Ising model. We will
assume that it is small in the sense that

kAl
||&[| = Z Al < boJ

A:0€eA

where by > 0 is a constant to be specified in Theorem A below.
The partition function with free boundary conditions is

Zivee (L, 1) = 3 e W), (2.2)

The derivatives of its logarithm define the corresponding magnetization

d
mfree(L7 h) = L_d% log Zfree(L7 h) (23>
and the susceptibility
d
Xfree(L> h) = %mfree(ll, h) (24)

The Binder cummulant, Ugeo(L, h), is given as

(M%) 3((M — (M))*)* — (M — (M))*)
3(M2)? 3((M —(M))?)?

Ufree(L; h) - - (25)

where () denotes expectations with respect to the Gibbs measure corresponding to (2.1),
(-)c denotes the corresponding truncated expectation values and M =}, 0;. Note that
Utree (L, h) < 2/3 by the inequality (F?) > (F)? (applied to F = (M — (M))?).
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2.2. Heuristic background, main ideas.

For low temperatures (i.e. large J), the leading contributions to the partition function

come from the constant ground state configurations op = —1 and op = +1. In this
approximation,

Tivee( Ly h) 22 e Frlloh) g o= B (b)) (2.6)
where

Ex(L,h) = ex(i) (2.7)

€A
with the position dependent “ground state energies”

| a4l
eql(l) = Z RAW — ha, a=+1. (2.8)

ACA:
i€EA

In the same approximation, the magnetization m.ee (L, k) and susceptibility Xfree(L, h) are
given by
E—(L7 h) _ E+(L7 h)

Meree (L, h) = tanh( 5

) (2.9)

and
E—(La h) — E+(L7h)

2

Observing that e, (i) differs from the bulk value e, if 7 is in the vicinity of JA, we
expand E.(L,h) into a bulk term e+ L¢ plus boundary terms,

Xfree(L; h) = Ld COSh_Q( ) (210)

Ey(L,h) = ex (W)L + eV (h)2d L4 + O(L42). (2.11)

While, still within the approximation by ground states, the bulk transition point hg is the
value of h of which e, (h) = e_(h), the finite volume transition point ho(L) corresponds
to the equality of E,(L,h) and E_(L,h). By (2.11), this leads to a shift

ho(L) — ho = O(1/L). (2.12)

Notice that for periodic boundary conditions we get ho(L) = hq for zero temperature and,
for nonvanishing temperatures, a shift ho(L) — ho proportional to 1/L?? for periodic b.c.
[BK90, BK92].

In order to make the above considerations rigorous, one has to take into account the
excitations around the two ground states op = £1. This is done in Section 3 and 4 and
leads to a representation

Ziveo( L, ) = (e7F+ (B0 =PRI (14 O(L e H/E0)), (2.13)
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where Lg is a constant of the order of the infinite volume correlation length and Fy (L, h)
have an asymptotic expansion similar to (2.11), namely

Fy(L,h) = fr (WL + £V (h)2dL4 1 + O(L92), (2.14)

where fi(h) are meta-stable free energies and fid_l)(h) are (meta-stable) surface free
energies. Once these results (see Theorem 3.1 in Section 3 for the precise statements) are
proven, we obtain the desired finite-size scaling results by a rigorous version of the method
presented in the introduction.

2.3. Statements of results.

In order to state our results in the form of a theorem, we introduce, for h # h;, the free
enerqy

f(h) = fDh) = — lim L~ Log Ziweo (L, h), (2.15a)
the surface free energy
_ 1
IO = = Jim e |log Zinee(L, ) + L7F ()], (2.15b)

., the corner free energy

fO(h) = — lim 2— 10g Zgreo (L, h) + LEf(R) + -—|—2d‘1de(1)(h)}, (2.15¢)

L—oo

as well as single phase magnetizations my and surface free energies 7 at the transitions
point Ay,

me =~ fn) (2.16)

hy£0
e = f4U(h, £ 0). (2.17)

We also recall that ||k|| was defined as

LEDS '|—

A:0e

Theorem A: Finite size scaling of m and Y.

Consider a perturbed Ising model with a perturbation of the form (2.1), with translation
invariant coupling constants k4 with range R < oco. Then there are constants Jy < oo and
bo > 0 such that, for ||k|| < boJ and J > Jy , the following statements are true. Let

AF(L) = f D (hy +0)2dL " + -+ fO(hy 4 0)2¢
B f(d—l)(ht _ O)Zde_l e f(o)(ht —0)2¢ (2.18)
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and define hy (L) and hyy (L) as the points where the susceptibility xee(L, h) and the Binder
cummulant Utee(L, h) are maximal. Then!

my+m_  mig —m_

Miree (L7 h’) = 9 2

tanh<%(h - hX(L))Ld> +0((1+ 5])/L)

(2.19)
and

2
(L) = (P55 ) o™ (TSI - by (D)) 24 O((1 -+ L)
(2.20)
provided |h — hy (L)| < O((1 + ||s|[)L™1).
In addition, for AF(L) # 0, the shift h, (L) obeys the bound
AF(L) 1
In the leading order, the shift of the point hy (L) with respect to hy is the same,
AF(L) 1
hy(L) = hy + #—(1 +O(1/L)). (2.21b)

my —m_ L¢

Remarks.
i) If 74 # 7_, the equation (2.21a) (and similarly for (2.21b)) can be simplified to

hy(L) = hy + —— = =21+ 0(1/L)),

yielding a shift ~ 1/L which is much larger then the width of the rounding, which, accord-
ing to (2.19) and (2.20), is of the order 1/L.

ii) It it is interesting to consider the mutual shift h, (L) —hy (L). While both b, (L) — hy
and hy (L) — hy are of the order 1/L, their mutual shift is actually much smaller, namely

X+ —x- 1 1
(m+ _ m_)3 24 + O(L2d+1)'

hy(L) — hy (L) = 2 (2.22)

It is interesting to notice that, in the leading order 1/L??, this mutual shift is exactly the
same as the corresponding shift for periodic boundary conditions.

iii) We stress that the condition |h — hy (L)| < O((1 + ||||)L~!) is not a very serious
restriction in our context, because the width of the transition in the volume L% is only

1Here, and in the following, O(L®) stands for an error term which can be bounded by KL%, with a
constant K that does not depend on h, J and k, as long as J > Jy and ||k|| < boJ.
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proportional to L~%. In fact, in Section 6 we will close the gap left in Theorem A by
showing that for |h — hy (L)| > —2<—(1 +||||)L ™!, one has

|mfree(L7 h) - m(h)| < O(l/L) (223)
and
|Xfree(L7 h) - X(h)| < O(l/L)7 (224>

where m(h) and x(h) are the infinite volume magnetization and susceptibility of the model
(2.1).

iv) Notice that, for periodic boundary conditions, it is possible to define finite size transi-
tion points h:(L) with exponentially small shift, for example the point where mpe. (L, h) =
Mper(2L, h). Here, all these definitions lead to a shift ~ 1/L yielding no qualitative im-
provement with respect to the point h, (L) or hy(L).

v) In principle, the coefficients m, 71, ..., can be calculated up to arbitrary precision
using standard series expansions, provided the microscopic Hamiltonian is known. On the
other hand, the scaling (2.19), (2.20), and (2.21) would allow, in principle, to obtain the
coefficients m, m_ and the difference 7, — 7_ from experimental measurements.

vi) The general context considered in Section 3 allows to analyze the finite size scaling
with more general boundary conditions then the free boundary conditions considered here,
including, in particular, small applied boundary fields favoring one of the two phases near
the boundary. In order to apply the techniques developed in this paper, it is necessary,
however, to exclude boundary conditions which strongly favor one of the two phases. Such
a condition is needed to ensure that the main contributions to the partition functions
do in fact come from small perturbations of the two ground states op = +1. For large
boundary fields, the boundary may strongly favor one of the two phases. The leading
contributions to the partition function then would include configurations which are in one
phase near the boundary, and in the other one for the bulk. In such situations, wetting
and roughening effects of the contour separating the boundary phase from the bulk phase
would be important physical effects. We are not attempting to study these effects in the
present paper.
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3. GENERAL SETTING AND MAIN THEOREM

3.1. Contour Representation of the Ising Model.

In this section we review the contour representation for the model (2.1). To make this
subsection as simple as possible, and to have a concrete example at hand, we use for
illustration the simplest symmetry breaking term, namely a perturbation of the form

K Z 000, (2.1

(ijk)CA

where the sum goes over all triangles < ijk > made out of two nearest neighbor bonds <
ij > and < jk >. See [PS75, 76] for the contour representation for the more general model
(2.1). Tt will be convenient to introduce, in addition to the finite lattice A = {1,--- ,L}¢,
the subset V = [%, L+ %]d of R? which is obtained from A as the union of all closed unit
cubes ¢; with centers i € A. For a given configuration o, C {—1,1}*, we then introduce
the set 0 as the boundary between the region V, C V where o; = +1 and the region
V_ C V where 0; = —1, and the contours Y7, --- , Y, corresponding to o as the connected
components of 0.

To be more precise, we define an elementary cube as a closed unit cube with a center in
A (we sometimes use the symbol ¢; to denote an elementary cube with center i € A), and
introduce V4 as the union of all closed elementary cubes ¢; for which o; = +1, respectively.
The set 9 is then defined as V. NV _, and the “ground state regions” Vi are defined as
V1 \ 0. With these definitions, the partition function with Hamiltonian (2.1') can be

rewritten in the form
!
Zfree(L7 h) = Z Z eiH(UA)u
0 oA

where the second sum is over all configurations consistent with 0.

In order to specify the configuration oy, one has to decide which component of V' \ 9
corresponds to o; = +1 and which one to o; = —1. To this end, we introduce contours with
labels. Given a configuration o, the contours corresponding to o are defined as pairs
Y = (supp Y, «(+)), where supp Y is a connected component of 0 while « is an assignment of
a label a(c) € {—1,+1} to each elementary cube that touches supp Y2. Tt is chosen in such
a way that a(c¢;) = o;. Note that the labels of contours corresponding to a configuration
o, are matching in the sense that the labels «(c) are constants on every component of
V\ 0.

In fact, a set of contours {Y7,...,Y,} corresponds to a configuration oy, if and only if
i) suppY; NsuppY; = 0 for i # j and
ii) the labels of Y7,...,Y,, are matching.

2In the language of [HKZ88], supp Y is called a (geometric) contour, while Y is called a labeled contour.
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We call a set of contours obeying i) a set of non-overlapping contours and a set of contours
obeying i) and ii) a set of non-overlapping contours with matching labels, or sometimes
just a set of matching contours.

In order to rewrite Zgeo(L,h) in terms of contours, we assign a weight p(Y') to each
contour. This is done in such a way that

C—H(O’A) — e—E+(V+)€_E—(V—) H p(Yk) (31>
k=1

Here H(op) is the Hamiltonian (2.1"), Y7, ...Y,, are the contours corresponding to o5 and

Er(Vi)= Y ex(d). (3.2)

1€EANVL

For the standard Ising model, p(Y) = e=7/I¥'l, where |Y] is the number of elementary (d—1)-
dimensional faces in suppY. The third term in (2.1"), however, introduces corrections
yielding a weight of the form p(Y) = e~/IYI+O®ID = Ag a consequence,

p(V)] < eV with r = J — O(x). (3.3)

Similar bounds hold for the derivatives |d*p(Y")/dh*|.
With the help of (3.1), we rewrite the partition function Zg.ee(L,h) as

h
Zgee(Lyh) = Y e BrVen B TT p(vy), (3.4)
{Y17...,Yn} k=1

where the sum goes over all sets of matching contours in V.
3.2. Assumptions for the General Model.

In Section 3.3 below, we will state our main theorem, Theorem 3.1, from which we infer
Theorem A of the preceding section. The setting of Theorem 3.1 is actually more general
then what is needing for Theorem A and will include more general models. On one hand,
we introduce contours in such a way that the notion of contours covers the Ising contours
introduced above as well as thick Pirogov-Sinai contours [PS75, 76, Si82] constructed as
unions of elementary cubes®. On the other hand, we also consider the situation of general
N phase coexistence.

As before, we consider the finite lattice A C Z¢, d > 2, and the corresponding volume
V c R?. We introduce the set C of elementary cells as the set of all elementary cubes in
V', all closed d — 1 dimensional faces of these cubes, ..., and all closed edges of these cubes.

3The contours are introduced in such a way that the more general cases considered in [BW89, 90,
HKZ88] are covered as well.
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As usual, we define the boundary OW of a set W C V as the set of all points  which have
distance zero from both W and W¢ and W as W U OW.

A contour in V' is then a pair Y = (supp Y, a(:)) where suppY is a connected union
of elementary cells and «(-) is an assignment of a label a(c) from a finite set {1,..., N}
to each elementary cube ¢ in V' \ suppY which touches Y (by touching we mean that
cNsuppY # () while (¢ \ d¢) NsuppY = ). As before, we require that « is constant on
each component C of V' \ suppY, and say that a set {Y7,...Y,} of contours is a set of
matching contours (or, more explicitly, a set of non-overlapping contours with matching

labels) iff
i) suppY; NsuppY; # 0 for ¢ # j and
ii) the labels of Y7,...Y,, are matching in the sense that they are constant on components

of V\ (suppYi U---UsuppY,).

In this way, each component C' of V' \ (suppY; U---UsuppY,,) has constant boundary
conditions on 0C'\ V. The partition function of a statistical model with “weak” boundary
conditions is then rewritten in terms of contours as

n

N
2,k =Y J[eW) ] e, (3.5)

{Y1,....Y,} k=1 m=1

where the sum goes over sets of matching contours in V' (including the empty set of
contours), and V,,, is the union of all components of V'\ (supp Y1 U---UsuppY,,) that have
boundary condition m, and
EnVi)= 3 enle). (3.6)
CCVm

We point out that the sum in (3.6) goes over all elementary cubes in the closure V,, of
Vi, a convention which was chosen to ensure that all elementary cubes ¢ with center in
V,n are taken into account?. Note that by our definition of V as a closed subset of R?, the
sum (3.5) contains contours that touch 0V (in the sequel, we call these contours boundary
contours, as well as contours that do not touch 9V, ordinary contours). The contribution
of the collection of empty contours to (3.5) is actually a sum of N terms, > e Em(V),

In the equalities (3.5) and (3.6) we have introduced “contour weights” p(Y) € R and
“ground state energies” e,,(c) € R that depend on a vector parameter h € U, where U is
an open subset of RV. We assume that p(Y') and e,,(c) are translation invariant as long as
Y and ¢ do not touch the boundary of V. More generally, we assume translation invariance
along a (d — k) dimensional face in 0V as long as Y (or ¢) does not touch the (d — k) — 1
dimensional boundary of this face.

As usually, we have to assume the Peierls condition, together with several assumptions
on the ground state energies e, (c). Here, we assume that e, (c) and p(Y') are C° functions
of h obeying the following bounds:

p(Y)] < eIV Fo), (3.7)

4 A sum over elementary cubes ¢ C V;;, would exclude those elementary cubes ¢ C Vm which touch one
of the contours Yi,...,Y,.
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d*p(Y)

’ dhF 'S|k:|!<co|Y|>"f'e—T'Y'—E°<Y% (3.8)
and i
d¥en(c
’ dhk) SC(‘)k‘- (3.9)

Here 7 > 0 is a sufficiently large constant, |Y| denotes the number of elementary cells in®
supp Y,
EyY) = Z eo(c) with eo(c) = min e, (c), (3.10)
cCsuppY "
k is a multi-index k = (kq)a=1,..., with 1 < |k] < 6, |k| = > k4, and C is a constant
independent of h and 7. In addition, we assume that the difference between e,,(c) and the
bulk term e,, is bounded,

lem(c) — em| < 7T, (3.11)
with a constant 0 < 7 < 1 to be specified later. This condition is introduced to avoid a
situation where free b.c. strongly favor certain phases n € {1,..., N}. Note that

lem(c) = em| < |[x]]

for the asymmetric Ising model (2.1). For this model, the condition (3.11) is therefore
satisfied once ||x|| < boJ for a suitable constant 0 < by < oco.

3.3. Main Theorem.

In this section we state our main result for the general model introduced in the last
section. It actually generalizes Theorem A presented in Sections 2 to a large class of
models describing the coexistence of N phases. As in Section 2, the leading contribution
to the partition function Z(V, h) is the sum

Z]:: exp{— > em(c)}. (3.12)

m=1 cCV

Introducing |0 V| as the joint k-dimensional area of all k-dimensional faces of V' and ¥

as solutions of equations
d
d—k
Zk(n_k>e$;3>:em(c),k:d—L...,o, (3.13)

5Here, a k-dimensional cell ¢ in suppY is only counted if there is no (k + 1)-dimensional cell ¢’ in
suppY with ¢ C .
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whenever c¢ is touching a k-dimensional face of V' and not touching its (k — 1)-dimensional
boundary®, we rewrite

> em(e) =em|VI+ el 01V + - + el V. (3.14)
cCV

To see that (3.13) implies (3.14), just notice that a hypercube ¢ touching a k-dimensional
face of V' and not touching its (k — 1)-dimensional boundary is touching (Z:Z) different
n-dimensional faces of V. Each of these faces is specified by choosing n — k directions
among d — k directions orthogonal to the concerned k-dimensional face.

As usually we define the bulk free energy f(h) by

h)=— li log Z(V, h 1
F1) = = fim, i log Z(V. ). (315)
and the magnetization m(V, h) = (mq(V,h))a=1,.... by
mV,h) = L log Z(V, ). (3.16)
[V]dn ® '

Theorem 3.1. There exist constants b > 0, 79 > 0 and 19 < oo (where b and o de-
pend on d and 1y depends on d, N and the constant Cy introduced in (3.8) and (3.9)),

as well as meta-stable free energies f,,(h), surface free energies f,(g_l)(h), ..., edge free

energies fy(r})(h) and corner free energies fy(,?)(h), such that the following statements are
true provided the effective decay constant T,

:T(l—’}//’)/())—To>0 (317)

(for the definition of T and 7 see (3.7), (3.8) and (3.11)).
1) f(h) = min fo,(h).
i) fm and f(l), l— —1,...,0, are 6 times differentiable functions of h.

iii) If |k| < 6, then dhk (fm em)| < e and ‘dhk (f — ey < e™?7,
wherel=d—1, ...,
iv) Let
F(Vih) = [V + f5D (R0 V] + - + [ (B)]8oV]. (3.18)
Then
dk N -
m{ Z e~ Fm(Vih) } < |V *F1O(e7PTE) max e~ Fm (V) (3.19)
m=1

6Note that due to translation invariance properties of e, (c), the right hand side of this equation is
constant for all such elementary cubes c.
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provided 0 < |k| < 6.
v) Let 0 < |k| <5 and define P, as

N -1
Pq _ {Z eFm(V,h)} e~ Fa(Vih) (3'20)
m=1
Then
dk Mo V,h —bF
—F {ma (V,h) Z‘ <—7d<h ))Pq] < [VIHo(ebh). (3.21)
g=1

Here, as in the rest of this paper, O(z) stands for a bound constz where the constant
depends only on d, N and the constant Cj introduced in (3.8) and (3.9).

Theorem 3.1 is the main theorem of this paper. Its proof has three major parts: the
geometric analysis of contours touching the boundary, a decomposition of Z(V, h) into pure
phase partition functions, and the construction of meta-stable contour models allowing to
prove the bounds (3.19) and (3.21). Deferring the technical details to the appendices, the
main steps of this proof are presented in Section 4.

3.4. FSS for Local Observables.

In addition to the FSS of thermodynamic quantities like the magnetization or suscepti-
bility, we want to study the FSS of local observables. In order to state our results in the
context of the general models considered in Section 3.2, we introduce the following nota-
tion. An observable A is a function which associates to each configuration contributing to

(3.5) a real number A(Y7,---,Y,). Its expectation value in the volume V is defined as
(Al = ! Z(A|V,h) (3.22)
Z(V, h) s
where
n N
Z(A|V,h) = Z A(Yl, Y [ e) [T e P (3.23)
{Yl, k’zl m:l

As in (3.5), the sum in (3.23) goes over sets of matching contours in V', and V,, is the
union of all components of V'\ (suppY; U---UsuppY,,) that have the boundary condition
m.

An observable A is called a local observable, if there is a finite set of elementary cubes,
denoted supp A in the sequel, such that A(Y7,---,Y;) does not depend on those contours
Y; for which supp AN (supp Y;UInt Y;) = (), where Int Y; is the interior of Y; (for the precise
definition of IntY; see Section 4.1 below).
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In most applications, local observables will be bounded, in the sense that the norm

| All= sup [A(Y1,---,Y5)] (3.24)
{Y1,,Yn}

is finite. In addition, the observable will either not depend on the vector parameter h at
all, or obey bounds of the form

A(YL, - Y| < |k|IC4(Col supp A])I*], (3.25a)

dk
‘ dh¥

where Cj is the constant introduced in (3.8), C'4 is a constant and k is a multi-index of
order 0 < |k| < 6.
Here, we will allow for a slightly more general situation, requiring only that

d* .
ank { (Y1,---.Y, H H < |k|!CA(Co|supp Ya|) ¥ He TV I=Eo(Y5) - (3.25D)
: ] 1

where supp Y4 stands for the set supp A UsuppY; U - UsuppY,, k is a multi-index of
the order 0 < |k| < 6, Cj is the constant introduced in (3.8) and Cjy is a constant that is
finite” for all h and 7. Assuming this condition® and the conditions introduced in Section
3.2, we will be able to prove the following theorem.

Theorem 3.2. There are “meta-stable expectation functionals” (-)(L/’q, q=1,---,N, such
that the following statements are true provided the effective decay constant 7 := 7(1 —
v/v0) — 1o defined in Theorem 3.1. is positive and 0 < |k| < 6.

i) For each local observable obeying the bounds (3.25a) or (3.25b), one has

dk Al €)| su —bT
% [<A>@ —~ <A>’¢,qpq] < CpeP@lsupp Ao (et (3.26)
qg=1
where the probabilities P, and the constant b are as in Theorem 3.1 and € = e~ 7/2,
ii) For each local observable obeying the bounds (3.25a) or (3.25b), the limits
h : h
<A>q = VILI%d<A>V,q (327)
exist as CO functions of h, and obey the bounds
dk k| O A
‘dh"“ (A) < O(1)Cy| supp A|lFleC@lswpp Al (3.28)

"While we assumed that the constant Cp is independent of h and 7, we do not require that C4 is
independent of h and 7.
8Note that (3.7), (3.8) and (3.25a) imply the bound (3.25b).
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where € = e~ 7/2,

i11) For each local observable obeying the bounds (3.25a) or (3.25b), one has
dk —b7 dist(su
W [<A>;l _ <A>I\l/,q} < CA| SuppA||k|eO(e)|suppA|O(e b7 dist( ppA,@V)) , (329)

where € = e~ 7/2,

Proof. The proof of Theorem 3.2 is given in Section 5.
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4. PROOF OF THEOREM 3.1

The proof of Theorem 3.1 has three major parts: the geometric analysis of contours —
in particular a bound of the form

Naoy (IntY) < const|Y|,

where Nay (IntY) denotes the number of elementary cubes in® IntY that touch the
boundary OV of V, the decomposition of Z(V,h) into pure phase partition functions
Z1(V,h),--+ , Zn(V, h), and the construction of suitable meta-stable free energies fy,-- -,
fn. Deferring the technical details to the appendices, we present the main steps in the
following subsections.

4.1. The geometry of contours.

An important notion in the Pirogov-Sinai theory of contour models is the notion of the
interior and exterior of a contour. For ordinary contours Y = (suppY, a(-)), one defines
IntY as the union of all finite components of R? \ suppY and Int,, Y as the union of all
components of Int Y which have the boundary condition m. Since ordinary contours do
not touch the boundary 0V of V, the set ExtY =V \ (suppY UIntY') is a connected set
and a(c) is constant for all cubes ¢ in ExtY which touch suppY. We say that Y is an
m-~contour, if a(c) = m for these cubes.

We now generalize these notions to boundary contours. To this end, we first introduce,
for each corner k of the box V', an “octant” K (k). Namely, if k£ has components k1, ... kq,
with k; =1/2 forie I_ and k; = L+ 1/2 for i € I, then

Kk):={zecR¥|z;>1/2foricl_,o; <L+1/2foriecl.}.

We then say: a contour Y is short iff there is a corner k such that suppY NoV C 0K (k).
Otherwise Y is called long. Note that short contours may be ordinary contours or boundary
contours, while long contours are always boundary contours.

For a short contour Y, we then define IntY as the union of all finite components of
K (k) \ suppY, Int,, Y as the union of all components of Int Y which have the boundary
condition m, ExtY as V'\ (suppY UIntY) and V(Y') as supp Y UInt Y. As before ExtY is
a connected set, and the notion of an m-contour is defined by the condition that a(c) = m
for all cubes ¢ in ExtY that touch supp Y. Note that these definitions are equivalent to
the previous ones if the short contour Y is in fact an ordinary contour. Note also that the
above definitions do not depend on the choice of the corner k if there are several corners
k for which suppY NoV C K(k).

For long contours, there is a priori no natural notion of an exterior or interior. We
chose a convention that ensures that that the volume of a component C; of IntY cannot
exceed the value L9/2 if Y is a long contour. Namely, if Y is a long boundary contour,

9We recall that we use the symbol W to denote the closure of a set .
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and C1,...C, are the components of V' \ supp Y, then the component C; with the largest
volume is called the exterior Ext Y. If there are several such components Cj,,...,C;,, we
chose the first one in some arbitrary fixed order (for example the lexicographic order) as
ExtY. We then define Int Y = V'\ (supp Y UExtY), V(Y) = supp Y UInt Y, Int,, Y as the
union of all components of Int Y which have the boundary condition m, and an m-contour
Y as a contour for which a(c) = m on all cubes ¢ in ExtY that touch supp Y.

The following three Lemmas state that the sets ExtY and IntY are defined in such a
way that they have the main properties of an exterior and interior of the set supp Y. They
will be proven in Appendix B.

The first of them expresses the fact that for two contours Y; and Y5, which do not touch
each other, Y7 together with it’s interior is necessarily contained in one of the components
of Ext Y5 U Int Y5.

Lemma 4.1. Let Y7,Y5 be non-overlapping contours. Then the following statements are
true.
i) If suppYs C ExtY; and supp Yy C Ext Y3, then V(Y2) C ExtY; and V(Y1) C ExtYs.
it) If supp Y1 C Co, where Co is a component of Int Ys, then V(Y1) C Cs.
i11) If supp Yy C Int Y, then V(Y7) C Int Ys.

The next lemma expresses the fact that it is not possible that two contours which do
not touch are both included in the interior of each other.

Lemma 4.2. Let Y7 and Y be non-overlapping contours. Then one and only one of the
following three cases is true:
i) supp Yo C ExtY; and suppY; C ExtYs,

i) supp Ya C ExtY; and suppY; C Int Y3,

i11) suppYs C IntY; and supp Y7 C ExtYs.

Definition 4.3. Let {Y7,...,Y,} be a set of non-overlapping contours. Then Y} €

{Y1,...,Y,} is called an internal contour iff there exists a contour Y; € {Y¥1,...,Y,}
with supp Yy C IntY;. Otherwise Y}, is called an external contour. Finally, {Y1,...,Y,} is
called a set of mutually external contours, if all contours in {Y7,...,Y,} are external.

The next Lemma will be used in Section 4.2 to conclude that all external contours of
a given configuration contributing to (3.5) have the same external label. This observation
will be an important ingredient in the decomposition of Z(V, k) into single phase partition
functions Z,,(V, h), and therefore in the proof of Theorem 3.1.

Lemma 4.4. Let {Y1,...,Y,} be a set of non-overlapping contours in V', and let
Ext=V\ U(IntYZ- UsuppY;). (4.1)
i=1

Then Ext is a connected component of V'\ |J_, supp Y;.

Remark. Let Yy be a contour, and let W be one of the components of Int Y. Then Lemma
4.4 remains valid if V is replaced by Wy, as can be seen immediately from the proof in
Appendix B.
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While the preceding three Lemmas, even though tedious to prove, just express our
intuitive notions about exteriors and interiors (in fact, our definitions were chosen in such
a way that they do), the next Lemma is less obvious. In order to explain the need for it, we
recall that the ground state energies e,,(c) may be different from the corresponding bulk
term e,,. As a consequence, the boundary may favor an otherwise unstable phase. In the
expansion about the leading contribution e~ #=(V) to the single phase partition functions
Zm(V, h), this will have the tendency to increase the weight of boundary contours which
describe transitions into one of these “boundary favored” phases. In order to control the
contributions coming from such contours (using the exponential decay e‘Tm), we need a
bound of the form

Noy(IntY) < const |Y],

where Nyy (Int Y) denotes the number of elementary cubes in supp Y that touch the bound-
ary OV of V. This is the main statement of the next Lemma.

Lemma 4.5. Let Y be a contour in 'V, and let Wy, ..., W,, be the components of IntY .
Then

Noy(IntY) < C1]Y], (4.2)
3 oWi| < Gy, (43)
i=1
and
OV (Y)| < Cs]Y], (4.4)

where Oy = 2d(2Y/4 4-1)/(2Y/% — 1), Co = Cy + 2d and C3 = Cy + 2d.

The proof of this lemma relies on a lattice version of the isoperimetric inequality and
is given in Appendix B. The proof of the required isoperimetric inequality is given in
Appendix A.

4.2. Decomposition of Z(V,h) into pure phase partition functions.

The first step in the proof of Theorem 3.1 is the decomposition of Z(V, h) into N terms
Zy(V,h),q=1,...,N, which are obtained as perturbations of the leading terms e EalV),
We start with the observation that all external contours contributing to (3.5) touch the
set Ext introduced in (4.1). Given that these contours are matching, we conclude that
all external contours of a given configuration contributing to (3.5) have the same label.
Therefore

Z(V,h) =Y Zy(V, h), (4.5)

with

Z,(v.hy= > [Ie() [T e om0, (4.6)

{Y1,....Y, } k=1 m=1
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where the sum goes over sets of matching contours in V' for which all external contours are
g-contours. As before, V,,, is the union of all components of V' \ (suppY; U---UsuppY,)
that have boundary condition m, and E,,(V,,) is defined in (3.6).

More generally, let W be a component of the interior Int Yy of some contour Yy in V,
a set of the form (4.1), or a set obtained from a component Wy of an interior Int Yy by a
similar construction,

W =Wy\ U(Int Y; Usupp Y;) (4.7a)
i=1
where {Y7,...,Y,} is a set of non-overlapping contours in Wy. We then define Z,(W, h)

as
n

zZ,w.h) =y Jle) [T e om0, (4.7b)

{Y1,...,Y,, } k=1 m=1

where the sum goes over sets of matching contours in V' for which all external contours
are g-contours with V(Y') = (suppY UIntY) C W. Here, V, is now defined as the union
of all components of W\ (supp Y1 U---UsuppY;,) that have boundary condition m. Note
that the sum in (4.7b) contains no contours which surround the holes in . Finally, given
a volume W which is a disjoint union of volumes W7y, ... ,W,, of the form (4.7a), we define
Zy(W, h) as the product of the partition functions Z,(W;,h), i=1,... ,n.

Returning to (4.6), we derive a second expression for Z,(V,h), which eliminates the
matching condition for the labels of Y7,...,Y,. To this end we first sum over all sets
{Y1,...,Y,} with a fixed collection of external contours. For each external contour Y this

resummation produces a factor Hﬁzl Zm(Int,, Y, h). This yields the expression

n N
Z,vVihy= Y e PO | p(Vi) [] Zm(Intp, Vi, h) (4.8)
{Y1,.... Y Fext k=1 m=1
where the sum runs over sets {Y7,..., Y}, }ext of mutually external g-contours in V' and

Ext is the set defined in (4.1). Assuming that Z,(Int,, Y%, h) # 0, we divide each Z,, by
the corresponding Z, and multiply it back again in the form (4.7b). Iterating the same
procedure on the terms Z,(Int,, Y%, h), we eventually get

Zy(Vih) = e BV N T Kg(Ya), (4.9)
{Y1,..., Y} k=1

where the sum goes over set of non-overlapping contours which are all g-contours, while

N
Zm(Int,, Y, h
Ko (Y) = p(¥V)eP ) T ~ <(Int % h)).
m=1 q meo

(4.10)

The equality (4.9) is the desired alternative expression for Z,(V,h) which contains no
matching condition on contours. Assuming that the new contour activities K,(Y) are
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sufficiently small (for A in the transition region, this is actually the case, see Section 4.4),
it also expresses the fact that e=#¢(V) is the leading contribution to Zy(V, h).

Obviously, (4.9) can be generalized to volumes W of the form considered in (4.7). One
obtains

Zg(W,h) = e P N T Ky (V). (4.11)
{Y1,....,Yn} k=1

where the sum goes over sets of non-overlapping g-contours Y7, ..., Y, with V(Y;) C W.
4.3. Truncated contour models.

Given the decomposition (4.5) of Z(V,h) and the representation (4.9) for Z,(V,h),
one might try to to obtain the FSS of Z(V,h) by a cluster expansion analysis of the
partition functions Z,(V,h). For such an analysis, one would need a bound of the form
|K,(Y)| < €Yl with a sufficiently small constant ¢ > 0. While it turns out that such a
bound can be proven for stable phases ¢, it is false for unstable phases.

In order to overcome this problem, we will construct truncated contour activities K;(Y')
and the corresponding partition functions

Zy(W,h) = e P N TT K, (V) (4.12)
{Yl,A..,Yn} k=1

in such a way that:
i) The truncated contour activities K (Y") obey a bound

K (V)] < ¥ (4.13)

for some small € > 0.
ii) Z,(W,h) = Z,(W,h) if the corresponding (infinite volume) free energy, f, = f,(h) is
equal to f = mi?2 fm, so that the truncated model is identical to the original model if
me

fq = f (following [Si82] and [Z84], we call these ¢ “stable”).
iii) The truncated contour activities, and the corresponding free energies, are smooth func-
tions of the external fields h.
Heuristically, the truncated model will be a model where contours corresponding to su-
percritical droplets in the corresponding droplet model are suppressed with the help of a
smoothed characteristic function. In the case of a two phase model, this idea could be
implemented by defining

K\ (Y) = K (Y)x(alY] = (f+ = f)IVY)))
KL(Y) = K_(Y)x(eY] = (f- = f)IV)),

where x is a smoothed characteristic function and « is a constant of the order of 7, for
example @ = 7/2. While the presence of the characteristic function would not affect
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the stable phases since f, — f_ > 0 if + is stable (and f_ — fi > 0 if — is stable), it
would suppress contours immersed into an unstable phase + as soon as the volume term
(f+ — f2)|V(Y)] is bigger then the decay term proportional to |Y|. As a consequence, all
contours contributing to the “meta-stable” partition function Z (’1 obey a bound of the form
(4.13) as desired.

Unfortunately, the above definition of K (Y') is circular because it uses free energies
fq that are defined as free energies of a model with activities K (Y’). To overcome this

problem, we will use the following inductive procedure.
Assume that K (Y') has already been defined for all ¢ and all contours Y with [V (V)| <

n, n € N, and that it obeys a bound of the form (4.13). Introduce fé”‘” as the free energy
of a contour model with activities

K'(Y?) if|[V(Y9)|<n-1

) (4.14)
0 otherwise.

K= (y1) = {

Consider then a contour Y with |V (Y)| = n. Since |V (Y)| < n for all contours Y in IntY’,
the truncated partition functions Z;(Intm Y, h) are well defined for all ¢ and m. Their
logarithm can be controlled by a convergent cluster expansion, and Z(’I(Intm Y, h) # 0 for
all ¢ and m. We therefore may define K (Y) for a g-contours Y with [V (V)| = n by

KL(Y) = x,(Y)p(Y)ela ™) 1;[ ZZZ((IT:? :)) : (4.15a)
with
() =TT x (alv] = (=0 = flr=)vv)). (4.15b)

m#q

Here « is a constant that will be chosen later and x is a smoothed characteristic function.
We assume that x has been defined in such a way that y is a C% function that obeys the
conditions

0<x(z)<1, (4.16a)
x(z)=0 if z<-1 and x(x)=1 if z>1, (4.16b)
0< %X(x) <1, and (4.16¢)
d" ~
Wx(x) <Cy forall k<6, (4.16d)
x

for some constant Cj.

As the final element of the construction of K/, we have to establish the bound (4.13) for
contours Y with |[V(Y)| = n. We defer the proof, together with the proof of the following
Lemma 4.6, to Appendix C.
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We use f, = fq,(h) to denote the free energy corresponding to the partition function
Z!(V,h)
g\V»'%)y

_ : 1 /
fq = — VILI%d |7|10g Zq(V, h) y (417)
and introduce f = f(h) and ay, = a,(h) as
f =min f,, , (4.18a)
ag=fq—f. (4.18b)

Finally, we recall that for a volume W of the form (4.7a), || denotes the euclidean volume
of W, while for a contour Y or for the boundary OW of a volume W, |Y'| and |0W| are used
to denote the number of elementary cells, i.e. the number of elementary cubes, plaquettes,
..., and bonds in Y and OW, respectively.

Lemma 4.6. Assume that p(-) and ey(-) obey the conditions (3.7) and (3.11), and let

€ = 2o T(=(1+201)y (4.19a)
2d
5= Fg(a_m_ (4.19b)

Then there exists a constant €g > 0 (depending only on d and N ) such that the following
statements hold provided € < €y and o > 1.

i) The contour activities K (Y') are well defined for all' Y and obey (4.13).
i) If ag|V(Y)|V4 <@, then xo(Y) =1 and K,(Y) = K[ (Y).
iii) If ag|W|V4 <@, then Zy(W,h) = Z(W, h).
iv) For all volumes W of the form (4.7a) one has

| Z,(W, h)| < e~ [IWDFO@IOW[FymNov (W) (4.20)

where Nay (W) is the number of elementary cubes in W which touch 9V .
v) For W =V the bound (4.20) can be sharpened to

aq\V\

1Zy(V.R)| < e V10OV Ly {0 om e VI (4.21)

where Cs = Cs(d) is the constant defined in Lemma 4.5.

Remarks.
i) Due to the bound (4.13), the partition function Z;(V,h) can be analyzed by a con-

vergent cluster expansion. As a consequence, one can prove the usual volume, surface, ...,

corner asymptotics for its logarithm. Namely, using féd) éd_l), e féo) to denote the
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bulk, surface, ..., corner free energies corresponding to Z(’I(V, h), and introducing F, (W)
as

F, (W) = Z fq(c), (4.22)

cEW

where f,(c) = f, if ¢ does not touch the boundary OV of V, and — in analogy to (3.13)
— we have

d
fq(c):Z@iZ)fm, k=d—1,...,0, (4.23)

n=~k

whenever c¢ is touching a k-dimensional face of V' and not touching its (k — 1)-dimensional
boundary, and as a result we get

|log Zi(V,h) + Fy (V) | < |[V|O((Ke)") (4.24)

for some K < oo depending only on N and d.

ii) It is interesting to present a heuristic derivation of the bound (4.21) in the approxi-
mation of the droplet model. To this end, we recall that the diameter of a critical droplet
is proportional to 7/a,. Assume now that a,L/7 is small. Then the size of a critical
droplet is larger then the system size, and Z,(V, h) is a partition function describing small
perturbations around a meta-stable ground state, with the weight

Z,(V, h) ~ e~ FalVIHOUOVD) _ o=IVI+0(OV) =aql VI (4.252)

For large values of a,L/7, on the other hand, supercritical droplets do fit into the volume
V. As a consequence, the leading configuration contributing to Z,(V,h) contains a big
contour (with an interior that is essential all of V') describing a transition from the unstable
boundary condition ¢ to a stable phase g with f7 = f. We conclude that

Z,(V, h) ~ e~ fIVI+0(0V]) —0()]oV] (4.25Db)

if a,L/7T is large. Except for the numerical value of the involved constants, the bound
(4.21) exactly describes this behavior.
iii) The fact that x,(Y) suppresses supercritical droplets manifests itself in the fact that

Xq(Y) =0 wunless ay4|V(Y)| <(a+1+0(€)|Y], (4.26)

see Appendix C for the proof of (4.26).

4.4. Bounds on Derivatives.

We finally turn to the continuity properties of Z, and Z, ('1. As a finite sum of C° functions,

Z,(V,h) is a C function of h. The following lemma yields a bound on the derivatives of
Zy(V,h).



C. Boras, R.KOTECKY

Lemma 4.7. There is a constant K (depending on d, N and the constants introduced in
(3.8), (3.9) and (4.16)) such that the following statements are true provided € < €y and
a > 1.

i) Zy(W,h) is a C® function of h and

i

i ZaW, h>\ < [R]!(Co + O()[ WM e IIVIeC@IWIermNov (W) (4.97)

for all multi-indices k of order 1 < |k| < 6.
it) K[(Y) is a C® functions of h, and

— K’ (Y)‘ < (Ke)lYl (4.28)

for all multi-indices k of order 1 < |k| < 6.
i) log Z,(W,h) is a CS functions of h, and

'W log Z, (W, h)‘ < (O + o)W (4.29)

for all multi-indices k of order 1 < |k| < 6.
i) For W =V (and 1 < |k| <6), the bound (4.27) can be sharpened to
d* ) T
’ apiZalV m\ <[k (Co + O V)M eI VIeltmioy

X max {e_ = ,e_(4c3)_17|av|} . (4.30)

Proof. The proof of this lemma is given in Appendix D.

Remarks.

i) For many models, including the perturbed Ising model introduced in Section 2, it
is possible to prove a degeneracy removing condition. In the context of a model with N
ground states and a driving parameter h € RN~! (N = 2 for the perturbed Ising model),
one considers the matrix

d
E = ( (eq — eN)) (4.31)
dh; ! q,i=1,...,N—1

and its inverse E~!'. One then proves that for some value hg of h, all ground state energies
are equal, and that E~! obeys a bound

IE=Y |0 = maXZy D)iq| < const (4.32)
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in a neighborhood U of hg, which does not depend on 7.
On the other hand, s, = f, — e, is a C°® function of h with

|fq - eq| < O(e) (4.33)

and

< O(e) . (4.34)

dh;

by Lemmas 4.6 and 4.7. As a consequence, the inverse of the matrix

F= (g Ua =) (4.35)

¢,i=1,... . N—1

obeys a bound of the same form as E~!, with a slightly larger constant on the right hand
side; combined with the inverse function theorem and the fact that f,(ho)— fn(ho) < O(e),
one immediately obtains the existence of a point hy € U, |hy — ho| < O(€), for which all
aq are zero, i.e., all phases are stable. More generally, one may construct differentiable
curves hy(t), starting at h;, on which only the phase ¢ is unstable, surfaces hyz(t, s)
on which phases ¢ and ¢ are unstable, etc. A possible parametrization of these curves,
surfaces, etc., is given by am (hq(t)) = Omqt, am(heg(t,s)) = Omgt + Omgs, -

ii) Due to Lemma 4.7 ii), the bound (4.24) can be generalized to the first six derivatives
of log Z,(V, h). Namely,

d:k (log Z,(V,h) + Fy(V))| < [V|O((Ke)") (4.36)
for all multi-indices k of order 1 < |k| < 6.
4.5. Proof of Theorem 3.1.
In order to prove Theorem 3.1, we introduce the sets

Q=A{1,---,N} and S={qeQ|a,L<a}. (4.37)
Using the decomposition (4.5) together with Lemma 4.6 iii), we bound

N

d* d*
[0 - 3] < S i -]
g=1 qeSs
@ A" r,v)
+ X ||+ | e ). s
q¢S q¢sS

where £ is an arbitrary multi-index of order 0 < |k| < 6.
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Next, we observe that for 1 < |k| < 6,
i

JEFv)| <o) (4.39)

by the assumption (3.9) and the fact that F,(V) — E,(V) can be analyzed by a convergent
expansion using Lemmas 4.6 and 4.7.
For ¢ € S, we then rewrite

[Z;(V, h) — e—qu] — e FaV) [1 _ oFa(V)+log Z;(v,h)] ,

Using the bounds (4.24), (4.36) and (4.39), we obtain the following bound on the first sum
on the r.h.s. of (4.38),

k
> | [zam — ]| < o v D00 <
qes qes

< O((Ke)F)|v|IkI+1 mélgie_FQ(V) < O((Ke)F)|v|IkI+1 meaéce_F‘I(V). (4.40)
q q

In order to bound the last sum in (4.38), we observe that for ¢ ¢ S one has

dk
‘We_Fq(V) < O(l)|V||k|e—Fq(V) < O(l)’V||k|e(77+0(5))|5v|e—fq|V|
= O(1)|V| [l +OE)IaV] g=aq V]~ fIV|
< O(1)|V |l +0()IoV | g =aq|V] max o Fa(V)
qe
< O(1)|V|IFlg=(@/2d=297=0(e))|OV] mage—Fq(V), (4.41)
qe

where we used the definition (4.37) of S and, in the last step, the fact that L=|V| =
(1/2d)|0V].
Finally, again for ¢ ¢ S, we have

dk
’ dhnF

—Z,(V, h)‘ < O()|V|FleH+rmIVIpaxfe=@/4VI =7/4Cs10VIY = fIVI <

< O(l)|V||k:|e(l+2'y7'—rnin{&/8d,7’/46’3})\8V| maé(e_FQ(V) (442)
qc

by (4.21) and (4.30).
Inserting the bounds (4.40) through (4.42) into (4.38), and observing that |0V| > 2dL
for all d > 2, we finally obtain the bound

k N
[z = e )| < O H VI maxe T, (44
qg=1

qeq
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where

1 2d
— = min{ - log(Ke),a@ — 4dy7 — O(€),a@/4 — 2d — 4dy7, —7 — 2d — 4dy7}
Ly 4C}

2d
= min{—log(Ke),a/4 — 2d — 4dn, 0 2d — 4dyT}. (4.44)

Recalling the definitions (4.19) of @ and e, together with the fact that C3 = C; + 4d, we
now rewrite

—log(Ke) =7—a— (1+2C)yr — O(1), (4.45a)
2
a/4 —2d — ddyr = %(a —(32d 4+ 8C1 )y7) — O(1), (4.45b)
3
and
2d 2d
O od —ddmyr = 22 (30 —o(
e d — 4dvyt 1Cs (1 —(32d + 8C4)yr) — O(1)
2d (T
=25 (5 — (16d + 401)77) —0(1). (4.45¢)

Choosing a = § + (16d + 3Cy — 1/2)~y1, we obtain

“log(Ke) = g — (1/2 4 5C4 + 16d)yT — O(1), (4.46a)
a/4—2d—4d T—z—d(f—(1/2+16d+50) 7’)—0(1) (4.46b)
V7T = 403 9 1)Y ) .
and
1 2d /T d
=i (5 —(1/2 +16d + 501)77) ~0(1)) = 4o (7= (14324 +10C1)97) = ),
(4.46¢)
where 7 is a constant that depends on N, d, and the constants introduced in (3.8), (3.9)
and (4.16).
Defining
d
b=bd) = 2 4.4
(@) = 707 (4.472)
— o(d) = ! (4.47D)
T T T 32d 1 106, '
and
7=7(1-=v/v) — 7o, (4.47¢)

we obtain 1/Ly = b7 and hence the bound (3.19) of Theorem 3.1.
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Observing that
¢ — e2—F(1—(1416d+10C1)7) _ 626*%(1*7/70)’ (4.48)

we note that the condition 7 > 0 implies the inequality € < €y provided 7y is chosen
large enough. The condition & > 1, on the other hand, is trivial, since & = ?j—i(a —-2) >
C%T — O(1).

It remains to prove statements iii) and v). While v) is a direct consequence of iv), iii)
follows from the fact that (f,, — e;) and ( o _ 67(7?) can be analyzed by a convergent

cluster expansion involving the decay constant e. Observing that O(e) < O(e~7) can be
bounded by e~*7, this proves iii). [
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5. PROOF OF THEOREM 3.2

5.1. Decomposition of Z(A|V,h) into pure phase partition functions.

The first step in the proof of Theorem 3.2 is the same as the first step in the proof of
Theorem 3.1. Namely, we decompose Z(A|V,h) as

N
Z(A|V,h) =" Z,(A|V,h), (5.1)
q=1
with
n N
ZJAVR) = Y AW, Yo) [ e() [ e P (5.2)
{Y1,...,Y,} k=1 m=1

Here the sum goes over sets of matching contours in V' for which all external contours are
g-contours.

Next, we group all contours Y; for which V(Y;) Nsupp A # ) into a new contour Yy,
and introduce the sets

supp Y = U suppY, V(Ya) = U 1404

YeYa YeYa
IntYs =V (Ya)\suppYa, and ExtYy=V\V(Ya),

as well as

supp Y4 =suppYa Usupp A, V(Y4)=V(Ya)UsuppA4,
Int® v, =Int Yy \supp A, and Ext® Y4 = Ext Yy \ supp A.

As usual, Int,,, Y4 is the union of all components of Int Y4 which have boundary condition
m, Inty, Y4 = Int Y4 NV, while Int(® Y, = Int©® v, N V..

Recalling that A does only depend on those contours for which V(Y) Nsupp A # 0, we
then define

n’ N
p(Ya) =AY/, Y H H e~ Em (VmN(supp A\supp Ya)) (5.3)
k=1 m=1
where Y/, --- Y/, are the contours in Y4. Fixing now, for a moment, all contours Y; in

(5.2) for which V(Y;) Nsupp A # (), and resumming the rest, we obtain

N
Z,(A|V, h) Zp Y4)Zy(Ext'® Ya, h) [ Zm(Int)) Ya, h). (5.4)
m=1
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Introducing
Zm (Int{? Yy, h)

K, (Ya) = p(Yy)ePauppYa) 5.5
( A) P( A) H (Int(o) YA,h) ( )

we further rewrite (5.4) as
Z,(A|V, h) ZK Vp)e BabuwprYa) 7 (Bxt @ vy, h)Z,(Int© Y4, h) . (5.6)

Using finally the representation (4.11) for Z,(Ext® Y4, h) and Z,(Int'?) Y4, ), we get

Zy(AIV,h) = e PN K, (Ya) ) ﬁKq(Yk). (5.7)

Ya {Y1,....Yn} k=1

Here the second sum goes over set of non-overlapping ¢ contours Y7, ...,Y,, such that for
all contours Y;, the set V(Y;) does not intersect the set supp Y.

In order to make the connection to the standard Mayer expansion for polymer systems,
we then introduce G(Yy, Y1, -+ ,Y,,) as the graph on the vertex set {0,1,--- ,n} which has
an edge between two vertices ¢ > 1 and j > 1, ¢ # j, whenever supp Y;Nsupp Y; # 0, and an
edge between the vertex 0 and a vertex ¢ # 0 whenever V(Y;)Nsupp Y4 # 0. Implementing
the non-overlap constraint in (5.7) by a characteristic function ¢(Ya4, Y7, - ,Y,) which is
zero whenever the graph G has less then n+ 1 components, the standard Mayer expansion
for polymer systems (see, for example [Sei82]) then yields

ZquVh ZK YAZ 5 [HKq(Yk)

n= 0 {Yl, Yot

qbc(YA?Yla"' 7Yn)- (58)

Here ¢.(Y4, Y7, -+ ,Y,) is a combinatoric factor defined in term of the connectivity prop-
erties of the graph G(Y4, Y1, - ,Y,), see [Sei82]. It vanishes if G(Yy4, Y1, -+, Y, ) has more
then one component.

5.2. Truncated Expectation Values.

In the context of Section 5.1, the expansion (5.8) is a formal power series in the activities
K(Y;). In order to use this expansion, one has to prove its convergence. As in Section 4,
it is useful to introduce truncated models.

For a contour Y with V(Y’) Nsupp A = (), we define K| (Y') as before, see (4.15a), while
for Y4 = {Y1,---,Y,}, where {Y1,--- Y, } is a set of contours with V(Y) Nsupp A # 0)
for all Y € Y4, we define

Int'9 V4, h
K'(Y4) = o(Ya)eEa(suppYa) | | Zm( a0 | | 5.9
o(Ya) = pYa)e L 2yt Ya,h) iy XalY (5.9)
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with x4(Y) as in (4.15b). Given this definition, we introduce

Zi(AV,h) = e PN K (Ya) ) ﬁK;(Yk) (5.10)

Ya {Y1,....Yn} k=1
and Z/(A|V,h)
Al = 11
which can again be expanded as
ZK’ Ya) Z Z [H K'(Yi)| ¢e(Ya, Y1, -, V). (5.12)
..... Y, } Lk=1

The following Lemma will allow us to prove absolute convergence of the expansion (5.12),
which immediately yields the statements ii) through iv) of Theorem 3.2.

Lemma 5.1. Let €, €g and @ be as defined in Lemma 4.6, and assume that € < €y and
a > 1. Then the following statements are true:

i) If
ag max [V(Y)['/! <@, (5.13)
then Kq(Ya) = Ky (Ya).
ii) Let
Yal= > [suppY]. (5.14)
YEYa
Then
|K(Ya)| < CaeC@lsmop AlelYal (5.15)
i11) Let k be a multi-index of order 1 < |k| < 6. Then
’dcifk K (Ya)| < | supp A[IFICeC @ supp Al (g e)Yal (5.16)

where K is a constant that depends only on d, N, and the constants introduced in (3.8),

(3.9) and (4.16).
Proof. The proof of Lemma 5.1 is given in Appendix E.

Using standard estimates for polymer expansions, see for example [Sei82], the bounds of

Lemma 4.6 and Lemma 5.1 immediately imply the absolute convergence of the expansion
(5.12),

,q| <Z‘K, (Ya) ‘Z Z H |K,(Yi)| [¢e(Ya, Y1, -+, Yy

SYn k=1
< O( )C 40t >‘SHPPA|, (5.16a)
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and similar bounds for the derivatives, in particular,

< O(1)|supp A|lFlC 4Ol suwpp Al (5.16b)

dk h
P

Theorem 3.2 ii) through iv) then follows using standard arguments.
5.3. Bounds on Z,(A|V,h).

In conjunction with Lemma 4.6, Lemma 5.1 allows to analyze Z,(A|V,h)/Z,(V,h) pro-
vided a4,L < @. In order to prove Theorem 3.2 in the case where a,L > @ for some of the
phases ¢, we need an analogue of the bounds (3.21) and (4.30) for Z,(A|V,h).

Lemma 5.2. Let €, €g and @ be as defined in Lemma 4.6, let € = max{e, e 37/*}, and
assume that € < €y and @ > 1. Then the following statements are true:

i) |Zy(A|V, h)| < CneC@Isupp Al (1T+O@DIOVI=FIV] 1oy {e—%w : 6—(7/403>|aV|},

it) Let k be a multi-index of order 1 < |k| < 6. Then
d* k| O(&)| supp A
T Zy(AIV,h)| < |k|'((Co+ O(e)) V)™ Cae PP AL

e (THO@IOV] = FIV] 1o {e—%w : e—(T/403)|3V|} ,

Proof. The proof of Lemma 5.2 is given in Appendix E.

5.4. Proof of Theorem 3.2.

As pointed out before, the absolute convergence of the cluster expansion (5.12) immedi-
ately implies the statements ii) through iv). In order to prove Theorem 3.2 i), we proceed
as in the proof of Theorem 3.1, using the decomposition (5.1), Lemma 5.1 and Lemma
5.2 instead of the decomposition (4.5), Theorem 4.6 and Theorem 4.7. Defining S as in
Section 4.5, and observing that Z,(A|V,h) = Z,(A|V,h) if ¢ € S, we bound

L[k, (Zwoy - )] |

53

geSs

dF [ (AIV. ) ge FaV) (A ]

dh®
2

q¢s

k
i [

v+ S| e V] ean

q¢s

where £ is an arbitrary multi-index of order 0 < |k| < 6.
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Combining the bounds (4.40) and (5.16), and bounding terms of the form |supp A|/*!
and \V\W“ by e9ML we get an estimate for the first sum on the right hand side of (5.17)
by

2

qES

k
s [Z('I(A]V, h) — <A>(L/’qe_F‘7(V)] ‘ < Cel@lswrP Al Lpax e~ FaV) | (5.18)

dh¥ q€Q

Here K is a constant that depends only on N, d and the constants introduced in (3.8),
(3.9) and (4.16). The terms for g ¢ S are bound in a similar way, leading to

dk

e [<A>h7qe—Fq(V)] ' < 0O supp Al = (@/2d=2y7—-0(1))|0V| max BV (519)
and
k
'ddWZQ(AH/’ h)‘ < CAeO(€)| supp A|6(2'77'—1—0(1)—min{&/Sd,T/éng})|6V\ Ineage_Fq(V) ) (520)
q

Inserting the bounds (5.18) through (5.20) into (5.17), and choosing « as in Section 4.5,
we get € = € and

d* >k V), vk
o |2V ) = Y ey

q=1

< CpeP@lswpp Al —bL) maéce*F‘I(V) . (5.21)
qc

where b and 7 are the constants introduced in (4.47). Together with Theorem 3.1 and
the observation that a prefactor |[V|*I*1 can be absorbed into the exponential decay term
e~ "L the bound (5.21) implies Theorem 3.2 ). [
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6. PROOF OF THEOREM A

Even though the statements of this Section have a generalization (sometimes a very
straightforward one) to the case of several phases, we will restrict ourselves to the situation
where only 2 phases, plus and minus, come to play and the driving parameter is an external
field h. However, we do not restrict ourselves to the model (2.1) (for which Theorem A is
stated), but consider the two phase case in the general setting of Section 3. In particular,
we have two ground state energies ey satisfying, for h in an interval U (containing the
point hg for which e, (h) = e_(h)), the (nondegeneracy) bounds

d _
0<ac< —h(e_(h)—e+(h)) <A (6.1)
that imply the bounds
d
0<a<—(f-(h) = fr(h) <A (6.2)
on the free energies f1 (h) from Theorem 3.1 (cf. also (4.17)). Actually, A = 2Cj according

to the assumption (3.9). In the situation of Theorem A we have < (e_(h) — e4(h)) = 2.

Considering now the free energies!"

Zf““) oV, (6.3)
cf. (3.18), and their derivative

d

)= mP(n)oxV], (6.4)

k=0

where m(f)(h) = —dfj(f)(h)/dh, and introducing

AF(L,h) = F (L, h) — F_(L,h), (6.5a)
AM(L,h) = My (L,h) — M_(L,h) (6.5b)
Fy(L,h) = F (L, h) er F-(L,h) : (6.5¢)

and
M, (L,h)+ M_(L,h)

2 9
the bounds (3.21) of Theorem 3.1 can be, for the two phase case, reformulated as

Mo(L, ) = (6.5d)

dk

1 AM(L,h)
dh ’

Ld 2 -

AF(L,h) )ﬂ

5 <e L (6.6)

[ (L,h) — ( Ll Mo(L, h) + anh(—

10We take here 9,V = V.
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with 0 < k£ < 5. For the magnetization m(h, L) and its derivative, the susceptibility

x(h, L) = dm(h, L) /dh, these bounds yield
m(L, h) = %MO(L, h) + %w tanh(— 2EER Loy )
and
(L h) = %XO(L,h) + %W tanh(—%>
% (%)2 cosh—2(—W) +O(ebhy. (6.)

Here xo(L,h) = dMy(L,h)/dh and Ax(L,h) = dAM(L,h)/dh .

In order to obtain Theorem A, and more generally the corrections to it in terms of an
asymptotic power series in 1/L, we proceed in several steps:

i) We expand the functions AF (L, h), My(L,h), AM(L,h), xo(L, h) and Ax(L, h) around
the point h;(L) where AF(L,h) = 0, obtaining a power series in (h — hy(L)) with
coefficients that are derivatives of AF(L,h) and Fy(L,h) at the point hy(L).

ii) We Taylor expand the coefficients in i) into a power series in (hi(L) — hy). Combined
with the volume, surface, ..., corner expansion for the derivatives of F.(L,h) and the
fact that hy(L)— h; can be represented as an asymptotic expansion in powers of 1/L, we
obtain the coefficients of i) as power series in 1/L, with coefficients that are derivatives

of the infinite volume free energies f4(h), surface free energies fid_l)(h), ..., and corner
free energies fj(EO)(h) at the infinite volume transition point h;.

iii) At hy, the derivatives of fik) (h) are identified with the one-sided derivatives of the free
energies f*)(h) defined by (2.15).

iv) We use Lemma 6.1 below to replace the argument of the hyperbolic functions in (6.7)
and (6.8) by few expansion terms with an additive error.

v) In a final step, we use Lemma 6.3 to replace h — hy(L) by h — h, (L), where h, (L) is
the position of the susceptibility maximum.

Lemma 6.1. Let x and y two nonzero real numbers which have the same sign. Then

tanhz tanh
[tanh  — tanh y| < min( an x’ an y)|:v—y| (6.9a)
x

Y

and
tanhx tanh
|cosh_2ac—cosh_2y‘ < 2min( o :13’ o y)|x—y[. (6.9b)
x y

Lemma 6.2. For large L there exists a unique point hy(L) € U for which
Fy(L,h) = F_(L,h). This point satisfies the bound

B AF(L,h;) 1 1
hy(L) —ht+mﬁ(1+0(f)), (6.10)
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Lemma 6.3. For large L there exists a unique point h,(L) € U as well as a unique
point hy (L) € U for which the susceptibility x(L,h) and the Binder cummulant U(L,h),
respectively, attain its maximum. To the leading order in 1/L, their shift with respect of
the point he(L) is given by

X+ —x- 1 1
hy (L) :ht(L)+6(m:_m_)3 731+ O(752) (6.11)
d
" X+ —x- 1 1
hy (L) :ht(L)—|—4(m+_m_)3 724 +O(L3d). (6.12)
Proof of Theorem A. Let us begin with the identification iii). Introducing
df () 2 (h)
k) (1) — + k) (1) — + _
my (h)——T,Xi (h)——w, k:—d,,O, (613)
we get o
B(he) = tim, O (R) (6.14)
and ® (1) 2 1) (1)
I A By — G2 6.15
ma () dh Ipso X (10) 2 n,xo (6.15)

for k =d,...,0. In particular, the one-sided derivatives (2.16) as well as the limits (2.17)
and (2.18) are expressed in terms of derivatives and limits of the corresponding differen-

tiable functions fj([k) :

d
me=—ofe®)| (6.16)

and
o = 7V (hy). (6.17)

Also
AF(L) = AF(L, hy) (6.18)

with AF(L,h) = (F+(L,h) — F+(L,h)). To show all this, we first notice that, for the two
phase case, the bound (3.19) from Theorem 3.1 reads

k
ddw [Z(L, h) — e~ Fr(L.h) _ e*F_(L,h)] < |V|FH maX(GfFJr(L,h), efF_(L,h))O(e,b;L)‘

(6.19)
Taking into account that F. (L, h) are asymptotically dominated by fi(h)L?, the bound
(6.19) implies that for h > h; the free energies f*)(h), k = d,...,0, defined by (2.15)

actually equal the corresponding free energies fik)(h), k=d,...,0, from Theorem 3.1 (we
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have chosen the notation for which min(fy(h), f—(h)) = f+(h) for h > h;). Similarly,
f®(h) = f&k) (h), k=d,...,0, for every h < hy.!! This identification immediately implies
the equalities (6.14)—(6.18).

Notice also that by (3.9) and Theorem 3.1 iii) one has

k ()
+

dh*

<CF et (6.20)

and thus also

1+ ||/<0||)
L

according to Lemma 6.2, where we evaluate AF (L) with the help of (2.8) and Theorem
3.1 ).
Expanding now My (L, h) and Fy (L, h), we have

M(L, h) = My (L, he(L)) + O((h = he(L))L?)
= my (he(L)) L + O((h — hy(L))L?) + O(L™)
=my L + O((h — he(L))LY) + O((1 + [I6[) L), (6.22)

and
CAF(LB) = (M+<L, he(L)) — M_(L, ht<L>) (h— ho(L)) + O((h — hy(L)2L%)

= (mg —m_)(h — he(L))L? + O((h — he(L))*LY) + O((1 + ||5[)(h — he(L)) L)
= 22(1 4+ O((h — he(L))) + O((1 + |6 L7Y). (6.23)

Here

r = %m_(h — hy(L))L? . (6.24)

Using Lemma 6.1 to replace the argument of the hyperbolic functions in (6.7) and (6.8)
by x, we get

my+m_  my—m_
2 2

m(L,h) = tanh(z) + O((1 + ||s|)L™") + O((h — he(L))) (6.25)

and

X(L,h) = (%) cosh™2(z)L% + O((1 + ||&]) L) + O((h — hy(L))L%) . (6.26)

HFor h = h¢, the asymptotic behavior will be determined by the first k = d — 1,...,0, for which
£ (he) # f(k)(ht) For example, if £~V (k) > £V (hy), then f®) (he) = f) () for allk =d,...,0
(of course, f )(h ) = f£ )(h ).
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In order to replace further the argument x of the hyperbolic functions by the argument

my —m— (
2
used in (2.19) and (2.20), we finally use Lemma 6.3 to bound

h — h,(L))L* (6.27)

T =

|tanhz — tanh | < |z — | < O(L™9) (6.28a)

and
|cosh ™22 — cosh™ 2 &| < |z — Z| < O(L™%). (6.28Db)

Combining the bounds (6.24) and (6.28) with the assumption |h — h,(L)] < O((1 +
|5|[)L~1), we get the bounds (2.19) and (2.20).

The shifts (2.21a) and (2.21b) as well as the bound (2.22) on the mutual shift hy (L) —
hy (L) follow from Lemma 6.2 and 6.3. [

Proof of Lemma 6.1. Without loss of generality, we may assume that x > y > 0. Since
@ is a decreasing function of ¢, we have % > % and thus

y _lz—yl

tanhx—tanhy’zl_tanhy (6.20)

tanh z tanhx — x ||

This concludes the proof of (6.9a). In order to prove (6.9b), we bound

/y sinh ¢ dt‘ 9

cosh ™2z —cosh 29| =2
‘ y| cosh® ¢

y
/ cosh ™2 tdt‘ = 2 |tanh z — tanh y|
xT

(6.30)
and use (6.9a). O

Proof of Lemma 6.2. Using the bounds (6.2) we get, for sufficiently large L, the bound

a dAF(L,h)
e R A Y VL 6.31
2~ dh - (6:31)
Since AF(L) = AF(L,hy) = O(L%™), we get the existence of a unique k(L) for which
AF(L,h) = 0. Moreover, hy(L) € (hy — £, hy + £) for some B. For h in this interval, the
Taylor expansion of AF(L,h) around h; yields

AF(L,h) = AF(L) — (my —m_)L%h — hy) + (h — hy)O(L4™1) (6.32)

whenever L > B. This implies (6.7) (valid also for AF(L) = 0 when hy(L) = hy). O

Proof of Lemma 6.3. To get (6.11), we may actually follow the proof of Theorem (3.3) in
[BK90], replacing only h; by h(L). Thus we use first (6.8) combined with the bound

d*F.(L,h)

T < C,L4 (6.33)
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(here Cy may be chosen Cy = (Co)¥ + O(e~°7) by (3.9) and Theorem 3.1 iii)) to get

IX(L,h) — ﬁ(AM(L, h))? cosh_Q(W)’ <1+20,. (6.34)
Hence
XL, (L) = X(E, 1) 2 7 (AM(L (L))~
_ ﬁ(AM(L, h))? cosh—2(w) —2-4C,. (6.35)

Next, we use (6.31) and (6.33) to bound ‘d%(AM(L, h))?| by 8BAC,L*¢. As a consequence,

|[(AM(L, h))* = (AM(L, he(L)))?| < 8ACLL*'|h — hy(L)] (6.36)
and
X(L, he(L)) = x(L, h) > T;(AM(L, he(L)))* (1~ cosh_2(W))—
— 2ACs|h — hy(L)|L? cosh—2(%m) —2—4C5. (6.37)

On the other hand,

Tlh—he(L)|L7 <

‘%‘ < Alh — hy(L)|L? (6.38)

by (6.31) and the fact that AF(L,ht(L)) = 0. Using the lower bound

2
cosh? a > (1 + %)2 >1+a’> 2|« (6.39)

valid for any «, we imply that

AF(L, h)) - 2
2 = alh — hy(L)[ L4

cosh_Q( (6.40)

Thus, using once more (6.31) and (6.38), we get

(Lo he(L)) = (L, h) > —— © L0201 _ cosh-2(%B)) - 4AC,

_4Ld(2 1 ——2-4C, (641

whenever we suppose that |h—h;(L)| > BL~%, where B > 0 will be chosen later. Observing
that

cosh_2(%B) <1, (6.42)
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it is clear that the right hand side of (6.41) is positive, once L is sufficiently large (how
large depends on the choice of B).

Thus, it remains to consider the case |h — hy(L)| < BL™¢. Taking into account that
AF(L,h(L)) =0 we get

dX(La h) _ _idQMO(Lah)
dh he(L) Le dh? he(L)
3 dAM(L,h .
4L4 dh ) AM(L» ht(L» + 0(6 b L). (6.43)
he(L)
Using the bound (6.33) we get
dx(L, h) 3 -
dh lho(r) = 1 0 = x=)(mey — m_)L? + O(L1). (6.44)

Applying once more the bound (6.6), this time for k¥ = 3, and using (6.31) we get, for
|h — hy(L)| < BL~, the bound

d?x (L, h) 1 4 41— 3tanh?(AELR)Y
A — _9(ZAM(L,h)) L™ 2 L. 4
dh? (FAM(L, ) cosh?(AEEA)) +O(L7) (6.45)

Taking into account that according to (6.38) one has |AF (L, h)| < 2A|h — hy(L)|L? and
choosing B > 0 so that
1 3tanh’®(AB)
" cosh?(AB)

>0, (6.46)

we get
d*x(L, h) 1 473d
—_— < —— —m_)"L 4
TR 16(mJr m_) € (6.47)
for |h — h¢(L)| < BL~% and L large enough. The bound (6.47) together with the bound
(6.44) implies that there exists a unique zero h, (L) of W in the interval (hy(L) —
L h(L)+ £ ) and that hy(L) — he(L) = O(L2%).
For h — hy(L) = O(137) we have AF(L,h) = O(4z) by (6.38) and thus, using (6.45)
and (6.36) we get

dQX(La h) 1 473d 3d—1
Taking into account (6.44) we conclude the bound (6.11).
To prove the bound (6.12), we first notice, by a straightforward computation, that

Uh(L) = 2 (1~ 4%% +0( 7). (6.49)
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Using the fact that, for L large,

2 | BMy(L,h) 1 dSAM(L,h) AF(L, 1)
_— = —— ’ ? t h —_—
anz = T Id and ord e ranhl )+
1 RAM(LE)  AMLE) 3 <dAM(L,h))2 | B
AM(L tanh(2ELR) 1 1 — 3tanh?(2ELN)
B N YU ) s NSOG8 9) U i st
214 dh COSh2 ( AF(2L,h) ) {Ld COShQ( AF(2L,h) )

1,a.41 — 3tanh?(2LEN)
<O(L*) — 13- (= 2~ (6.50)
8 (2 COSh2(AF(2L,h))
we find that U(L, h) is negative (and thus smaller than U(h;(L)) whenever
1 — 3 tanh2(AF&:h)
anh (=—5~) < - (6.51)

COSh2 ( AF(2L,h) )

for some positive e. To meet this condition, it suffices to take |h — hy(L)| > 5 with B

rd
such that
aB 3

h?(—) > =
cosh”( 1 ) > 5
for some € > 0. Indeed, using (6.38) we get |AF(L,h)| > %L%h — hy(L)| and thus
cosh? (ALY 3(1 4 &), which implies (6.51) with e = 2¢/(1 + e).

In the interval |h — hy(L)| < Lﬁ we consider the leading terms to

(1+¢) (6.52)

dU(L.h) o0 ng(L,h).

dh dh?
Namely,
dU(L,h AF(L,h AM(L,h AF(L,h
UEZhy )N—ngCOSh( ( ) ))[_ ( ’ )Sll'lh( ( ) ))_
dAM(L,h dA My (L,h
- ¢ cosh?’(AF(L7 h)) -3 ;}E ) sinh(w))} (6.53)
AM(L,h) 2 AM(L,h)
yielding
and
d*U(L, h 2 AF(L,h
TOLD) 2 it —mo2(1 4 202 (BT ) | oy <

1
< —§L3d(m+ —m_)%. (6.55)
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Thus, there exists a unique root hy (L) of the equation dU(L,h)/dh = 0 in the interval
|h — he(L)| < & and hy(L) — hye(L) = O(L™2%). Moreover, for h — hy(L) = O(L™24)
we have AF(L,h) = O(L™%) and thus d*U(L, h)/dh? = —=2L3(my —m_)* + O(L31).

Hence,

dU(L,h) _ dU(L,h) dU(L, h) heh(D) =0 (656
dh Ay @ re-new))
yields the shift (6.12) claimed in the lemma. [O
We are left with the proof of (2.23) and (2.24) for
4d(1
h— hy(L)| > —dl+lIxID. (6.57)

(my —m_)L~
Using (6.2), (6.11) and the bound (6.38), we first note that the condition (6.57) implies

AF(L.h) _ add
2 1AL

L
L4+ 0L~ > QZ +Oo(L™Y). (6.58)
Combined with (6.7) and (6.8) we obtain

m(L,h) = L=M_ (L, h) + O(e~L/4)
—ddM+ (Lv h)

Lh) =L
x(L, h) an

+O0(e™ M)

if h > hy (L) + (et and

mi—m_)L

m(L,h) = L=*M_(L, h) + O(e~*L/4)
_gdM_(L,h)

L.h) =L
x(L, h) o

+ O(efaL/A)

if h < hy(L) — %. Expanding My (L, h) and its derivative into volume, surface,

..., corner terms, this leads to

m(L,h) = m4(h)+ O(1/L)
X(L,h) = x+(h) + O(1/L)

if b > hy (L) + (ot and

my—m_)L

m(L,h) =m_(h)+ O(1/L)
X(L,h) = x-(h) +O(1/L)



SURFACE INDUCED FINITE S1ZE EFFECTS

if h < o (L) + (20l

m+—m_)L
Next, we recall et (c) — ex| < ||k]| for the asymmetric Ising model (2.1). As a con-
sequence, |[AF(L)| < 2dL41(2||x|| + O(e~°7)). Combined with Lemmas 6.2 and 6.3 we

conclude that
4d(||s[| + 1)

hy(L) — hy| < : 6.58
’ X( ) t‘ (|m+—m_])L ( )
As a consequence, h < hy (L) + % implies h < h; and hence m(h) = m_(h) and

X(h) = x—(h), while h > hy (L) + a@EI= implies b > hy and hence m(h) = m (h) and

my—m_)L

X(h) = x+(h). The condition (6.57) therefore implies the bounds (2.23) and (2.24).
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APPENDIX A: STRONG ISOPERIMETRIC INEQUALITY

Using the standard isoperimetric inequality,

ow| > —YT )T, (A1)

in the proof of Lemma B.3 below, we would get, for d > 4, a negative factor on the
right hand side of the bound (B.2). We strengthen (A.1) with the help of an additional
information — the fact that considered sets W are finite unions of closed elementary cubes.

Lemma A.1. Let W be a union of closed elementary cubes. Then

OW| > 2d|W|“T . (A.2)

Proof. The proof is just a particularly simple case of the proof of optimality of the Wulff
shape [T87]. Namely,

.| W4eC|—|W|
im )
—0 12

oW | =1 (A.3)

where £C' is the rescaling, by the factor e, of the (hyper)cube C' of side 2 with the center
at the origin, and
W+eC={x+y:xecWyeceC} (A.4)

is the e-neighborhood of W in the maximum metric. The Brunn-Minkowski inequality
(valid also for nonconvex W, see for example [Fe69]) yields

(W +eC|7 > |[W|7 + |eC|4. (A.5)
Thus

_ 1 ld_
po W eCl W] (WIF 4 [eClE)? — (W]

= d|C|E|W| T =2dW|T. (A.6)

e—0 g e—0 g

O
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APPENDIX B: PROOF OF LEMMAS 4.1 — 4.5

We start with two Lemmas, B.1 and B.2, that are an important technical ingredient to
prove Lemmas 4.1, 4.2 and 4.4.

Lemma B.1. Let Y be a short contour with suppY NOV C 0K (k). Then
i) suppY NOV =suppY NIK (k) =suppY N (OV NOK(k))

ii) 0IntY C 0K (k)U dsuppY

iii) IntY NOV =IntY NOK (k) =IntY N (OV NOK (k))

Proof. 1) suppY NOK (k) = suppY NOK(k) NV = suppY NIK(k) N OV since V N
0K (k) =0V NOK (k) and suppY C V. On the other hand suppY NoV C 0K (k) implies
suppY NIV C OK (k) N9V and hence suppY NIV C suppY NIK (k) N 9V. Combining
this with suppY N 90K (k) N9V C suppY NIV we obtain i).

ii) Follows from the fact that all components of Int Y are components of K (k) \ supp Y.

iii) In order to prove iii), we first prove IntY N9V C 0IntY N 9V. This can be
proven as follows: the inclusion IntY C V implies V¢ C (IntY)¢ implies dist(z, V¢) >
dist(x, (Int Y))¢). Therefore dist(z, (IntY)¢) = 0 for all z € JV and hence for all z €
IntY NoV. Since x € IntY and dist(z, (Int Y)¢) = 0 implies x € dIntY, this proves
IntYNoV Cc 9dIntY NoV.

Using ii), the (just proven) fact that IntY N oV C 9IntY N OV and the fact that
Jsupp Y NOV C JK(k), one proves that Int Y NOV C K (k). Intersecting both sides with
Int Y and observing that IntY C V while VN 0K (k) = 0K (k) N OV, one concludes that

IntYNoV CcIntY NOK (k) =IntY NOK (k) N oV.
This combined with the fact that

IntY NOK(k)NoV C IntY NIV,

proves iii). [

Lemma B.2. Let Y7 and Y5 be two non-overlapping contours with suppY; C IntYs.
Assume that Ys is a short contour with OV Nsupp Yo C 0K (k) some corner k. Then Y7 is
a short contour with OV Nsupp Yy C K (k) as well. In addition supp Y2 NIntY; = (.

Proof. By Lemma B.1 iii) and the fact that suppY; C IntYs, suppY; N oV C IntY; N
0K (k) C OK (k). Let now zp € supp Y1 C IntY5. By the definition of Int Yo and Ext Yo,
and by the fact that suppY> is connected, we may construct a path w in K(k) which
connects g = w(0) to infinity such that

w(t) € Int Yy for t € [0,1)

w(t) € supp Ya for t € [1,2)
w(t) € ExtYs for t € [2,3)

w(t) e K(k)\V  forte[3,00)
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Assume now that suppY> N IntY; # (0. Since supp Y3 is a connected set which does not
intersect supp Y, this implies that supp Yo C Int Y;. As a consequence o = w(2) € Int Yy
and w|[2 o) is a path in K (k) which connects 2o € IntY; to infinity. But this implies that
w|[2,00) Must intersect the set supp Y1, and hence, by the assumption that supp Y7 C Int Y3,
the set IntY5. This is a contradiction, because w was constructed in such a way that
w(t)gIntYs fort > 1. O

Proof of Lemma 4.1.

i) Since supp Y C Ext Y7, supp Yo NInt Y7 = . It follows that each point in Int Y7 can
be connected to dIntY; (and therefore to supp Y;) by a path w which does not intersect
supp Y2. As a consequence, all points in Int Y7 lay in the same connectivity component of
V \ supp Y as supp Y;. Since suppY; C ExtYs;, we concluded that IntY; C ExtYs, and
hence Int Y7 UsuppY; C ExtY5. In a similar way, Int Yo U supp Yo C Ext Y7.

ii) Let us first assume that Y5 is a short contour. Then Y7 is a small contour as well
and supp Yo N IntY; = () by Lemma B.2. Continuing as in the proof of i) we obtain that
IntY; Usupp Yy C Cs.

Next, consider the case where Y7 is short while Y5 is long, and assume that supp Ys N
Int Y7 # (). Since supp Y3 is connected, this would imply that supp Y> C Int Y;. By Lemma
B.2, this would imply that Y5 is short as well. Therefore supp Y> N Int Y7 must be empty.
Again, this implies Int Y; Usupp Y; C Cs.

As the last case, assume now that both Y; and Y, are long. Since Cy C Int Y3, |Co| <
L4/2 by the definition of the exterior for long contours. Since supp Y is a connected set,
while C5 is a connected component of V' \ supp Ys, both Cy and V \ Cy are connected
sets. Observing that suppY; C C5 implies V' \ suppY; D V' \ Cs, we then introduce the
component C7 of V' \ suppY; which contains V' \ Cs. A minute of reflection shows that
|C1| > |V \ Cal, which, by the fact that |V \ C3| > L?/2 implies that C; = ExtY;. As a
consequence

IntY; C V\EXtYl C CQ,

which concludes the proof of ii).
iii) follows from ii). O

Proof of Lemma 4.2.

We only have to show that suppY; C Int Y5 and supp Ys C Int Y; leads to a contradic-
tion. In fact, suppY; C Int Y5 implies that suppY; UIntY; C IntYs by Lemma 4.1. As
a consequence ExtY; D supp Y2 UInt Ys which implies that supp Yo C Ext Y;. But this is
incompatible with suppYs C IntY;. 0O

Proof of Lemma 4.4.

Let Y}, be an internal contour. Due to Lemma 4.2, this implies that (Int Y Usupp Y%) C
Int Y; for some j # k and hence Ext = V'\ |, (Int Y; Usupp Y;). Iterating this argument,
we get that the set Ext is given by

Ext =V'\ U(Int Y,? UsuppY©), (B.1)

i=1
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where {Y}°,..., Y’} are the external contours in {Y7,...,Y,}. Obviously, Ext is separated
from the rest of V' by the support of the contours Y, ...,Y?. We therefore only have to
show that Ext is connected.

Let By =V \ (Int Y Usupp Y?) = Ext Y® and Ej, = Ej_1 \ (Int Y,¢ Usupp Y,%). Assume
by induction that Ej_; is connected. Let x,y € E}. We have to show that x and y can be
connected by a path wg in Fy. Using the inductive assumption, x and y can be connected
by a path wi_1 in Ej_1. Assume without loss of generality that wy_; intersects the set
W =1IntY¢ UsuppY,’, and let x; be the first and y; the last intersection point of w1
with W. Since both W and V' \ W are connected, the boundary

Oy W ={z eV |dist(z, W) = dist(z, V \ W) = 0}

is connected, and z; and y; can be connected by a path w in dyW. Using the path wi_1
from x to x1, the path w from z; to y;, and again the path wy_; from y; to y, we obtain a
path @ in Ey U dy W which connects x to y. The desired path wy is obtained by a small
deformation of Wy which ensures that wy is a path in E,. [

In order to prove Lemma 4.5, we need the following Lemma, which is based on the
strong isoperimetric inequality proven in Appendix A.

Lemma B.3. Let W be a union of elementary cubes in V, with |W| < L4/2. Then

2l/d 41

oW NV < ﬁmwww (B.2)
21/d 41

W] < <1 + W) oW\ V| (B.3)

Proof. We introduce the (d — 1) dimensional faces
F={zeR|2;=1/2,1/2<x, <L+1/2} i=1,....d

together with the projections m; : V. — F;, mg; : V. — F444, where 2’ = m;(z) has
coordinates z) = x, for k # i and x} = 1/2, while 2} = L + 1/2 for 2’ = mq4,;(x). Finally,
for each elementary (d — 1)-cell p € C, we define w_(p) as the projection m;(p) onto the
face F; which is parallel to p, and 71 (p) as mq1:(p).

Let G; = F; nOW, ¢ = 1,...,2d, and consider an elementary (d — 1)-cell p € Gj,
together with the line ¢ that links the center of w_(p) to the center of 74 (p). Then ¢ must
intersect OW an even number of times. Define

H; ={p € G; | there does not exist p’ € OW \ 9V with 7_(p') =7_(p)}

and consider an elementary (d—1)-cell p € G;\ H;, i = 1,... ,2d. Then either both 7_(p)
and 7 (p) lay in U3Z, G \ H;, in which case there are at least two elementary (d — 1)-cell
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p' € OW\ AV with n_(p') = m_(p), or only one of w_(p) and 7 (p) lies in U3%, G; \ Hj, in
which case there is at least one elementary (d — 1)-cell p’ € OW \ OV with 7_(p’) = 7_(p).

As a consequence,
2d

> 1G\ Hy| < [0W\ 9V]. (B.4)

=1

On the other hand,
1\ 1/
i<l < (5) s

by the fact that |W| < L¢/2. Using the strong isoperimetric inequality (see Appendix A),
we obtain that

1 -
[Hi| < 27 o], (B.5)

Combining (B.4) and (B.5), we get

2d 2d 2d
oW NaV|=> |G| =) |G\ Hi| + > _|Hil
=1 =1 =1

< [oW \ aV| + 2714 |ow|
= (1427 YHow \ oV | + 2= Y4oW n oV

and hence

1+ 2-1/d
oW N V]| < ﬁmw \ V|

which implies (B.2). The bound (B.3) follows from (B.2). O
Proof of Lemma 4.5. We start with the observation that

Y| =Yg+ Y]g—1+ -+ Y], (B.6a)

where |Y|;, denotes the number of k-dimensional elementary cells in'? Y, and similarly for
the boundary 0W; of a component W; of IntY,

|OWi| = [0Wila—1 + - - + [OW;]1. (B.6b)

Using the fact that |OW; N OV |41 = |0W; N OV |4_1 we then decompose |OW;| as

d—2
OWi| = [OW; \ OV |a—1 + [0W; N OV]a1 + > [0Wil . (B.7)
k=1

12As in Section 3, a k-dimensional cell ¢ in supp Y is only counted if there is no (k + 1)-dimensional
cell ¢’ in suppY with ¢ C ¢.
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For a long contour Y, we use Lemma B.3 applied to the set W, together with the fact
that OW; C OW; to bound

— 2U/d L1\ | — 2l/d 4 1
o1 0V1ar < (g ) OOVl < (G ) IOWe\ OV, (B9

For short contours Y, on the other hand, |0W; N dV| < |o0W; \ V| which implies (B.8)
with a better constant. Therefore (B.8) is valid for both long and short contours.

As a last step we observe that each cube c¢ in suppY can be shared by at most 2d
elementary faces in (OW1\V) U --- U (OW,, \ V), while each d — 1 dimensional elementary
face in Y may be shared by the boundary of at most two different components of Int Y U
Ext Y. Since all lower dimensional elementary cells in Y belong to a unique component of
IntY UExtY, we get that

n n d—2
D IOW\OV ooy + YD [OWili < 24d]Y]. (B.9)
=1 =1 k=1

Combining (B.7) with (B.8) and (B.9) and the fact that
Noy(IntY) <Y " |0W; naV], (B.10)
i=1

we obtain the first two bounds of the lemma.
In order to prove (4.4) we observe that V(Y) = suppY UW; U---U W, which in turn
implies OV (Y') C OsuppY UOW; U --- U W, and hence

OV (V)| < [@supp Y[ + [OWA] + - -- + [OW,]

Combined with the bound |9supp Y| < 2d|Y| we obtain the remaining bound of Lemma
4.5. 0
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APPENDIX C: INDUCTIVE PROOF OF LEMMA 4.6

In this appendix, we prove Lemma 4.6. Actually, we will first prove the following Lemma

C.1. In order to state the lemma, we recall the definition of f(gn) as the free energy of an
auxiliary contour model with activities

K'(Y9) if [V(Y9)| < n,
0 otherwise,
and define
£ = min ™, (C.2)
q
a((}ﬂ) — fén) — . (C.3)
We also assign a number v(WW) to each volume of the form (4.7a),
o(W) = mas V(Y] (C.)

where the maximum goes over all contours Y with suppY C W. Obviously, v(IntY’) <
|V (Y)] for all contours Y. In fact,

v(IntY) < |[V(Y)] (C.5)

due to the fact that dist(Y,Y) > 1if Y is a contour in Int Y.

Finally, we recall that for a volume W of the form (4.7a), |W| is used to denote the
euclidean volume of W, while for a contour Y and the boundary OW of a volume W, |Y|
and |OW| are used to denote the number of elementary cells in Y and OW, respectively
(see Equation (B.6a) and (B.6b)).

Lemma C.1. Let

(a—2)2d
Cs

Then there is a constant €y, depending only on d and N, such that the following statements

are true for all € < €y and all n > 0, provided |V (Y)| <n, v(W) <n, and & > 1.

) YY) <.

it) Ifa((ln)|V(Y)|1/d <a then x,(Y)=1,

i) Ifa’ V|V <a  then KL(Y)=K,(Y).

i) Ifa WV <a  then  Zy(W,h) = ZL(W,h).

v) | Zg(W,h)| < =W 0(e)|dW | v Nov (W)

e~ T(1=(2C1+1)7) pot2

€= and a =

(C.6)

Proof. We proceed by induction on n, first proving the lemma for n = 0 and then for any
given n € N, assuming that it has been already proven for all integers smaller than n.
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Proof of Lemma C.1 for n=0.

For [V(Y)[ = 0 we have x;(Y) = 1 and thus K (Y) = K,(Y) = p(Y). This makes i),
ii) and iii) trivial statements. Using iii) for |V (Y)| = 0, we then conclude that Z,(W, h) =
Zy(W,h) for v(W) = 0. By i) Z,(W,h) = Z,(W, h) and thus the partition function can be
analyzed by a convergent expansion yielding

|Z,(W,h)| < e~ IWI OO | (eq|WI=Eq(W)) < o= F{7 W] O()[OW| 37 Nov (W) |

Observing that féo) > £ this concludes the proof of Lemma C.1 for n = 0.
Proof of Lemma C.1 i) for |[V(Y)| = n.

Due to (C. 5) v(IntY) < n, and all contours Y contributing to Z/ o(Int,, Y, h) obey the
condition |V (Y)| < n. This implies that K (V)| < €l¥'I by the inductive assumption i). As

a consequence, the logarithm of Z; (Int,,Y, h) can be analyzed by a convergent expansion,
and

‘log Z! (Int, Y, h) + £V |Int,, Y| ‘ < 0(6)|0Int, Y| + 47 Nay (It Y). (C.7)

Combining (C.7) with the induction assumption v), we get

H m(Int,, Y, h) a{" VIt Y| 297 Nov (Int Y) ,0(€) 3, [0Int, Y|
Z’ (Int,,Y, h)

IN

s €

IN

™| nt Y101y +O()IY ] (C.8)

where we have used Lemma 4.5 in the last step. Observing that
lem — fi =V < O(e), (C.92)

which implies the bound
|(eq —€0) — aé”_l)\ < O(e), (C.9Db)

we use the assumptions (3.7) and (3.11) to bound

p(YV)eBa)| < ¢TIV IrNov (suppY) pleg—c)lY s < o= (r=37=0()IY |l VI¥la (C.10)

Here |Y|4 is defined as the number of d-cells in Y and thus |V(Y)| = |[IntY]| + |Y]a.
Combining now (C.10) with (C.8), we obtain

KL (V)] < X;<y)ea§"’”IV(Y)Ie—(T—O(e)—(1+201)W)IY\_ (C.11)
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Without loss of generality, we may now assume that x;(Y’) > 0 (otherwise K (Y) = 0 and
the statement i) is trivial). By the definition of xj(Y'), this implies

Y = IV <1+ alY] < (L +a)lY]
for all m # q. As a consequence,
ag”_l)]V(Y)\ <(1+a)|Y|, (C.12)
provided x;(Y") # 0. Combined with (C.11) and the fact that x(Y) < 1, this implies that
|K(’1(Y)| < 6,[7,1,0(6),a,(1+201)w]|y‘7 (C.13)
which yields the desired bound i) for |V (Y)| = n.

Proof of Lemma C.1 ii) for £ =|V(Y)| <n and agn)]V(Y)\l/d <a.

We just have proved that i) is true for all contours Y with [V (Y)| < n. As a consequence,
both f,gf ) and fr(r? ) may be analyzed by a convergent cluster expansion. On the other hand,

d—1 ]_ 03
V Y a < — ‘/' Y < = Y .

by the isoperimetric inequality and Lemma 4.5. Using this bound and the definition of
fﬁ? ), one may easily see that all contours Y contributing to the cluster expansion of the

difference fﬁf ) ,,(: ) obey the bound
2d 2d
V> (k4 1)@0/d > Z2pt/d —
Y12 & (e DO 2 28 g

As a consequence,
) = S < (Ko™,

where K is a constant depending only on the dimension d and the number of phases N.
Using the bound (C.14) for the second time and recalling that [V (Y')| = k, we get

70— SV )] < (Keye V) Sy = 0Umg(Ka™ Y] < O@IY].  (C15)

Combining (C.15) with the assumption af{‘) [V (Y)|*/4 < & and the bound (C.14), we obtain
the lower bound

afY| — [ — FONV (V)] > alY] - el V()| - O@fY] >
> (a-agy =06 V= (2= 0()IY] > 2 0()

where, in the next to the last step, we used the definition of &, see (C.6). Combined with
(4.16b) we obtain the equality x(Y) = 1.
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Proof of Lemma C.1 iii) and iv).

Given ii) and the definition of K{(Y') and Z;(W,h), the statement is obvious. See
[BK90] for a formal proof using induction on the subvolumes of W and Int Y.

Proof of Lemma C.1 v).

We say a contours Y is small if aén) V(Y) |4 < a while it is large if agn)\V(Y)Wd > Q.
We then use the relation (4.8) to rewrite Z,(W,h) by splitting the set {Y1, -, Yi}ext
of external contours into { Xy, -+, X} U{Z1, -+, Zxr}, where Zy,--- | Zp» are the small
contours in {Y7, -+, Yi }ext and X1, - - - , Xy are the large contours in {Y7,- -+ | Yj }exs. Note
that for a fixed set {Xy, - Xp/}, the sum over {Z;, - Zy»} runs over sets of mutually
external small g-contours in Ext = W'\ i@1 V(X;). Resumming the small contours, we thus

obtain

k/

Z,(W, h) = > Zgm M Ext, b) [ ] [p(XZ-) 1 Zm (It X, h)} . (C.16)

{Xlz"'7Xk;/}ext 1=1 m

Here the sum goes over sets of mutually external large contours in W and nga“(Ext, h)
is obtained from Z,(Ext, h) by dropping all large external g-contours.

Due to the inductive assumption iii), K,(Y) = K/ (Y) if Y is small. Since |K}(Y)| < "'
by i), Z;man(Ext, h) can be controlled by a convergent cluster expansion, and

| Zzmal (Exct, h)| < e i IBxt O(19Bxt] 77 Nov (Bxt) (C.17)

where f;ma“ is the free energy of the contour model with activities

Ko(Y) i [V(Y)[ <nandY is small,

) (C.18)
0 otherwise.

small _
) = {
On the other hand,

[T 1Zm (It X, )| < e 7" DIt Xl 001 X gy Nov (Int X:)

m

by the induction assumption v). Observing that the smallest contours contributing to the
difference of fr(,? ) and f,gff -b obey the bound

‘No,
3 Cs
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while |V (X;)| < n, we may continue as in the proof of (C.15) to bound
O = fO It X| < [fO7Y = fOVX)] < O(L)no(Ke)™ < Ofe).
Since |Int X;| < O(1)|X;| by Lemma 4.5, we conclude that
H |Zm(1nt Xi7 h)| < e—f(n)| Int Xi|eO(6)|Xi|e’YTNaV(Int Xsi) . (019>

m

Combining (C.17) and (C.19) with the bounds

Ip(X3)| < e TIXil—eolXila gy Nov (supp Xi) < o~ (T=0())IXi| ;=" |Xila g yT Nov (supp X:) (C.20)
and
K’ K
OExt| < [OW[+ Y |0V (X;)| < [OW] + Cs > | X, (C.21)
=1 =1
and the equality Npy (Ext)+ Ziil[Nav (supp X;) + Noy (Int X;)] = Noy (W), we conclude
that
| Z,(W, )| < eC@IIWIrTNov (W) o= W]
k/
{le"'yxk/}ext =1
Next, we bound the difference f;mau — én). In a first step, we use the isoperimetric
inequality together with Lemma 4.5 and the definition of large contours to bound

1 2d d—1 2d 2da 1
X| > —|oV(X)| > ZZ|V(X)| T > = |[V(X)|IVE > 0y = == —— C.23
X2 GOV 2 Z VI 2 GV 2 o= 5oy (O)
for all large contours X. Next, we observe that
1
(n) _ small < K E() < ‘24

where K is a constant depending only on d and N. Recalling the condition & > 1, we get
1
n small n
787 = £ < e, (C.25)

provided € is chosen small enough. Combining (C.22) with (C.25), we finally obtain

(n)

%q
2

k/
| Z,(W, )| < cO(OW | T Noy (W) ,—f ™ |W| Z o 5 |Ext| He—leil (C.26)
{le"'an’}ext =1
with
T=(r—-1). (C.27)
At this point we need the following Lemma C.2, which is a variant of a lemma first proven
in [Z84], see also [BI89].



SURFACE INDUCED FINITE S1ZE EFFECTS

Lemma C.2. Consider an arbitrary contour functional K'q(Y) > 0, and let Zq be the
partition function

Zy(W) = Z: H Jel¥il, (C.28)

{1, ,Y,}i=1

Let 5, be the corresponding free energy, and assume that f(q(Y) < &Yl where € is small
(depending on N and d). Then for any a > —5, the following bound is true

Z o0 Ext| HK ) < 0@ (C.29)

{Y1,+ YiJext

where the sum goes over sets of mutually external q-contours in W.

—7Y]

In order to apply the lemma, we define f(q(Y) =e if Y is a large g-contour, and

K,(Y) = 0 otherwise. With this choice,

1
0<— K _ C.30
S < (K" —60 log(Ke)’ ( )
where £ is the constant from (C.23). As a consequence,
(n)
gaz%r (C.31)

provided e is small enough. Applying Lemma C.2 to the right hand side of (C.26), and
observing that € := e~ < ¢, we finally obtain the desired inequality

| Zy(W, h)| < OO ATNov (W) =15 W],
This concludes the inductive proof of Lemma C.1. [
Proof of Lemma C.2.

The partition function Zq is defined in terms of the polymer model with activities
K*(Y) = K, (Y)elYl. For € small enough, Z, can be controlled by a convergent cluster
expansion and

llog Z,(Int Y) + 3| Int Y|| < O(6)|0Int Y| < O(&)|Y].
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On the other hand, |W| = |Ext|+ ), (| Int Y;| 4+ |Yi]) if {Y1,- -+, Y }ext is a set of mutually
external contours in W. Combined with the fact that —a < 5, = O(€), we obtain

Z e—&|Ext| ﬁkq(y;) < e§q|W| Z ﬁf(q(y;)e—éqﬂlnt Yi|+|Yila
1=1

{Yl,"' aYk}ext {Yly"' aYk}ext =1

k
< eSalWl Z Hl?q(Yi)Zq(Int }/i)eo(g)|Yi|_§q|Yi|d
{Yly"' 7Yk}ext =1

k
<e W N T K (Vi)™ Z,(Int V)
{Yly"' 7Yk}ext =1

Proof of Lemma 4.6.

Lemma 4.6 i) through iv) follows from Lemma C.1 and the fact that f = lim f() and

a, = lim aq
n—oo

In order to prove the statement v), we extract the factor

n (n)
a a
max e_qT|EXt‘e_£ Zlel‘ < max e_qT|EXt|e_(T/4C3)Z-L|6V(Xi)|

{le"'ﬂXk/} o {X17"'7Xk/}

o)
< max e~ 1 IW\U|o—(7/4C3)|0U]|
T Ucw

from the right hand side of (C.26), and bound the remaining sum as before. Taking the
limit n — oo in the resulting bound, this yields
\Z, (W, )| < VTN (W) ,(0(e)+0(e >/ ") oW | ,— fIW| |10 o= EIW\U|,—(7/4C35)|0U]| (C.32)
g = Ucw
We conclude, with the help of the isoperimetric inequality, that

|Z,(W, )| < &Y™ Nov (W) (O(a+0(e™*7/%))|aW | o — | W] max o~ A IW\U|=(2d7/4C3)|U| %/ 4= D)
C

maX{e_%Tq|W|,6—(2d7/403)|W|d/<d’1>} , (C.33)

where we used the fact that the maximum over U is obtained for either U = W or U = ().
Observing that 2d|V|%(@=1) = |9V| and that Ny (V) can be bounded by |0V, the
bound (C.33) implies Lemma 4.6 v). O

_ 7NV (W) (O(e)+0(e =27/ 4) oW | ,— | W|

Proof of the bound (4.26).

Due to the bound (C.12) we have aén_1)|V(Y)| < (14 o)|Y] if x4(Y) # 0. Using

the strategy which was used to prove (C.15), we replace a((ln_l) by a4, concluding that
Xq(Y) # 0 implies a,|[V(Y)| < (1 +O0(e) + ) |Y]. O
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APPENDIX D: PROOF OF LEMMA 4.7

We start with a combinatoric Lemma that will be used throughout this appendix.

Lemma D.1. Let kg be a positive integer and let G(h) be a function which satisfies the

bounds
dr G(h)| < A
PRI

for all multi-indices k with 1 < |k| < ko and some X > 0. Then

G| < |k Il G

‘dh"C
for all multi-indices k with 1 < |k| < kg.

Proof. Observing that

dk
e = Hy (h)e? ™,

where Hy(h) is a polynomial of degree |k| in the derivatives of G, the the Lemma is

immediately obtained by induction on |k|. O

Keeping the notation of Appendix C, we now prove the following Lemma, which contains

statements i) through iii) of Lemma 4.7.

Lemma D.2. There is a constant K < oo, depending only on N, d and the constants
introduced in (3.8), (3.9), and (4.16), such that the following statements are true provided

€e<e€y,a>1andn>0.
i) For [V(Y)| <n and hg € U one has

dlc

ar KaY)

f;(}(eyyﬂ
h=hg

provided 1 < |k| < 6.
ii) For v(W) <n and hy € U one has

< (O + o)W
h=ho

log Z,,(W, h)

‘ dhF

provided 1 < |k| < 6.
i11) For v(W) <n and hg € U one has

< k| (Co + O(e))|[W|)Hl = FWIO@I0W | rmNov (W)
h=ho

'de(Wh)

dhk

provided 1 < |k| < 6.

Proof. As in the proof of Lemma C.1 we proceed by induction on n.

(D.1)

(D.2)

(D.3)
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Proof of Lemma D.2 for n=0.

For [V(Y)| = 0, K,(Y) = K,(Y) = p(Y), which makes i) a trivial statement. As a
consequence, the left hand side of (D.2) can be analyzed by a convergent cluster expansion,
leading immediately to the bound (D.2) for v(W) = 0. Bounding finally (Cékl + O(e))|W|
by {(Co + O(€))|[W|}*I and observing that Z,(W,h) = Z (W, h) if (W) = 0, we obtain
iii) with the help of Lemma D.1.

Proof of Lemma D.2 i) for [V(Y)| = n.

Using the assumptions (3.8) and (3.9) together with Lemma D.1, the bound (C.10) can
be easily generalized to derivatives, giving

dk

dnF DﬂyveE“Y’}‘S|ku[2Cbnfu“e—“—”T—O@”“ﬂe“ﬂyd. (D.4))

In a similar way, the bound (C.8) can be generalized to derivatives, using the inductive
assumptions ii) and iii) together with Lemma D.1 and Lemma 4.5. This gives

dk Zm(Int,, Yh
Tz

< |k'[(2 Int V[1#! gaal It Y1 ,2C1y7+0@)Y| (.,
anF UL Zr e, v, ) ” [EI'[(2C0 + O(e)) [ Int Y] (D.5)

Using finally the possibility to analyze the derivatives of ff,f -b (h) by a convergent expan-
sion due to the inductive assumption i), we bound

dk (n— 1) &
)<0”+om (Co + O()H.

As a consequence,

LM% )| <@ (D6)
for all multi-indices of order |k| < 6. Here C; is a constant that depends on N and
the constants introduced in (3.8), (3.9) and (4.16). Combining (D.4) through (D.6) and
bounding terms of the form O(1)|V(Y)| and O(1)[Y| by e?MIY1 we obtain the bound
(D.1).

Proof of Lemma D.2 ii) for v(W)=n.
We just have proved that i) is true for all contours Y with [V (Y)| < n. As a consequence

the derivatives of log Z(’I(T/V, h) can be analyzed by a convergent cluster expansion. The
bound (D.2) immediately follows.
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Proof of Lemma D.2 v) for v(W)=n.

We define: a contours Y is small if a,(ho)|V (V)[4 < &, while a contour Y is called
large if a,(ho)|V(Y)|Y/? > a. As in Appendix C we then rewrite Z, (W, h) as

Z,Wh)y= Y Zzm(Exct, h) H{ Xi) [ [ Zm (0t X, h)} : (D.7)
{Xla“'aXn}ext =1 m

where the sum goes over sets of mutually external large contours in W and nga”(Ext, h)

is obtained from Z,(Ext, h) by dropping all large external g-contours.

Due to Lemma 4.6, K,(Y) = K (Y) if Y is small and h = hg. Combining this with the
bound (4.13) and the inductive assumption (D.1), we conclude that

‘WK’ ‘ (2Ke)lY! (D-8)

in a certain neighborhood U of hy. As a consequence, the derivatives of log Z;ma“(Ext, h)
can be controlled by a convergent cluster expansion, and

dk:

o log Zg™ (Exct, h)‘ [ClF+0(6)]| Ext | < [(Co + O(e))| Ext [)'*! (D.9)

provided h € Uy. Combining (D.9) with the bound
|Z2mau(EXt, h0)| < e—fsnlall‘Ext|60(€)|6Ext|e’Y7’N<’9V (Ext)7 (Dl())

where f;ma“ is the free energy of the contour model with activities

K, (Y) if Y is small,

Komall(y) = { 0 if Y is large, (D-11)
we obtain
‘dci:k Zgme ! (Ext, h) LS KL [(Co + O(e))| Exct [ e F3" IBxt] LO(€) 9Bxt] ;7 Nov (Ext),
On the other hand (D.12)
’d};p( O < [E|1(Co| X, )l e~ (= ONIXil g fIXilat Nov (supp Xi) <

< ‘]{:’!C(‘)Me_(T_|k|/e_O(E))|X'L|e_f|Xi|d+N8V(Supri) ) (D_13>
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Combining (D.7) with the inductive assumption (D.3) and the bounds (D.12) and
(D.13), we may continue as in Appendix C to get

dk ol . .
’WZq(W, h) < |k|! (Co + O(e))|[W )l e=FWTerNov (W) LO()|0W]
h=ho
X Z e_aTq|EXt\He—%|Xi|, (D.14)
{le"',Xn}ext =1
where now

F=r1—6/e—1. (D.15)

Note the extra term 6/e with respect to (C.27), which comes from the term |k|/e in (C.13)
(recall that we assumed |k| > 6).

Given the bound (D.14), the proof of (D.3) for v(W) = n now follows using Lemma C.2
from Appendix C. This concludes the proof of Lemma D.2. [

Proof of Lemma 4.7 iv).

Starting from (D.14), statement iv) of Lemma 4.7 is obtained in the same way as
statement v) of Lemma 4.6 was obtained in Appendix C. [

As a corollary of this proof, one obtains the analogue of (C.32) and (C.33) for derivatives,
namely

k
’d—Z (W, h) < k|1 (Co + O(e))|W|)*| e77Nov (W) o (0(+0(e™* /M) |aW | —fIW]

dhk 1 h=he

X max e_%lw\U‘e_(T/ALCS)'aU' (D16>
ucw

and

< k|1 (Co + O(e)) W) k! 37 Nov (W) (O(@+0(e >/ )W | o= fIW]
h=hg

—Z,(W,h)

dk
’ dhk 7

% A {67%|W|,67(2d7'/403)|W|d/(d—1)} . (D17)
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APPENDIX E: PROOF OF LEMMA 5.1 AND 5.2

Proof of Lemma 5.1.

Observing that all components W of Int(®) Y4 obey the bound |W| < nax 'V (Y)], the
€¥a

statement 1) of Lemma 5.1 immediately follows from Lemma 4.6.
In order to prove ii), we first note that for Y4 = {Y7,--- Y, },

p(YA)eEQ(SuppYA) —
_ A<Y1> . 7Yn) H p(Y*i)eEq(Yi) H eEq(Intm Yansupp A)—E,, (Int,,, Yansupp A) , (El)
i=1 m##q

which implies that

’p(yA)eEq(Supp Ya) < CAG*(T*WT)IYAIQ%TNB(IH‘G Yansupp 4) o

x e(eaeo)(Isupp Yalat|Int Yansupp Ala) (9

Next we use Lemma 4.6 to bound

H

(It Y4, )

< ea9| Int(® YA|—|—O(€)|8IHt(O) YA|€277N3(Int(0) Ya) . (E?))
Z,(Int'Q Ya,h) |~

Bounding e, — eg < a4 + O(€), observing that
1Tt V4| 4 |Int Y4 N supp A| = |Int Vi, (E.4)

and bounding [0 Int® Y| < [0 1Int Yu| + |8 supp A| < |01Int Yu| + 2d| supp A|, we get the
bound

‘K{I(YA)‘ < O e (T717=0())Yal 277 No(Int Ya) gaq|V(Ya)|[+O(e) | supp A| (E.5)

Bounding now Np(IntYa) by C1|Ya|, and observing that []y ¢y, xq(Y) # 0 implies that
aq|V(Ya)| < (v + 1+ O(e))|Ya| due to the bound (4.26), we finally get

! (Ya)| < Cae=(TA=(14200I¥al (+a+O(E)Yal (O] supp Al (E.6)

which implies the bound (5.15).
We are left with the proof of iii). By (E.1), Lemma D.1 and the assumptions (3.9) and
(3.25b),

dk

e — k
%p(YA)eEq(SuppYA) < ]k!|C’AC(|)k| (Jsupp Ya| + [Ya] + 2| Int Y4 N suppA|)| '

e—(T—77)|YA|€277'N3 (Int Y4 Nsupp A)e(eq—eo)(| supp Ya|a+| Int YaNnsupp Alq) ) (E7)
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On the other hand,

H m(Int(® Yy | h)

k| (0)
< < 205 + O(e))| Int @ v, ) fal It Yal o
7/ (nt©) Ya, h) (3o + O Al

eO(e)|8Int(O> YA\esza(Int@) Ya) (E.8)

by Lemma 4.7, while

| =(e X |V<Y>|)'k| (E.9)

YEYs

dhk H xal¥

YEYa

by (D.6).
Combining the bounds (E.7) through (E.9), and bounding

Co (|supp Ya| + [Ya| +2|Int Ya 1 supp A[) + (2C, + O(e))| Int @ Ya| + C1 Y V(Y
YGYA

< Co|supp 4| + (2Co + O(€)) (|Ya| + |Int Ya|) + C4 Z V(Y)| < |supp AleCDYal
YeYa (E 10)

we may then continue as in the proof of (E.6) to obtain the bound (5.16). O
Proof of Lemma 5.2.

We start from the representation (5.4) and use the assumptions (3.25) and (3.11) to bound
|,0(YA>| < CAe—T|YA|—E0(supp YA)e—EO(Int YaNsupp A)B—Eq (Ext Yansupp A) <

S CAefyTNa(supp YA)e—(T—O(E))|YA|€O(6)| supp A|e—f|supp YA|6—aq| Ext YaNsupp A| ’ (Ell)
Lemma 4.6 to bound
H Zom Int(o) Ya,h)| < o /1t ? Ya| ,O(e)(|Yal|+]| supp A]) ,y7No (Int'”) Ya) (E.12)

m=1

and the inequality (C.32) in conjunction with the estimate
10 Ext©) Yy | < |8supp A| + |0V |+ |0V (Y4)| < 2d| supp A| + [0V | + Cs|Ya4|

to bound
|Zq(Ext(0) Ya, h)| < eO(E)(I8V|+IsuppAI)ewNa(Ext(o) YA)e_f|EXt(O) Yaly

OO Yal e~ A1 Bxt® Ya\U| ,—(7/4C3)|0U]| , (E.13)

max
UCExt(0) Y4
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where € is the constant introduced in Lemma 5.2. Combining the bounds (E.11) through
(E.13) with (5.4), we obtain

|Z,(A|V,h)| < C 4eC@1supp Al (YT +0()I0V] = fIV] 5

% Ze—(T—1))\YA| max e~ 2|ExtYa\U|,—(7/4C3)|0U| . (BE.14)
Ya UCEXt(O) Ya

where we used the bounds a,| Ext N supp A| + (aq/4)| Ext® vy, \ U] < (aq/4)|Ext Y4 \ U|
and Np(V) < |0V|. Extracting the factor

max e 1Yal max 6—%’|ExtYA\U|€—(T/403)|8U|

Ya UCExt(0) Y,

Ya U CExt(9) Ya

< max e~ 2 1V\Sl o= (7/4C5)185| max{e—%ql(V\ ’ 6—(7/403)|6V|}
T Scv -

—ZIVA\V(Ya)\U| ,—(7/4C3)|0U|

from the right hand side of (E.14), we are left with a sum } e~ B7/4=DIYal which we
bound as follows

>~ q n )
—(37/4-1)|Ya| - —(37/4-1)|Y| O(€)| supp A|
S SED I D SR | < contamal
Ya n=0 Y:V(Y)Nsupp A#D

Putting everything together, we obtain the bound i) of Lemma 5.2.

In order to prove ii), we generalize (E.11) through (E.13) to derivatives. In (E.11), these
derivatives produce an extra factor,

supp Ya k
Calk|! (ColSupp Ya| + Co| supp A\ supp Ya|)"™ < Ca k]! (2Co|supp A| + Co[Ya])*
< Calk|! (Colsupp AJ)F OWIYal,

while in (E.12) and (E.13), they produce factors

Ik |! ((co + 0(e))| Int© m)'k'

and |
Ik |! ((CO + 0(e))| Ext© YA\) .

On the right hand side of (E.14), this leads to an extra factor
Calkl! (Co + O(e) [V DML,

Observing that the sum ZYA e~ B7/4=0M)IYal can be bounded by eC©@1swPp Al 55 well, we
obtain Lemma 5.2 ii). O
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