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Finite-Size Effects for the Potts Model with Weak
Boundary Conditions
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Using the Pirogov—Sinai theory, we study finite-size effects for the ferromagnetic
g-state Potts model in a cube with boundary conditions that interpolate between
free and constant boundary conditions. If the surface coupling is about half of
the bulk coupling and ¢ is sufficiently large, we show that only small perturba-
tions of the ordered and disordered ground states are dominant contributions to
the partition function in a finite but large volume. This allows a rigorous control
of the finite-size effects for these “weak boundary conditions.” In particular, we
give explicit formule for the rounding of the infinite-volume jumps of the
internal energy and magnetization, as well as the position of the maximum of
the finite-volume specific heat. While the width of the rounding window is of
order L™, the same as for periodic boundary conditions, the shift is much
larger, of order L™!. For “strong boundary conditions”—the surface coupling
is either close to zero or close to the bulk coupling—the finite size effects at
the transition point are shown to be dominated by either the disordered or the
ordered phase, respectively. In particular, it means that sufficiently small
boundary fields lead to the disordered, and not to the ordered Gibbs state. This
gives an explicit proof of A. van Enter’s result that the phase transition in the
Potts model is not robust.
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1. INTRODUCTION

First-order phase transitions are characterized by discontinuities in the
mean values of order parameters in the thermodynamic limit. However, in
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a finite volume the transition is rounded and, possibly, shifted with respect
to the infinite-volume transition point.

The details of the finite-size effects depend crucially on the choice of
boundary conditions that, in turn, depend on the physical situation under
consideration. The simplest and best studied case is that of classical lattice
systems with periodic boundary conditions. This investigation goes back to
the work of Imry,® Fisher and Berker,® Blote and Nightingale,® Binder
and co-workers,* and others. Rigorous results concerning finite-size
effects with periodic boundary conditions®!" show a universal behaviour
of the rounded transition and yield details of the asymptotics of the finite-
size shift of the transition. One of the results of these papers is that for
cubic volumes of linear size L, the inflection point /,(L) of the mean value
of the order parameter is shifted by a correction which is typically of order
L~ where d >2 is the dimension of the lattice under consideration. For
the special case of two phase coexistence, this shift is much smaller, namely,
of order O(L~*). (More precisely, the required property is that both phases
have the same finite degeneracy.)

While periodic boundary conditions are studied most often (and are
also the easiest to implement in computer simulations), free boundary
conditions, constant boundary conditions, and, more generally, boundary
conditions with boundary fields are more natural from the point of view of
realistic systems. The case of fixed constant boundary conditions, where
one has to investigate the balancing effect of boundary conditions and an
opposite driving force (say, the external magnetic field) is rather difficult to
control rigorously, and only results for two-dimensional Ising model are
available.® On the other hand, when boundary conditions are sufficiently
weak (“close” to the free boundary conditions), a rather general class of
models was rigorously studied in ref. 13. The asymptotics of the rounding
and the shift of the transition point were precisely evaluated. In contrast to
periodic boundary conditions, the shift is typically of order L™, due to the
contribution of the surface free energies.

Even though the results of ref. 13 cover a rather general class of
systems, the case of the temperature-driven transition for the Potts model is
included only in principle. The details of the contour analysis depend on a
slightly different type of contours and, in addition, the discussion of the
Fortuin—Kasteleyn representation with the corresponding boundary condi-
tion has to be included. Given also the fact that the Potts model is often
used as a typical case of a weak and asymmetric first-order transition for
computer simulations, we find it useful to analyze it separately in the
present paper. Finally, it is interesting to discuss the very meaning of
“weak” boundary conditions for the Potts model. Fixing the bulk coupling
constant J to 1, we consider a variable strength A with which the spins on
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the inner boundary of the volume are enforced to align with a fixed spin
value, say, 1. The particular value 4 =1 corresponds to standard fixed
boundary conditions yielding, at the phase coexistence temperature, the
ordered 1-phase. On the other hand, the value 4 =0 (i.e., the free boundary
conditions) does not correspond to a “uniform mixture” of pure phases—it
actually strongly enforces the disordered phase. The role of “weak”
boundary conditions, where the contributions of the ordered and disor-
dered phases are of comparable importance, turns out to be played by the
values 4 ~;. To see this in the leading approximation, let us take, for the
main contrlbutlons to the partition function in a hypercube L the terms

e—P@L!-dL"” 1“2‘“ " corresponding to the ground state for the ordered
1-phase and g* correspondlng to the disordered state. Their equahty at
the approximate coexistence inverse temperature f, = l°“ yields 1 =3. Of
course, the important task of the rigorous analysis w111 be to show that
this reasoning remains approximately true even when allowing arbitrary
excitations.

In the following section we introduce the model and present our
results. In accordance with the discussion of the preceding paragraph, it is
useful to consider three separate regions for the strength A of the boundary
condition: the interval [1 £ 1+“] containing the value 4 =7, with an arbi-
trary fixed parameter u € (O 1), and the complementary 1ntervals Lo, I_T"]
and [H” ). For 4 in the latter two intervals, the Gibbs state is close to
the corresponding pure (disordered and ordered, respectively) phase, as
described in Theorem 2.1, while the former yields a transition region where
the interpolation between the two phases occurs. The corresponding results
are presented in Theorem 2.3, including the claim that the maximum of the
specific heat occurs at the inverse temperature

pany=p| 1+ (5-1+0 (L)) prow |

with de denoting the latent heat at 8, and v being of the order (1— u)/4d.
Theorems 2.1 and 2.3 extend the results of the Master thesis of one of the
authors," who proved similar statements for [1—;| < and %—ll <6,
where 6 =d(d) < 1/52d.

Note that our results in the window [0, —*] imply that the phase
transition in the Potts model is not robust. Here robustness is defined in
the sense introduced by Pemantle and Steif in ref. 15: A phase transition is
said to be robust if the different extremal states are obtained as limits of
Gibbs states with arbitrarily weak boundary fields. More precisely,
robustness is defined in terms of (limiting) marginal single site measures at
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the origin instead of Gibbs states. Theorem 2.1 immediately implies that
the temperature driven first-order phase transition of the Potts model is not
robust, since sufficiently small boundary fields lead to the disordered, and
not the ordered Gibbs state.* A proof of this statement was already
sketched in ref. 16.

After stating our results in Section 2, we use, in Section 3, the For-
tuin—Kasteleyn representation to derive a suitable contour representation
of the model, paying particular attention to the specific boundary condi-
tions. Section 4 is devoted to the cluster expansion analysis of the finite-
volume partition functions. In particular, the needed results from the
Pirogov—Sinai theory are discussed with a special view on boundary con-
tours and smoothness of truncated contour weights. The proofs of
Theorems 2.1 and 2.3 are then presented in Sections 5 and 6, respectively.
Proofs of several technical lemmas are deferred to the appendix.

2. RESULTS

In this paper, we consider the g-state Potts model in the d-dimensional
cube

A=A(L)={er"

L L
—E<xi<5foralli=l,...,d}, L=1,2,...,
2.1
with boundary conditions interpolating between free and constant 1-boundary
conditions.’ As usual, the spin configurations of this model are maps o,
from A into Q = {1,..., g}. We use B = B(A) to denote the set of all bonds
{x, y> of nearest-neighbour sites x, y € Z¢ with both end-points in 4 and
9B = dB(A) to denote the set {<x, y>|xe 4, yeZ*\ A}. We consider the
Hamiltonian

H(l)(UA) =- z 5ax, ay - /1 z 6nx, 1 (22)
{x,y>eB {x,y)edB:
xed

* This statement already follows from the results of ref. 14, which imply that for f = 8, and
A=1(1—4) the limiting Gibbs state is the disordered state. Using FKG-monotonicity, we
conclude that any A € (0, %(1 —0)) leads to a limiting Gibbs state that is identical to the one
obtained from free boundary conditions.

5 Without loss of generality, we use 1-boundary conditions, o, = 1 for all x € Z¢\ 4, instead of
general fixed boundary conditions.
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where A > 0 is the surface coupling. The value 4 = 0 represents free bound-
ary conditions, while 1 =1 represents standard 1-boundary conditions. The
Gibbs state corresponding to the Hamiltonian (2.2) is given by

1 %)
O L — e PH @0, 2.3)
£ ZL(ﬂy /1) o'AgQA

where Z, (f, 1) is the partition function,

Z,(B. )= Y etV (2.4)

o €Q

It is well known by now that for all d > 2 and all g > 2 the infinite-
volume system exhibits a phase transition at some value f§, characterized
by the appearance of a spontaneous magnetization for f> f,. For ¢
sufficiently large, this transition is known to be first-order'” with a
discontinuity in both the magnetization®

lim — < (g6, —1 >(M=” 2.5)
m(f)=lim ——— — .
B=lim 7z—( T @h.-D) (
and the mean energy
. 1 _ _
e(p)= Lh_{l:o Ti CH*=D(0 4> P470. (2.6)

The magnetization m(f) is zero for f < f,, it jumps from

mg(B,) =0

to

moa(B,) = /lglln/f’} m(f) =m(f,)>0

at f,, and it is strictly increasing for > f,, while the mean energy e(f) is
strictly decreasing for all §, with a jump from

eas(f,) = ,lslf% e(f)

¢ The existence of the limits (2.5) and (2.6) with the constant 1-boundary conditions follows
from either GKS-inequalities"® or FK-monotonicity, see, e.g., ref. 19. By the same methods,
one can also show that the functions m and e are right continuous, m(f)=m(f+0),

e(p) =e(f+0).
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to

eora(f) = 1131531 e(p) =e(p)

at ..

Here we study the finite-volume magnetization and the mean energy
defined by

1 8.5
ML(ﬂ,A)=Tl< 5 (qaax,1—1)> @)
q xeA(L) L
and
Ey(B. 7) = (HP (o)) PP = —%Mgzm 2, 2.8)

respectively. The case of the free boundary conditions (41 =0) can, for ¢
sufficiently large, be analyzed by the standard Pirogov-Sinai theory as long
as ff < f3,, while the case of the standard 1-boundary conditions (1 = 1) can
be analyzed as long as f > f,. This, in particular, gives

1

. . 1
Lh—l:Izo E]ML(BU 0) = 05 21_1;20 E]EL(BU 0) = edis(ﬁt) (29)

and

.1 .1
lim T d ML(ﬁt’ 1) = mord(ﬁt): lim _dEL(ﬁn 1) = eord(ﬂt)' (210)
Loow L Loow L

The main contribution of this paper is the analysis of the asymptotic
behaviour (as L — o0) of M, (f, ) and E,(f, A) for any 1 >0 and ¢ large.
It turns out that the behaviour for A€ (0,3) and B < B, is qualitatively the
same as that for the free boundary conditions: the specific magnetization
mM (B, 1) and the specific mean energy mE (B, 2) still converge to
the bulk quantities in the disordered phase with corrections of the order
L™, Similarly, for A€ (3, 0) and f > f,, we are still in the ordered phase.
These two cases are jointly referred to as the strong boundary conditions.
Finite-size behaviour for intermediate values of A—“around” i=1, the
weak boundary conditions—and any f > 0 is governed by the competition
between contributions coming from the configurations which are either in
the ordered or in the disordered phase for the whole of A. Surface effects,
in dependence on the particular value of A, then determine the resulting
finite-size rounding of the phase transition.
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Our results are summarized in the following theorems. In order to
state them, we first introduce the specific heat

OE (B, 4)
op
@.11)

Cr(B, D) = B> HP (e )P = KHP(0,)> 7)) =~

and the shorthands m* = m(p,), the derivative c¢(f) = —p* d‘;(;) (known to
exist as a smooth function as long as f # f,),

e =edis(ﬁt)+eord(ﬁt)’ and Ae=edis(ﬂt)_eord(ﬁt).

. 5 2.12)

Theorem 2.1. Let d>2 and ue(0,1]. For ¢ and L sufficiently
large, we have:

(@) TT0<A<i(1—u)and B<§B, then
M (B, 2)=O0(L"™) (2.13)
and
E (B, 2) =e(B—0) L'+ O(L™). (2.14)
(b) IfA>1(14u)and §> B, then
M (B, 2) =m(B) L'+ O(L*") (2.15)
and

E (B, 7)) =e(B+0) L+ (1+1) O(L*™). (2.16)

Remark 2.2. In the above theorem, as well as in the rest of this
paper, all constants implicit in the O-symbols depend only on d and u. In
particular, the corresponding bounds are uniform in §, L, and 4.

Our second theorem concerns weak boundary conditions, i.e., values
of 1 in the interval [I_T",l%], where u is an arbitrary fixed parameter
1 e (0,1). For these boundary conditions we control the finite-size behav-

iour of M, (B, 4), E.(B, 4), and C,(f, 4) for all § € (0, o).

Theorem 2.3. Let d>2 and O<pu<1 and let v=min{l/12d,
(1—p)/4d}. Then, for g and L sufficiently large, and |1 —3 | <4, we have:
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(a) There exists a unique point % (L) at which the specific heat
C.(B, A) attains its maximum. Furthermore, there exists a function b(4, q)
such that

BOL) = B, [1+b (4, q)+0(L-2)] 2.17)
and
d /1 -
b(A, q)=A—<§—,1+0<logq>> 2.18)

(b) Forall f>1, we have

*

ML, 2) =" L4472 L tanh(de(f— (L)) L)

+0<ﬁ;ﬁ’ L">+0(Ld—1), (2.19)
E (B, 2) = egL?— Ae L* tanh(de(f— B3 (L)) LY)
+0<ﬁﬁﬁ’ L“>+0(Ld b, (2.20)
and
CL(B, 2) = B*(de)* L* cosh~*(de(f— B (L)) LY)
+p0 <ﬂﬁﬁ’ LZd>+ﬁ2 O(L*). (2.21)
(¢) Let
BB _ pd 1
5 > (2.22)
Then
My (B, 2) =m(B) L+ O0(L*™M), (2.23)
E.(B,2)=e(B) L*+0O(L™), and (2.24)

C(B, 1) =c(B) L+ B O(L*). (2.25)
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Remark 2.4. (i) As can be seen from the proof of the theorem, the
function b(4, ¢q) can actually be written as

_ sdis(ﬁt)_sord(ﬁt)
ﬂtb(/la ¢I) =2d m, (226)

where sy, and s, are the surface free energies of the disordered and
ordered phase, respectively. See Section 4 for the definition of the surface
free energies. The explicit terms in (2.18) come from the ground state
energy contributions to the surface free energies. Notice that the shift can
actually be made to be of order L2 by tuning A in such a way that
Sais(B) —sord(ﬁ,) and thus b(A,q)=0. As can be seen from (2.18), this
happens for 2 =1+ 0(l°gq)

(ii) Notice that the results of Theorem 2.1 and Theorem 2.3 are, in
the regions of overlapping parameters, in agreement. Indeed, let 4 € (0, })
and p<f, first. If § < B,, then Theorem 2.3(c) yields (2.13) and (2.14),
respectively, whenever one takes L such that ﬂﬁ" 2’2‘: é If g=p,, the
Egs. (2.13) and (2.14) follow from Theorem 2.3(a) and (b): one just uses
that tanh x = 1 +O(e~>) for x > 1 and observes that g, — B (L) is nega-
tive and of the order L™' by virtue of (2.17). The case 1€ (3, 1) and § > B,
is similar.

(iii) In order to prove the above theorems, one in fact needs to
exclude the values of f close to 0 (cf. Lemma A.1), and we take > 1
where necessary. Nevertheless, the restriction of f# to the interval [1, c0) is
not serious: if f <1, we may use, for ¢ large, a standard high-temperature
expansion to obtain the results of Theorem 2.1(a) and Theorem 2.3(a)
and (¢).

(iv) The techniques used in this paper do not allow to study the finite-
size scaling of M, (f, 1) and E,(f,A) for boundary conditions which
strongly favour the ordered or the disordered phase near the boundary
of A. In this case, the leading contributions to Z, (S, 1) feature a flip along
a large contour from one of the two phases near the boundary to the other
phase within the bulk. To analyze the finite-size scaling, a control over the
behaviour of this large contour would be necessary, involving, in particu-
lar, the analysis of the so-called Wulff shape of a contour filling essentially
the whole volume. This is out of the scope of this paper. As will be shown
in Section 4, such a detailed analysis of large contours is not necessary in
the case of the weak boundary conditions.

(v) In the general setting of the Pirogov-Sinai theory, surface-
induced finite-size effects for first-order phase transitions were studied in
ref. 13, and one could try to apply this approach to our model. To this end,
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the model must be first rewritten in terms of contours and then the
assumptions under which ref. 13 can be used have to be checked; this was
done in ref. 14. Whereas the assumptions (3.7) to (3.9) of ref. 13 are ful-
filled in our situation (if we suppose that, say, f = 1), the assumption (3.11)
of ref. 13 imposes drastic constrains on the values of A and . Namely, one
must assume that |[A—;|<J and |£— 1| <d, where d=0(d) <4, see
(4.47b) in ref. 13. With such restrictions, the general setting of ref. 13
enables us to establish the results of Theorem 2.3. Here we weakened these
constrains (both for A and f), using the methods of ref. 13 with a more

careful evaluation of boundary terms.

3. CONTOUR REPRESENTATIONS

In order to analyze the finite-volume quantities M, (f, 1) and E. (S, 1),
we use the machinery of the Pirogov—Sinai theory in the form developed in
ref. 13. To this end, we first rewrite the partition function (2.4) in terms of
contours.

Throughout this section, we assume that d>2, A >0 and f>0.
Moreover, the cube 4 (and, thus, the sets B = B(A) and 0B) is fixed, and
we write B for B U 0B.

First, we express Z;(f5, A) with the help of the Fortuin—Kasteleyn
random-cluster representation.®® Modifying the approach of ref. 8 to take
into account the effect of the boundary, one obtains

Z(B =Y =00 g3 I8X1+Ca ), (3.1

XcB

see ref. 14 for details. Here C,,(X) is the number of the connected compo-
nents of X which do not include any bond of 0B, ||6X]| = |6, X]|+2 [0, X],
where

6 X={{x,y>eB\X : |{x,y} nS(X)|=i}, i=12,
with
S(X)={xed:<{x,y)eX for some y e Z°},
and G(X) =Y ;.5 gx(b), with

—log(e?—1) if beBnJX,
gX(b)= B .
—log(e”—1) if bedBn X,
(3.2)
—1logg if beB\X,
gx(b) = 1 .
—logg if bedB\X.
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Remark 3.1. Note that for the free boundary conditions, 4 =0, the
contribution of any random-cluster configuration X cB to Z,(f, 1)
vanishes unless X N 0B = (.

Next, let us introduce V' =V(L) as the closed d-dimensional cube
in RY, of side length” L+ 1, centred at the same point as 4. As usual, the
boundary OW of any set W < R is the set of points x with dist(x, W) =
dist(x, R‘\W) =0, where dist(x, W) =inf,_, dist(x, y), with dist(x, y)
standing for the £ -distance dist(x, y) =max,_; 4 |x,—y| W<V, we
will also consider the inner boundary of W, defined as o, W ={xeV :
dist(x, W) = dist(x, V \W) = 0}.

Our aim is to rewrite every random-cluster configuration X = B in
terms of collections of contours. It turns out that it is convenient to intro-
duce two different types of contours, depending on the boundary condi-
tions: for weak boundary conditions it is natural to consider open contours
“ending on the boundary dV,” while for strong boundary conditions the
natural setting is to consider closed contours only. Accordingly, the
following definition distinguishes these cases. Nevertheless, the differences
concern only contours ‘“touching” the boundary o0V—for those in the
interior, all the definitions are independent of the boundary conditions.

Let X = B be a random-cluster configuration. In order to define con-
tours, we first identify the bonds <{x, y) € X with the corresponding line
segments in RY and then define a closed k-dimensional unit hypercube
¢ = R? with vertices in Z“ to be occupied if all bonds b = ¢ are bonds in X.
We use Z(X) to denote the union of all occupied hypercubes. In a similar
way, we define Z(X) > 2(X) as the union of all closed unit hypercubes ¢
with vertices in Z? for which all bonds bc ¢ lie in X U V. Next, we
introduce the sets Z,, #,, and %, as

(a) the intersection of the ;-neighbourhood of Z(X)\dV with V,

(b) the intersection of the }-neighbourhood of Z(X) with V/,

(c) the i-neighbourhood of 2(X) N {x eV : dist(x, 0V) >1}.
Here the neighbourhood is defined with respect to the £, distance.

Given these sets, we define the set of contours Y, (X) and Y4(X) as the
sets of connected components of the boundaries of £, and £,, respectively,
and the set of contours Y (X) as the set of connected components of the

inner boundary 0,2, of #,, see Fig. 1. Elements of Y(X) are called w-con-
tours, while elements of Y (X) or Y4 (X) are called s-contours, and we

7 Note that V(L) is thus defined to be the smallest closed cube containing all bonds from B.
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Y(X)

Yo()() Yd()()

[ [

1 1

— kil

Fig. 1. Contours under different boundary conditions.

shall use y to denote any of them. Furthermore, we say that a set 0 of
w-contours (s-contours) is admissible if there exists a configuration X = B
such that 0=Y(X) (0=Y,(X) or 0 =Y 4(X)). This configuration is neces-
sarily unique whenever 0 is not empty, while

Y(B) =Y (D) =Y,(B)=Y.(D) =02

If 0 # &, we use X(0) to denote the unique configuration corresponding
to 0.
Define the “octant” (@(k) of each corner k= [k,,..., k;] of the box V'

by
Ok)y={xeR?:x, >k ifiel ,x, <k ifiel,}, (3.3)
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where i € I_ as long as y; > k; for all yeV, while i € I, as long as y; <k;
for all yeV. If, for a given p, there is a corner k of V' such that
y N OV < 00(k), then Int y, the interior of y, is defined as the finite compo-
nent of O(k)\ y.® However, if there is no such a corner, then Int y is defined
as the smaller of the two components of V\y.9 In addition, we set
V(y) =y ulnty and Ext y =V \V(y). Any y from an admissible set of w- or
s-contours 0 is external if there is no § € 0 such that y = Int 7.

The set {y} with y arbitrary is admissible and non-empty, and thus
there exists a unique configuration X, = B for which Y(X,) = {y} if y is a
w-contour, while Y, (X,) = {y} or Y4(X,) = {y} if y is an s-contour. We call
y ordered (or o-labeled) if X, Exty and disordered (or d-labeled) if
X,cInty. If X, = (&, one necessarily has {y} =Y ,(X,), and we say that y
is o-labeled. Note that all the external contours of an admissible set of
w- or s-contours are either ordered or disordered; for instance, the external
contours of Y, (X) with m = o, d and any X < B are m-labeled.

Let the length ||y|| of a contour y be the number of its intersections with
the bonds of B. Observing that, for any set of admissible contours 0, the
number of disordered contours in @ with dist(y, V) >3 is C;,(X(0)), we
introduce the weight of y by

) { g if y is ordered or if y is disordered with dist(y, oV) <3,
CIZ1 g3+ ify s disordered with dist(y, o) > 2.
(3.4

If 0 is a non-empty admissible set of w-contours, then one easily sees that
2 Il=lox @l (3.5)
y€d

whereas if 0 is a non-empty admissible set of s-contours, then

> vll=

yed

16X (O] +|0B\X(d)| if external s-contours in 0 are ordered,
60X (O)|+|0B N X (0)| if external s-contours in 0 are disordered.
(3.6)

Here X(0) is the unique configuration corresponding to 0.

A set {y,,..., y,} of w-contours (s-contours) is called a set of non-over-
lapping w-contours (s-contours) if dist(y;, y;) =1 for all 1 <i<j<n. Any
admissible set of w-contours (s-contours) may serve as an example.

8 This definition clearly does not depend on the choice of k if more corners are possible.
° If both the components of ¥\ y are of the same size, take the one which contains the corner
kof V for which k; < x;,i=1,...,d,forallxeV.
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Let W <V be of the form
Y\ U V(@) or  Inty\ (J V(), (3.7)
yea* yeé*

where y, is a w-contour (s-contour) and 0* and 0* are, possibly empty,
sets of non-overlapping w-contours (s-contours) with V' (y) = Int y, for all
yE 0*. Then B(W) and dB(W) stand for the sets of all bonds of B and 0B,
respectively, whose centres lie in W and B(W) = B(W) u 0B(W). Further,
let |07 |, |I0.W ||, and ||oW|| = ||0;W || + ||0.W || be the number of intersections
of bonds from B with W \ oV, oW n oV, and OW, respectively. Notice that
for any contour y, the closure of 0 Inty\dV actually equals y, implying
that |y]| =||0; Int p||. Note further that [0B(W)|=|0.W| if y, and all
contours from 8* and 0* in (3.7) are w-contours.

In order to express the weight of a configuration X in terms of its
contours, we also introduce the ordered and disordered “‘regions,”

BW)nXx© if m=o,

BO)\X(@)  if m=d, (3.8)

Q.(W,0)= {

for any admissible set of w- or s-contours 0, where we set X () to be equal
toBifm=o0andto &ifm=d.

When expressing the partition function in terms of contour weights,
we distinguish the case of weak and strong boundary conditions.

Weak b.c. For every Bc B and m = o, d, we set

G.(B) =% 1B~ B|+h, |0B ~ B (3.9)
with
B B 1
8o = _d log(e - 1)9 84 = _log q, ho = _log(e - 1)9 hd = _Zi log q.
(3.10)

Let us call y short if'® diam y < w(L) and long otherwise; the parameter
w(L), to be specified later, is supposed to be fixed so that 1 < w(L) < L+1.
For W of the form (3.7), we define

(I -
Zow(B W)= 37 e @M=D ] o(y), m=o,d, (3.11)

ocw yed

1 The diameter of any subset #~ of R?, diam %", is defined here as the length of the side of the
smallest square box in R into which # can fit.
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where the sum is taken over all admissible sets 0 of short w-contours such
that the external contours in 0 are m-labeled and V' (y) =« W for all y € 0.

As it is standard in the Pirogov—Sinai theory, one may derive another,
more suitable expression for the partition function (3.11) (in a context
similar to the present one, see, e.g., Section 4.2 of ref. 13), namely,

Zow(B, 1) =e @@ YO [T K () m=o,d. (3.12)

Focw yea*

Here the summation is over all sets 8* of non-overlapping short m-labeled
w-contours with V' (y) = W for every y € 0* and

Zd,Inty(ﬁa A’) Zo,Inty(ﬁa /1)

KW=o00)>—77 K =000) "7, (3.13)
P e B T Z (B )
where we skipped the dependence of K, (y) on § and A.
In addition, we introduce
Zyev(B, ) = z(bug) e~ Go@uV. ) =6a@u. ) TT o(y) (3.14)

0 yed

with the sum going over all the admissible sets 0 of w-contours which
contain at least one long y € 0. Given such a set 0, let d, be the set of its
long w-contours; it is obviously admissible. Then ¥\, splits into con-
nected components %,,..., %y and, for each i=1,..., N, either B(%,)c
Q,V,0) or B(%) =Q,V,0,). We use W,(9,) to denote the union of the
former components and W;(0,) to denote the union of the latter ones.
Now, let us decompose @ into the disjoint union 9, U 0° U 99, where 0™,
m = o, d, is the set of all the short w-contours of 0 with V' (y) =« W,(0,) for
every y € 0™. Clearly, the external w-contours of 0™ are m-labeled and

Q2,(V,0) = 2,(W,(8)), 0™) U 2,,(W,e(0)), 0™) (3.15)

is also a disjoint union (here m° = o if m = d and vice versa). Re-summing
all the short w-contours contributing to Zy, (8, 1), we therefore obtain

Zbig,V(ﬂa A) =; Z, Wo((?[)(ﬂa A) Z,, Wd((?,)(ﬂ’ A) n o(»)- (3.16)

yeo

Let 0 be an admissible set of w-contours. Then the number of disor-
dered w-contours in @ with dist(y, 9V) >2 is C;,(X(9)). Hence,

I1 e(») = g2 19X @I+ Cn(X(®) (3.17)

yeod
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by (3.5) and the definition (3.4) of ¢(y). Combining this with (3.1), we get
the contour representation

Zy(p, 1) = F &0l [ o(y) (3.18)

yed

with the sum going over all the admissible sets 0 of w-contours. Here we
use the convention that the empty set of contours counts twice: once with
X (0) = &, and once with X(0) = B, corresponding to the weights e~%®
and e %®, respectively. This is made more explicit in the following
representation, which follows immediately from (3.11) and (3.14),

Z (B, 2) =Zoyay(B, D+ Zo vy (B, D)+ Zig vy (B, 1. (3.19)

To analyze the magnetization, we will also introduce “modified”
partition functions. Namely, for W of the form (3.7) and x € 4, we define

Z@u (B, 2) = Z(‘“’ I[x € M(W, )] e~ @W-D)-6a@:W.) [T o(y),

ocw yeod

m=o,d, (3.20)

where the sum is as in (3.11), .# (W, 0) is the set of points x € A4 that are
endpoints of a bond in a component of Q_ (W, 0) that contains bonds from 0B,
and I[x € 4 (W, 0)] is the indicator function of the event x € .# (W, 0). For
0=, weset 4/(W,0)= if min (3.20)is d, and #(W,0) =Aif m = o.

The partition function Zl(,’{;’,,( B, A) is defined analogously. With these
definitions,

(x) y) Z(x) ) Z(x)V ; y)
e )

Again, one may rewrite the partition functions Z%,, (B, ) in a form similar
to (3.12). To this end, we introduce the notion of a weak x-contour y,.
Such a contour is either a standard contour with x € Inty, n 4, or the
empty set. We then define

(3.21)

Z8 1, (B, A)
KD, =2 2 K (r,), (3.22)
mc, Int y, (ﬂ’ j')
(x)
where M stands for the Kronecker delta d,, , if y, = . Finally, we

1 (B D)
say that a standard contour y’ is compatible with y, if ({x} Uy,) "V ()")
= (. With these definitions, we rewrite Z$, (S, A) as

ZR (B ) =e 0 T KDG) BT ] Ka), m=o.d.
Py el (3.23)
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Here the first sum goes over all weak x-contours in V, while the second
goes over all sets 0* of non-overlapping short m-labeled w-contours in V
such that each of them is compatible with p,.

Strong b.c. For these boundary conditions, our definitions are
slightly more involved. This stems in part from our definition of contours,
in particular from the extra terms in (3.6), and in part from our desire
to rewrite Z,(f, 1) as a partition function with disordered or ordered
boundary conditions, depending on whether we are in the situation of
Theorem 2.1(a) or (b).

For every Bc B, let

G™(B) = % IBAB|+h™ [0BAB, mm =o,d  (3.24)

where g, and g, were defined in (3.10) and

i {—log(e’lﬂ—l) if m=o,

—log(e¥—1)—Llogg if m=d,
1 o (3.25)
o {—dlogq if m=o,
hi =

—+logg if m=d.
Moreover, for any W of the form (3.7), we define

Zaw(B D)= L™ e oH@m @] o),  m=o,d,
ocw yeod

(3.26)

where the sum goes over all admissible sets 0 of s-contours such that the
external s-contours in 0 are m-labeled and V' (y) =« W for every y € 0. With
this definition, we get

Z (B ) = Zo vy (B, ) = Za vty (B, ). (3.27)

Indeed, consider ZO, »(B, 1) defined by (3.26). Then every 0 contributing to

it contains exactly C,,(X(0)) disordered s-contours, all with dist(y, )= %

Analogously, any 0 contributing to Z, ,(f, 1) contains C;,(X(9)) disor-

dered s-contours for which dist(y, 0V) > 3. Combining this with (3.1), (3.4),

(3.6), and (3.24)—(3.26), we obtain (3.27), and hence two more contour

representations for our model. They will be used to prove Theorem 2.1.
Again, it will be useful to rewrite Zm,W( B, A) as

Zow(B,2)=e W) SO TR (), m=o,d, (3.28)

*cw yeb*



84 Borgs et al.

where the sum goes over all collections 0* of non-overlapping m-labeled
s-contours such that V' (y) = W for every y € 0* and

T 1 Zd Int (ﬂ ﬂ') - 1 o Int (ﬂ )')
Ko — 3 10B(Int y)| b4 Kd — 3 [0B(Int y)]| b4
M =e»q Zs (B 1) M =eq —Zd o (B )
(3.29)
Defining Z$,, (B, 2) as in (3.20), we now get
gy 3 ZEHBD o Z5B A (5.30)

1 Zoy(B2) dTh Zay(BA)

Defining K&(y,) as in (3.22), the modified partition function Z%,, (B, 1)
again has a contour representation of the form (3.23):

Zov(B == TR0 T ] K, m=0.d
T yed (3.31)

Remark 3.2. Since the partition functions defined by (3.11) and
(3.26) depend on A only through G,((2,(W,0)) and G ((2,(W,0)),
respectively, they are independent of 1 once OB(W)=(J, i.e., once
dist(W, 0V') >3. As a result, the activities K,,(y) and K.(y), m=o,d, are
independent of 4 if dist(y, 0V) > >2."! Notice also that the partition func-
tions Z,, (B, 4) and Z,JEl w(B, ) commde whenever W is “not too large
and not touchlng the boundary.” Namely, we have Z (S, 1) = Zm W( B, A)
and K, (y)=K,(y) as soon as diam W < (L), dist(W,dV)>2 and

diam y < w(L), dist(y, 8V) >3, respectively. The same holds for K f,’f)(yx) and
K$(y,) as well as for Z$,, (B, A) and Z&, (B8, 1).

We close this section with the following straightforward lemma.

Lemma 3.3. There exist constants D, <oo such that for any k=
1,2,.,m=o0,d, A€[0, ), and f in the interval [1, c0), we have

k
ap*

provided W <V is a volume of the form (3.7), and

Zow(P, i)’ < D(10BI)| 1+ 1) + BN Zy w (B, D), (3.32)

ak
6ﬁ"

11 Note that in this case the multiplicative factor g2 ™! in (3.29) vanishes.

K (V)‘ < Dy (|0B(Int »)| (1+2)+|B(Int y)* Kn(y), (3.33)
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provided y is a short m-labeled w-contour. The same bounds hold for the
partition functions Zy;, (8, 1), Z,, » (B, /), and the contour weights K, (y),
as well as for the modified partition functions Zy, (B, 1), Z§) (B, 1), and

Z%, (B, A), and the modified contour weights K (y) and K& ().

Proof. The bound (3.32) follows directly from definition (3.11), the
fact that o(y) does not depend on f, and Lemmas A.1 and A.9, which, in
turn, immediately implies (3.33). |

4. CLUSTER EXPANSION AND PIROGOV-SINAI THEORY FOR
WEAK BOUNDARY CONDITIONS

The decomposition (3.19) of the partition function Z,(f, 1) suggests
that the finite-size scaling for the energy E,(f, 1) and the heat capacity
C.(B, 1) may be evaluated with the help of a cluster-expansion analysis of
the partition functions Z,, (8, 1), m = o, d. To thisend, a bound K, (y) < €™,
where € > 0 is small, would be needed for every short w-contour y.

Before proving such a bound, let us summarize the implications of the
cluster expansions for the finite-size asymptotics. We will formulate these
results in a generic situation, which will allow us to apply them to weak
boundary conditions (done later in this section) as well as to strong
boundary conditions (see Section 5).

Let us consider contours of a single type (ordered s-contours, disor-
dered s-contours, ordered w-contours, or disordered w-contours), and use
%, to denote the set of all contours in V' of given type. Further, let .%, be
the set of those contours ye %, with dist(y, oV)=3/4, and let £ =
Ur G-

We also introduce a set of contours Z_ attached to the hyperplane
x, =0. To this end, let P(L) = {x e V(L) | x, =[%'1}, and let T;: R? > R?
be the translation that maps (x,, x,,..., X;) into (x; —[£31], x,,..., x,). We
say that a contour y € %, touches only the face P(L) if dist(y, P(L)) < 1/4
and dist(y, 0V \ P(L)) = 3/4, and similarly for the remaining 2d—1 faces
of V. We then define #“ as the set of all contours 7 that are translations
by T, of contours y touching only the face P(L) and introduce Z. =
U 2%

Lemma 4.1. Let %, : %, — R be a contour weight such that

(1) there exists a translation-invariant weight 2#: %, — R such that
Ay, (y) = A (y) whenever dist(y, V') = 3/4;

(i) there exists a weight #_: ¥ — R, invariant under translations
parallel to the hyperplane x, =0, such that #,(y) = #_(T.(y)) whenever
y € %, is a contour that touches only the face P(L);
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(iii)) the weight /%, is invariant under lattice rotations around the
center of V'; and

(iv) |# ()] < e with € > 0 sufficiently small.

Let w: N — (0, co] with w(L)/log L — oo as L — oo; for any W of the form
(3.7), let

2mw)= Y I %)

*cw yea*

where the sum is over all families 8* of non-intersecting contours such that
V(y)cW and diamy<w(L) for every ye d*. Then Z(W)+#0 for all
volumes W of the form (3.7), the limits

1
¢ =—lim 7 log Z(V (L)) and
L—ow

(log Z(V (L)) +4¢|B|/d) 4.1

, 1
o=—lm SopaT

exist, and
log ZW)=—®W)+0(e) [0, |+ O(e) [0“->W| (4.2)

where ®(W) = ¢ |B(W)|/d+0c ||0,W|, while |0“ W] is the (d —2)-dimen-
sional area of the intersection of OW with the union of all (d—2)-
dimensional edges of V. Here, the error terms O(¢) are uniform in L and
W <V (L), provided that L is sufficiently large (how large depends on the
function w).

Remark 4.2. The formula (4.2) is a suitable generalization of the
standard expression log Z(W) = —¢ |B(W)|/d+ O(e |0W|). An important
fact to notice is that if W is touching the boundary oV (L), ||0. W] # 0, the
term proportional to ||0,W| is explicitly considered and not included into
the error term.

Proof. Let us first prove the lemma without the restriction diam y
<w(L), i.e., putting formally w(L) = co. By the usual Mayer expansion
for polymer systems, the logarithm of Z' () can be expanded in the form

logzW)= > a¥)A}. 4.3)

Y: V(Y)W

Here the sum goes over all multi-indices Y: &4, — N, with [Y| =3, .o, Y(y)
< 00, V(Y) = Uy: Y(y)>0 V(y)’ e%/‘Ilj = Hye.?y '%/I;(y)Y(y)a and a(Y) € Z iS a
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combinatorial coefficient that does not depend on V, see, any standard
exposition on cluster expansions like ref. 21, or more recently, refs. 22
and 23).

First, let us split the sum on the right hand side of (4.3) into two
terms,

logZx(W) = Z a(Y) AT+ Z a(Y) Ay, 4.4)
Y:V (Y)W, Y:V(Y) W,
B(Y) = BOW) 0B(Y) # S

where B(Y) =U,.rp)>0 B(y) and 0B(Y) = U,.y¢)~0 OB(y). For the first
sum, observing that 2, = A for all contributing terms and introducing the
explicit expression

a¥)

¢ = - ™ bl
v:8mss [BXY)]

4.5)

where the sum is over multi-indices Y: %, — N, and b is any fixed bond,
we get

BOW) ~ B(Y
Y ) A= BOV) - Y a(¥) v [BOY) 0 B
Y:v() W, Y: B(Y) ¢ BOW) |B(Y)|
B(Y) < BO&V)
— Y amy A (4.6)
YV ¢ W,
B(Y) = BOV)

Using (4.4) for W =V (L) and noticing that the second sum in (4.4) as well
as both sums on the right hand side in (4.6) are of he order of |0V (L)|, the
existence of the first limit in (4.1) and the fact that it equals (4.5) follows.
Let now dB_ be the set of bonds of the form b= {(—1, x,,..., x;),
(0, x,,..., X4) ), B_ be the set of bonds b = {(xy, X3,...s X2), (V1> Varer Vo) D}
with x;, y; < —1, P_ be the halfspace P_ = {x € R% x; <0}, and, for any
multiindex Y on Z_, let B_(Y) = B(Y) n dB_. Further, let us introduce

a(Y) D

— ALy 4.7
vy 1B (D) @7

0-1=

with the sum over multiindices on #_ and b any bond from 0B_, as well as

a(Y) [B.nB)
Y:0,.B(Y)>b, |a+ B(Y)l |E(Y)|

B(Y) ¢ B<

#Y 4.8)

0-2=
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and
a(Y) ¥
0y = — A" 4.9
? MBZ(Y);b, 10, B(Y)|
V(Y)¢ P,
B(Y)<B.

Here, again b € 0B_, the sums are over multiindices on %, , and
0,B(Y)={bedB. :dist(b, V(Y)) <3} 4.10)

Let us observe that all terms in the second sum in (4.4) touching only one
face of V' can be attributed to the expression o,||0,/¥|. The terms not
accounted for are necessarily such that, either bonds from B(Y) intersect
OW\oV or 0B(Y) is intersecting at least two faces of V. Their sum is
yielding an error of the order O(e)(||o,W||+|0“~?W|)). Similarly, we can
evaluate the two sums on the right hand side of (4.6) by (o, +a,) ||0.W],
again with error O(e)(||0,W ]+ 10“~?W|)). Taking ¢ = 0, +0,+0,, we get
the claim (4.2) and thus, applying it to W =V (L), also the existence of the
second limit in (4.1).

Returning now to the case of a general function w: N — (0, c0) obeying
the condition w(L)/log L — oo, we observe that the restriction to contours
of diameter diam y < w(L) introduces an extra error term of the form
O(L%(Ce)®®P), where C is a dimension dependent constant. The condition
w(L)/log L - oo ensures that the error term can be bounded by O(e),
which in turn can be absorbed into the error terms already present in

“42. 1

In order to apply the lemma to the partition functions Z, ,(f, 1),
m=o0,d, a bound” K, (y) <e", where € >0 is small, would be needed
for every short w-contour p. It turns out, though, that a bound of this
form does not hold for both m = o, d and for all > 0. Therefore, one first
constructs®'¥ truncated contour activities K, (y) and the corresponding
partition functions'

Zow(B, ) =e @@ YO [T g () m=o,d, (4.11)

o*cw  yed*

12 Actually, as will be explained below, we will consider such a bound in two different forms in
dependence on whether the considered contour is (or is not) touching the boundary oV'.
3 The sum in (4.11) runs over the same collections of w-contours as in (3.12).
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defined for every W of the form (3.7). This will be done in such a way that
K, (y) is a smooth function of  and K, (y) < e" for some small € > 0 and
all short w-contours y. In addition, whenever

1 -
SulB) = ~lim 5108 Z,, 1y (. 7) (*.12)

equals

f(B) =min{f.(B), fa(B)}, (4.13)

then, necessarily, K,,(y) = K,,(y) so that Z,, (B, 1) = Z,, (B, A).

Different approaches for a construction of the truncated model were
proposed (see, for example, ref. 13 or ref. 24). Even though the contours
with weights depending on their position with respect to the boundary oV
were discussed already in ref. 24, we need a more careful evaluation of the
boundary terms to get weaker constrains on the surface coupling 4. On the
other hand, the truncation procedure in the spirit of ref. 24 is simpler in
our case since we effectively have only two coexisting phases.

First, let x,(u, u,) be a smoothed version of min(u,, u,) satisfying the
following conditions:

@  x,(u) <min(u),
(i) x,(u) =u; whenever u, <min{u;; j#i}—n,

. F) o _
(i) y, is C*, 0< ’g’;“) <1, and ||;‘—”,E“)|| <n**l¢, for k> 2 and some
i u
¢ < 0. !

As shown in ref. 24, one can define such function by a convolution of min
with a suitable function. Here, we take any fixed nonnegative symmetric
function f € C*(R?) such that [ f(u) du = 1and f(u) = 0 whenever ||u|| >1,
and define

u .
1) =n j f <Z_U> min(v) dv. 4.14)
Further, let
1 . 1—u
Vo =12d and v—mln{vo,w} 4.15)

and, for any contour 7y, let

- { vl f dist(y, V) > 3/4

. (4.16)
vl otherwise.
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We introduce the truncated activities K,(y), m=o,d, for any short
w-contour p, in the following manner:

K. (y) = exp{x, (log K, (), —t(y) log ¢)}, (4.17)

where we took the function y, with # =|y|. Notice that K. (y) is well
defined since K, (y) >0 by definition. We also introduce the truncated
equivalent of the modified weights K (y) as

m Intyx(ﬂ )
m‘, Intyx(ﬁ’ j“)
with K,,() = 1, so that, in particular, K (&) = K (&) = 6, .- We also

define a truncated version of the modified partition functions Z%, (8, 1) as

Z(X)V( B, 1) = e~ GuBV)) z@“) R Z(m) H K. (), m=o,d.
e yed (4.19)

KD ()= Kon(7:), (4.18)

Lemma 43. lLet d>2, 0<u<1, and k,€2Z, ky,=0. Then there
exists a finite positive constant D, such that the following statements are
true for m = o, d and all m-labelled w-contours y.

(@) For f>0and Ae['5%, 2], one has
K. () <q™. (4.20)

(b) ForanyAie [1; 1+”] the activity K,,(y) is a C* function of f in
the interval [ 1, o0), and
ak
op*
(c) With the conventions () =0 and |B(Int(&))| =0, the same
bounds hold for the modified activities K& (y,).

g (y)‘<(DO|[EB(Int(y)|)" 0 forall k<k, (4.21)

Proof. The claim (a) is a direct consequence of the definition (4.17)
and the property (i) of y,. For the bound on derivatives, we use Lemma A.9
to combine the property (iii) of y, with (3.33). The bounds for K% (y,) are
obtained in an identical way. ||

Lemma 4.3 allows us to apply convergent cluster expansions to
analyze the functions log Z,, vay(B, 4), m=o,d. In particular, the limits
(4.12) and

1
Sm(f) = — lim —<10g Z vy (B, /1)+ Ju(B) |B|> (4.22)
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exist for g large enough and all f> 0, the functions f, and s, are C*
functions of f on the interval [ 1, c0), and

d'f. d'g. dbs. d%h.
< 0™ and TR0

dpt gt

4.23)

for any k=0,..., k,. For k=0, the bounds (4.23) are valid for all f e
(0, 00).

Lemma 4.3 also allows us to analyze the functions log Z,, (8, 1),
m = o, d for more general volumes . Assuming that ¢ and L are suffi-
ciently large, taking W <V’ to be a volume of the form (3.7), with y, and all
contours from * and 0* being w-contours, so that, in particular, |0B(W)| =
l0,W]|, and introducing

1
Fo0¥) = fu IBOV)| 45, 1071, @24)
we get
o OF. (W
5198 Zuw (.1 = =2 0l 101 + O 102,

(4.25)

provided 4 € ['5%, 3%], B € [1, ), and k < k,. For k = 0, this bound again
holds for all ﬂ > (0. While (4.25) can be used to analyze the ratio

Zow(B A/ Z, V(ﬁ A), it is sometimes useful to have a better bound.
Expressing log Z,, (B, 2)—log Z,, (B, 2) with the help of the cluster
expansion of the form (4.3), we notice that only terms with clusters in
W=V \W or those intersecting its boundary will not be cancelled. As a
result, we get

+0(g™" oW ) +0(g™ l0“=>W <)

ak <10g _m,W(ﬁa A)) — aka(Wc)

aﬂk _m,V(ﬁa A’) aﬂk (426)
or, less precisely,
ak _m,W(ﬂ’ l)) aka(Wc) —y c
— | log—= = (0] oaw ). 4.27
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Finally, Lemma 4.3(c) allows us to use convergent cluster expansions
Zoh (8.

Zo v (B A)° and thus the “meta-stable” magnetizations

to analyze the ratios
M., (B, A) defined as

A
My (B )=y Zmrw(Bd) (4.28)
xed Zm, V(L)(ﬂs /1)
In particular, the limits
.1
ma(B) = lim — My, (B, 2) (4.29)
exist, they are independent of 1 and obey the bounds
My (B) =0, o +0(q™™) (4.30)
and
k.
el om.  1<ksh, 431)

In addition, we get the following bounds on finite-size corrections,

0"M,, (B, 1) _dmy(B)
opF  —  dp*

L+0(q™) L, 0<k<k, 432
Lemma 4.4. letd>2,0<u<1, and let : N — [0, 0] be a func-
tion with w(L) < L+1 and w(L)/log L — o0 as L — co0. Define

viogg—2
o=—
4

_% logg—2

i (4.33)

and o

and assume that g, L are sufficiently large. For any m-labeled short w-con-
tour y, m = o, d, and any volume W of the form (3.7), the truncated acti-
vity K,,(y) and the corresponding partition function Z,, (S, A) satisfy the
following claims (a)—(f), provided [A—1| <% and f > 0:

(@) Let a,(B) = fu(B)—F(B). If a,(B) diam y <2 da, then K, (y) =
K.(7).

(b) If a,(p) diam y < 2 da, and dist(y, &) >2, then K, (y) = K ().
(©) Ifa,(p) min{diam W, w(L)} < 2 d, then Z,, (B, 2) = Zum (B, 2).
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_(d) If a,(B) min{diam W, (L)} <2 da, and dist(W, V) > 2, then
Zm,W(ﬁ’ j') = Zm,W(ﬂa )')
(e) Ifa,(p)>0,then

Zm,W( /g’ /1) < emec(W)+2”7logqIlazWII+0(q’”) II0WII’ (4.34)

with m¢ defined as in (3.15).

Proof. The claims of the lemma will be proven by induction in
|B(Int y)| and v(W), where

v(W)= max |B(Inty)| (4.35)
vV ew,
y short w-contour
* Proof of (a)-(e) for IB(Int y)I=0 and v(W)=0. Since there is no
w-contour y with |B(Int y)| =0, there is nothing to prove in the claims (a)
and (b).
Next, let v(W) = 0. Then (3.12) directly yields

Zonw (B, 1) =e M =Z (B, 1), (4.36)

proving thus (c) and (d). Further, in view of (4.2), and the fact that
fm > .fmc lfam(ﬁ) > Oa we get

Zon (B 1) = Zin (B, 7) = &0+ 1091

w(B w (B } “.37)
< e Fme V) +(sme —5m) 19BOV)|+0(4 ™) [0W]

whenever a,(f) > 0. Referring to (4.23), and using first Lemma A.6(b)
with £ =0, and then the bound (A.9) of Lemma A.6(a), we get

SUp (S —5w)() < log q+0(q™) (4.38)
B am(B) >0

and hence the claim (e).
Next, assume that » > 1 and that the lemma has already been proven
for all y such that |B(Int y)| <z and all W such that v(W) < n.

e Proof of (a) and (b) for y with |1B(Int y)l=n. Using, by the induc-
tive assumption, the claim (c) for Z,, 1,,(fB, ), the bound |0 Inty| =
7l +10B(Int y)| <2 |I7ll, and, in dependence on the value of B, either the
claim (c) or (e) for Z ¢ 1, (B, 1), we get

Zut (B, 2) _ £ @mlBUNEY)/d+ (s —s¢) [0B(Int )] + 0 ) I (4.39)

Zm, Inty(ﬁ: }')
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for all f > 0 such that a,,. diam y < 2 da (the former case) and

Z”Im—v(ﬁ’l)<e<2ﬂ,logq+0<q ")) [BB(Int )| +0(g ") Iyl (4.40)

m Inty(ﬂ 2')

otherwise (the latter case).
Observing that a,, > f,, — fnc and using Lemma A .4, we get

- — 2
(f— fae) |B(Int p)|/d < a,,|B(Int p)|/d <~

p a,, diam vy |y|. 4.41)
As a result,
Zone, iy (B, 4) < max{sup eindism? I+ (n—sut —an/d) 0Bat )
Zm,Inty(ﬂa /’{) B>0

e(GioEa+0la™) PBAN NI (0" bl (4.42)

Using first Lemma A.6(c) and Lemma A.6(a) to bound (s, —8y,c —ay,/d),
and then Lemma A.2 to bound [0B(Int y)|, we get

Zone, iy (B, 4) < @G amdiam y+0(4™") I+ 310z 4 [9B(Int )| (4.43)

Zm,Inty(ﬂa /1) =

If |0B(Int y)| =0, we have dist(y, V) >3 and o(y) < g% Then (3.13),
(4.33), and (4.43) combined with the assumption a,, diam y < 2 du, yield

K, (y) < gCarto) W=l < g=)g=1l, (4.44)

provided that g is large enough to guarantee that the error term O(g¢™) ||l
in (4.43) is smaller than |y|. Referring to the definition (4.17) and to the
property (ii) of the function y,, we get K. (y) = K, (7), proving thus (b).

On the other hand, if |0B(Int y)| > 1, then dist(y, V) =0 and o(y) =
g~%". The bound (4.43) combined with the assumption a,, diam y < 2 da
now yields

K, () < g+l < g=r0 =i (4.45)

implying again K, (y) = K,,(y) and thus verifying (a).

* Proof of (c) and (d) for v(W)=n. This part is an immediate con-
sequence of the just proved claims (a) and (b).

4 To see the latter bound, we use (3.4) and realize that the shortest disordered contour y with
dist(y, 0V) > has the length 44 —2.
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* Proof of (e) for v(W)=n. We call a contour y stable if
a,(p)diam y<2da and unstable if a,(f) diamy>2da. Splitting the
external w-contours of every set 0 contributing to Z,, ,(f, A) in (3.11) into
stable and unstable and summing over non-external and stable external
w-contours of 0, we get

ZowB )= Y ZE (B, 2) TT [00) Zuermy(Bs 2] (4.46)

Oext TW 7 € Oext

Here the sum is over sets of m-labelled unstable short w-contours such that
every y € 0, is external and V' (y) « W. Moreover, we use Ext to denote
WA\U, o, V() and Z323, (B, 1) is obtained from Z, g, (S, A) by dropping
all the unstable external short w-contours.

Since all external w-contours contributing to Z f,f"E‘,it( B, A) are stable, so
is any other m-labeled w-contour contributing to its representation in
the form (3.12). Thus, using Lemma 4.3 and the inductive assumption (c),
we can control this partition function by a convergent cluster expansion,
obtaining

Zsabe (B )= e~ Fa (Ext)+0(q ") 6, Ext |+ 0(q ") [0~ Ext I (4.47)

m, Ex

where FiP(Ext) = £ |B(Ext)|/d + 55 |0B(Ext)| with f52%° and st

m m

corresponding to the contour model with the activities

K. if yis a stable short w-contour,

Kt (y) = 4.48
2 {0 otherwise. (448)

Since 2 ||y|| = diam y for any w-contour p, we have a lower bound on the

length of every unstable w-contour, namely, ||y| > { = a;&)- Hence,

~ . 2 4
__ fstable < D.a™ [< 775< <= 4.49
o= 2D <a < o anlB) S5 anh) - (449)

and, similarly,

sn =) <475 <5 an(B) (4.50)
for any ¢ > 0 once q is sufficiently large. Consequently,

Zstablet( B, 1)< e—Fm(Ext)+§am(|B(Ext)|/d+|aB(Ext)|)+0(q‘V) l6; Ext | +0(g ") 0“2 Ext I

m, Ex
@.51)
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Consider now a contour y € 0, Since v(Int y) < v(W) <n and a,.(f)
= 0 by assumption, we can apply the proven claims (a) through (d) of the
lemma to Z,,c 1,,(B, 4). In view of (4.2) this allows us to get

Zm‘, Inty(ﬁa j') = Zm”, Inty(ﬂ’ A’) = e—me(Int N+ (452)

for all # > 0 such that a,.(f) =0.
Combining (4.46), (4.51), and (4.52) with

IB(W)| = [B(Ext)|+ ), [B(Inty)|, [0B(W)|=[0B(Ext)|+ . [0B(Inty)],
7 € Oext 7 € Oext (4‘53)

and ||0; Ext | = [0,V + X, <o
that

Ilyll, while |0“~? Ext || < [|0“~2W|, it follows

ext

Zo (B, 2) < e P +06 0140 D PIW] §3 p—(1=3) an [BEXO/4
Oext TW

X e(smfme+§am) |oB(Ext)| l‘[ [Q(V) eO(q'”) IIyII] (4‘54)
7 € Dext
< o~ Fnc)+0(g™") 0W1+0(g ") 10" W+ max{sme —sm +eam, 0} PBOV)|
~

x Z(“U ¢ 2 om(BEV/AHIBEND TT [o(y) €], (4.55)

Oext CTW 7 € Oext

Next, we apply Lemma A.5, taking #;,(y) = o(y) e if y is a w-contour
contrlbutmg to the sum in (4.55), whereas 4, (y) = 0 otherwise. Since g(y) <

g« (cf. the footnote on p. 94), we have 4 (y) < (eq~2)"\. Since ||y]| > ¢,
where { >0 is the constant from (4.49) and (4.50), the quantities ¢ and
o* 1ntroduced in Lenzlma A.5 satisfy the bounds 0< —¢*<g~ H and
0< —0*<q™ 2. As g 2 <ja,, Lemma A.5 allows us to bound the sum in

(4.55), yielding

Z. (B, A) < e Fnc+0l™") 10W1+0( ") "W+ max{smt —sn+eam, 0} KBOVI (4, 56)
m . (4

Moreover, Lemma A.6(b) and (a) with x, = v yield

U —
sup  (Spe — S +Ha,) () = 2 logg+0(g™) 4.57)
B an(B)>0

forall |A—1|<%and e< %2. Since & > 0 can be chosen arbitrarily small (for
q large enough) and, by assumption, we consider f such that a,(f) > 0, we
get (4.34). 1
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The next lemma states that the quantity f(f) defined by (4.13) is
actually the free energy of our model, and that the transition point S, is
identical to the unique point where f, and f; coincide. Here, the the tran-
sition point f, is defined by the onset of a spontaneous magnetization,

= inf{#: m(B) > 0}.

Lemma 4.5. Under the conditions of Lemma 4.4, the quantity f(f)
defined by (4.13) is the free energy of our model,

~lim 2, log Z,(§, /) =min{ (), fu()}. (4.58)

The transition point S, is the unique point where f, and f; coincide, and

fo(p)y if B=B,
= 4.59
1 {fd(ﬂ) if B<p. @)

Furthermore
o
B, = 5‘1 g™, (4.60)
and
ld(fa—f)| _d T
de=7 == 5 +0(@™). (4.61)
Remark 4.6. By (4.23) and (3.10),
d(fd =>d+0(g7™)>0 if f=1. (4.62)
dﬁ I

In view of this bound and (4.59), the functions a,(f) and a,(f) vanish for
f =B, and B < p,, respectively. Moreover, for 1< f < f,, the function
a,(p)=(fo—f)(B) >0 is decreasing, whereas for f> f5, the function

a,(p)=—(f,— f1)(B) >0 is increasing.

Proof of Lemma 4.5. Given >0, let m be such that a, =0. By
Lemma 4.4 and the definition (4.12) of f,, we then have

.1 .1 —
_gl_l;lj:o Flog Zm,V(L)(ﬁ’ /1) = _21_1;20 E]log Zm,V(L)(ﬁa /1) = fm = f(4 63)
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Next we use (4.25) in combination with Lemma 4.4(c) to estimate
Z.vay(B, 4) and the bound (4.34) of Lemma 4.4 to estimate Z,c y,(f, 4).
We conclude that

Zm‘, V(L)(ﬁ’ /1) <e 2:log g 18,V 1+0(a ") V]l — e(ﬂlogq+0(q_"))L (4_64)

Zm, V(L)(ﬂ’ l)

where we have used that |0V | = ||0,V || = |0B| = 2 AL
In order to bound the ratio

Zbig,V(ﬁ, )*)

D 2 5.3y

(4.65)

let us consider a set of contours J, contributing to (3.16). Using the short-
hand W, =W,_(0,) and W, =W,(0,), and applying the bounds (4.27) and
(4.34), we get

oWo(ﬂ A Zaw, (B, ’1) €318 4 0H wcl+0G ") IWucl +0l ) Wl (4.66)
m V(L)(ﬂ l)

Observing that [0/, = 10:Waell =2, ¢ 7, while [0 Wl < 10V ]| =
2 dL"!, we obtain the bound

Z, Wo(ﬁ ) Zy Wd(ﬁ A) < e(#loga+0™") ! H 2Pl (4.67)

m V(L)(ﬂ A) 7€0;
Observing that 2 ||y|| = > diam y holds for every contour y, any long w- contour
y satisfies [[y]| > £, =3 @(L). Then (3.4) gives o(y) < g™ with ¢ = 5;— 5.

Combined with (3.16) and (4.67), we get that the ratio (4.65) can be
bounded by

5.(B) < eulogg+0g L™ Z 1—[ qfﬁ ] (4.68)

o yeo
for all g and L large enough. Now,
Y 1 g uh g Y Y g —2al < z <Z q;,,,uyu>"’ (4.69)
a4 yed n=1 o:lol=n yed 1’1' y

where the last sum is over all long w-contours y in V' (L). Bounding the
number of w-contours in ¥ (L) whose length is £ by C*L?, where C >0 is a
constant depending on d, it follows that
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0

z q—iuyu< z z q‘i"g i CZqu—ilng i q‘él

bd = fo vl =2 =14y =1ty

<q Gd b — =gq 12d“’(1‘) (470)

whenever g and L are taken large enough. As a result,

1
5, () < ewlosaro@ L (o w1y  plutogqrolgTN L o)
m
@.71)

as soon as g and L are sufficiently large. Combining (4.63) and (4.64) with
(4.65) and (4.71), we get (4.58).

In order to prove the remaining statements, we first use the well know
fact that for large ¢, the transition point f, can be equivalently defined as
the unique point where the derivative of the free energy jumps, see refs. 17
and 25. By (4.23) and Lemma A.6, there is a unique point ,3 where f, and
f4 coincide. Combined with (4.62), we conclude that f( /)’) fapif p< ﬁ
and f(B)=f(p)if f= ﬂ implying in particular that at /3 the derivative of
the free energy is discontinuous. This identifies f,, and proves at the same
time (4.59) and (4.60), sece Lemma A.6(a).

To prove (4.61), we invoke (3.10) and (4.23), together with the obser-
vation that

_df

4.72
Tap 1 @n

Lds
Ae.—2<dﬁ

) 1d(fa—fs)
peo) 2 dP

B

5. PROOF OF THEOREM 2.1

We now prove Theorem 2.1, restricting our attention to f>1, see
Remark 2.4(iii). We consider strong boundary conditions, recall the defini-
tion (3.26) of the corresponding partition functions Z,, (S, 1) in terms of
s-contours, and their reformulation (3.28) in terms of the weights K, (7).
Throughout this section, f, and f; are the meta-stable free energies defined
in (4.12), v, is the constant defined in (4.15), z(y) is as in (4.16), D, < o0 is
the constant from Lemma 4.3, and a,, m=o0,d, is defined in Lem-
ma 4.4(a).

Lemma 5.1. Let d>2, k,=0,1,... . If ¢ and L are sufficiently
large, f>1,1>0,0<k <k,, and m = o, d, we have:
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(a) For any m-labeled s-contour y with dist(y, 9V') >3, the activity
(y) does not depend on A. Moreover if a,(f) diamy <2 do,, then
() is a C* function of 8, and | K. ()| < (D, |Bnt(y)|)* g .

(b) For any volume W of the form (3.7) with dist(W, 0V) >3, the
partition function Zm w(B, 4)isindependent of A. In addition, if a,, ( f) diam W
< 2 da,, then

ok 1041,
aﬂkIOg Znw(B,2)= WA

(c) The same bounds as in (a) hold also for activities K& (y,).

K
K

IBW)[+0(g™™) lloW]|. (.1)

Proof. Let y and 7, be m-labeled s-contours with dist(y, V) >3 and
dist(y,, V) = 4, and let W be the volume of the form (3.7) with
dist(W,dV) >3. Then, in view of Remark 3.2, the activities K, (y) and
K®(y,), and the partition function Z,, , (B, 1) are independent of A.
Choosing w(L) = L+ 1, we have K, (y) = K.(y), K& (y,) = K¥(y,), and
Zm,W(ﬁ, A)=2Z, w(p, ). Taking now into account Lemmas 4.3 and 4.4
combined with (4.25), the remaining claims readily follow. [

Lemma 5. 2 Let d > 2, assume that ¢ and L are sufficiently large,
f=1,and A 2 . Let y, be a s-contour, W = Int y,, and let

Zuy PR NP A2
Zow(B.7) Zaw (B

Then the function 50 w(+) is decreasing on the interval [f,, c0), while the
function 5d w(+) is increasing on the interval [1, g, ].

Sow(B) = (52)

Proof. We will explicitly only prove the monotonicity of 50 w ().
The monotonicity of 5d w(+) is proven analogously and will be left to the
reader.

We first rewrite the partition function Zd,W( B, ). Namely, in its
expression in the form (3.26), we resum over all sets 0 whose external
contours are fixed, to get

Zd,W(ﬂ) 2) = Z(d) e—GS(B(Ext))ZO’Im(ﬁ’ 2) H qiwﬂ(lnt}!)lg(y). (5.3)

Oext W 7 € Oext

Here, the summation is over sets 0,,, of mutually external, short, d-labelled
s-contours with V(y) =W, Int=J,.,  Inty, and Ext=W\U),.5 V().
In this way we get

Zd w(B, 4) @ &
= e 5 5.4
Zuw(h ) odew 1L ey
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where

oInt(ﬂ )')
=—-G$(B(E lo . 5.5
(B a(B(Ext)) +log ==———— Z. (5. 7) (5.5

Notice that & is the only term in (5.4) depending on f. Notice also that,
since the distance of any pair of non-overlapping (s- or w-) contours must
be at least & 3 any contour y contributing to Zo me(B, A) or Zo w(B,2) has
dist(y, V) > ;- By Lemma 5.1(a), we may use the cluster expansion of the
form (4.3) to analyze log Zo m(f, 4)—log Zo w (B, 2). Defining

.= 1
Fo(BW)) = fo |BOV)I+ Ay [0BO), (5.6)

we get

ac
dp—dp

The first term can be explicitly estimated,

[F (B(Ext)) — Ga(B(Ext)) ]+ [0(Ext)l| O(g ™). (.7

(F (B(Ext)) — G{(B(Ext))) < (—A+0(q™")) |B(Ext)| (5.8)

dp
due to (4.23) and (3.24). Hence,
dé —v m d
ap <(—4+0(g™)) IB(Ext)| +[|0(Ext)| O(g™"). (5.9)
Since, obviously, l0(Ext)|| < O(|B(Ext)|) with |B(Ext)| > 1, while 5. d

28, /4logq’
we get < —£ <0 for all ¢ large andi/zﬂ |

Lemma 53. Let d>2, 0<u<l1, k,=0,1,..., and 7=min(v,, 5).
There exist a finite constant D, < oo such that, for all ¢ and L sufficiently
large and 0 < k < k,, we have:

(@ If1<p<B,and0<i< 2(1 1), then Kd(y) is a C* function of
B for any disordered s-contour j, and | 7 K,(»)| < Dyg™"".

(b) Iff>p, and A>3 (1 + 1), then Kd(y) is a C* function of B for
any ordered s-contour j, and | 5 K, ()| < Dyg~"".

(c) The same bounds hold for the activities K§”(y,) and K (y,).
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Proof. According to Lemma 5.1(b) and (c), the claims hold for any
s-contour y (respectively y,) for which dist(y, oV) >2. Hence, let us con-
sider only the remaining contours, ie., those with distance ; from the
boundary.

To bound the derivatives, we evoke Lemmas 3.3 and A.3 to get

o*
5 R0 € Dul(1-+1) DBt L+ Bt ) Ro)
< Dye? PBIDlgdo bl R () (5.10)

for some constant D, = D, (k,) < .

Consider now the case k=0 and observe that, since the distance of
any pair of non-overlapping (s- or w-) contours must be at least ;, any
contour y contributing to Zm’ mey (B, 4) has dist(y, o) =3 i Accordlng to
Lemma 5.1(a), the corresponding activity K, (y) is independent of A.
Taking now into account the explicit expression (3.28), we observe that

: > : Zo 1ty (B, 1)
neither Z; Imy( B, A) nor the ratio P l;ﬁanamwu

temporarily K%?P(y) to denote explicitly the dependence of the weights
K.(y)onp and A, the above observation yields

is depending on A. Using

eH BN B0 () < R B Im) (1), (5.11)

where 44 =3 (1— ,u)+— and 4, =1 (1 +,u)—7 Here we used the fact that
for the case m = d we assume that B< B, and 2<1(1—p), while form=o
we assume that >, and A>1(1+p). Further let us notice that the
monotonicity in § according to Lemma 6.3 is true, with the same proof,
also for the ratio % Hence,

m‘ Inty(ﬁ /lm) m¢, Imy(ﬁt’ /lm)

(5.12)
mInty(ﬂ j'm) mInty(ﬁt: }'m)
and, combining it with (5.11), we get
e/l|0[B(Inty)|K“vl(li?,/l)(y) < Q(y) qilalB(Intm m¢, Inty(ﬂt’ m) (513)

m, Inty(ﬂt: m)

Applying now, for both phases, A-independent cluster expansions
according to Lemma 5.1(b) and taking explicitly into account the boundary
terms 4™ and A™; from (3.28), we get

R, (y) < e Bl gy gaall oG —hme) B, im) 1Bt DI+0l ™0 0 Tnt (5.14)
m . .
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Using the fact that o(y) = g2 if dist(y, 0V) = 1/4, see (3.4), and applying
Lemma A.4, we get

B (v) < e—*10BAnt) efla—1\I 0@ Iyl 515
dP)<e T e (5.15)
qM
and
1
e —2|0B(Int 7)) 2\ ooy
R,(p)<e ) e . (5.16)
ePrto

Using further the explicit bound on g, from (4.60), we obtain in both cases

R, (7) < e~# Bl g ~G+0la ™)+ 0l bl  p—HI0BB g~ b1, (5.17)

Thus, we got the claims (a) and (b) for £ =0 and, applying (5.10), also for
k=1,..., k.
To prove (c), we note that as before,

oF - ~ -
‘a_/}kK’(’?(y") SDOe“aB(Im“)'edkO llvxl K}(;;)(yx)‘ (5.18)
Combined with the fact that K% (y,) < K,,(y,), this completes the proof.
|

Proof of Theorem 2.1. First, let us prove the claim (a). By virtue of
(3.28) and Lemma 5.3(a), the function log Zd,,,(/?, A) and its derivatives
can be analyzed by convergent cluster expansions for ¢, L large and any
0 <4 <1 (1—p) whenever 1 < < fB,. Taking an arbitrary k < k,, we have

o* ~ d*F,(B)

6_/3"10g Zsy(B,A)=— d;f"
where F, is defined in (5.6). Combining this with (3.27), (2.8), and (3.10),
we get

+O(q~LI Y, (5.19)

ak_l _a»f;i d d—1 —
WEL(ﬁJ)—ﬁL +L0(q™),

which, together with (4.59), proves (2.14).
To prove (2.13), we use the representation (3.30) of M, (S, A) in terms

of the ratios Z(B, )/ Zy 4(B, A). Next, we use the contour representa-
tions (3.28) and (3.31), together with the fact that for f < f8,, the phase d is
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stable and thus %’; R,(7)| < Dyg™™" and I%l RO 0| < Dyg™™, see
Lemma 5.3. This allows us to analyze the terms in (3.30) by a convergent
cluster expansion, yielding, in particular, the existence and A-independence
of the limit

o) = lim L M, (B, 7). (520)

as well as the following bounds on finite-size corrections:

M (B, ) =my(B) L*+O0(g™") L*~". (521

Combining the observation that M, (f, A) =0 if A =0 with the A-indepen-
dence of #iy(f), we conclude that #i () =0 whenever f < f,. The bound
(5.21) is then identical with the claim (2.13).

The proof of the claim (b) is similar, noticing that for the derlvatlves

of h, one can use the bounds from Lemma A.l. In particular, a/; <144
We also note that for § > f,, the limit

- 1

i, (B) = lim —5 M (B, ) (5.22)

is again independent of 4, and can be identified with the value at A =1,
which equals m(f) as defined in (2.5). |

Remark 5.4. Notice that, for f < f5,, the convergent cluster expan-
sions for my(f) (cf. (4.29)) and for mi4(f) (cf. (5.20)) are identical. Indeed,
taking into account Remark 3.2 and Lemma 4.4(b), the corresponding
cluster expansion terms have contributions only from contours from £,
for which the corresponding weights do not depend on A and one has
Ky(y) = K4(y) = K4(y) and K (3,) = K& (7,) = K& (7,). Hence, my(f) =
iy (B) = 0.

Similarly, for § > f,, one can identify m (f) = i, () = m(f).

6. FINITE SIZE EFFECTS FOR WEAK BOUNDARY CONDITIONS

In this section we prove Theorem 2.3. We start with a more accurate
bound on the derivatives of f,, and s, near f = f,.

Lemma 6.1. Let k, € N, and let 0 < u < 1. If ¢ is sufficiently large,
then
d*f., d*s,,

i3 =0(¢™) and i = 0(q™) (6.1)
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provided > ,/2, |A—3|<%4 and 2<k<k,. For m=d, these bounds
remain true for all > 1.

Proof. This follows immediately from (4.23), Lemma A.1, (4.60),
and the definitions (4.15) of vand v,. ||

The next lemma is the first step in the proof of (2.17).

Lemma 6.2. Let d>2, 0<u<1 and let v and o be defined by
(4.15) and (4.33), respectively. Let w: N — [0, oc0) be a function satisfying
the conditions

L L
lim sup _co( ) < Y and lim inf (L) =
L-w L 6 L—ow log L

6.2)

For g and L sufficiently large and |1 —} | <%, we have:

(@) The equation a,(f) = ;;, m= o0, d, has a single solution S, (L),

and a,(B) < i iff B> B.(L), while ay(B) < i iff B < Bs(L). Further-

more, we have f,,(L) = B,(1+0((w(L))™")), and, more precisely,

1 -

by =5t (o ) ot
: 6.3)

x —v

pul) =45k (o) 0.

(b) There is a unique point B (L)e (B,(L), fs(L)) at which
Z,y(B,2) and Z,,(B,A) coincide, and BP (L) = B,(1+O(L™")). More
precisely,

9(4, q, L 9(4, ¢, L) \?
pow) =g e (B DY o, 6
where 9(4, ¢, L) is a function that obeys the bounds
8,4, 1) =2 ap. <——A+0< g >>(1+0(L‘1)) 6.5)
’ 2 log g '
and
90, g, L) = 2E1=5)PB) o 11y (6.6)

Ade
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Proof. (a) Let us consider m = o, for instance. For 0 < f < 1, we
have

o(ﬁ) >10gq leg(€—1)+0(q_v)—_>0

( ) o(L)

whenever ¢ and L are large enough; we used (4.23) with £ = 0 and the fact
that w(L) — oo by the second condition in (6.2). Since a,(f) is continuous
and decreasing on [1, #,) once ¢ is large, while a,(f) =0 for f = B,, there
is a single solution f,(L) € (1, #,). The Lagrange mean-value theorem then
yields

o d(fo—fa)
w(L) ag s

for some f§ between f,(L) and f,. Since the derivative of f, — f; is bounded
away from zero by (4.62), it follows that B,(L)— B, =aO((w(L))™") =
B.O((w(L))™"). Using this and Lemma 6.1, the Taylor expansion around f,
gives

=a,(Bo(L)) = (fo = f)(Bo(L)) = (Bo(L)=B) ——=—|  (6.7)

= (fo=J)(B(L))

d(fo—14)
ag s

w(L)

= (Bo(L)—B) —=2"| +(a(L))™>O(q~" log’ ), (6.8)

which along with (4.61) directly implies the first equality of (6.3). One
proceeds similarly for m = d.

(b) Let us introduce

Zovwy)(B, )
Zd, V(L)(ﬁ’ 2') '

If e[, (L), Bs(L)], we may use the proved part (a) of this lemma,
Lemma 4.4(c), the relation (4.25) with k=0, Eq. (4.23), and Lemma A.1 to
get

¢(B) =log (6.9)

& (Bl L)) = 3 (fo= S Bl L)) B

[( sd>(/f,)+oc0< )]|@B|+L“0(w

(L)



Finite-Size Effects for the Potts Model 107

for m = o, d. By Lemma A.6(a) with x, = v, we have

(50 —5)(B) = (A——)long(q) (6.10)

Observing that
|B| = [B(A(L)| =dL"(L—1),  |0B|=[0B(A(L))|=2dL""", (6.11)

and taking into account (6.7), (4.33), and (6.2), we eventually obtain

o L-—1 1 ~ -1 L
gL(ﬁo(L)):[—logq@+2<i—§)+0<logq>]y logq+<x0<w(L)>
v 1 5 q” 1 L
<[ (i 0z )y 0 () |7 ewae0 (575

_l d—1 1 _1 d—1
5L logq[1+0< (L)>] 6L logg<0 (6.12)

for g, L large. Similarly,

Eu(Ba(L)) =5 L log g >0 (6.13)

once ¢, L are large enough.
Next, for large g and L and any f € [f,(L), B(L)], we have

0%, _0G,(B)

Gh=55="%

+L40(q—v) > (d+0(q™)) La’—l(L_ 1) Zng
(6.14)

Taking into account that &, () is continuous, a result of (6.12), (6.13), and
(6.14) is that the equation Z, (S, 1) = Z, (B, A) has necessarily a unique
solution ¥ (L) on the interval (B,(L), B4(L)). To find its position, we first
use the Lagrange mean-value theorem to write

0=¢E,(BLL)) =E(B)+(BLL)—B) EL(B) (6.15)
where f is a point between §® (L) and $,. In view of (6.14), we get
BOLY— B, =&(B,) O(L™) (6.16)

and due to (4.25), (4.23), and Lemma A.1, we have

E(B)=24e L[1+0(L™)] 6.17)
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and, using also Lemma 6.1,
%,
0p?

for any f € [B,(L), B4(L)]. The Taylor expansion of &, (% (L)) around S,
then implies

0=¢.(B)+(BLL)—B) EL(BI+EL(B)I* LO(g™). (6.19)
Defining

= L0(q™) (6.18)

¢c(B))
= 2
e B =g gy " (20
and referring to (6.17), we immediately get (6.4).
Due to (4.25), (6.10), and (6.11), we have
(B.) = (sa—5,)(B.) [0B|+ L 20(¢ ™)
=2[<l—%>log q+0(q‘”)}Ld‘1. (6.21)

Combining (6.21) and (4.60) with (6.16) gives the bound A% (L)=
B.(1+0(L™)), while (6.21), (4.60), and (6.17) yields the more precise
bound (6.5). ||

For a more detailed bounds on Zy;, y,(f, 4) then those in the proof
of Lemma 4.5, we use the following claims to restrict its evaluation to f§
from a suitably chosen small range.

Lemma 6.3. Let W be a volume of the form (3.7). Under the
conditions of Lemma 6.2 we have:

(a) The functions

Zyig vy (B> 4) Zow(B, 2)

0 = d Oow(f)==—"—"= 6.22
D= zwpn 0 Pz e O
are decreasing on the interval [ §,(L), ).
(b) The functions
Zbi V(L (ﬂa A) Zo W(ﬂ’ A‘)
5,(p) = Dermrre ] d S p(p=2200 6.23
) Zy vy (B, A) an () Zyw(B, A) (6.23)

are increasing on the interval [1, S4(L)].
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Proof. We will explicitly only prove the monotonicity of d,(f). The
remaining cases are proven analogously and will be left to the reader.

We proceed similarly as in the proof of Lemma 5.2. To evaluate
Zyig viry(B, A), we rewrite the factor Z, 5, ,(f, 4) in (3.16) in analogy with
(5.3),

Zowaoy(Bo W)= YO e u®®Z (8.2 ] o). (6.24)

Oext CWa(01) 7 € Oext

Here, the summation is over sets d,,, of mutually external, short, d-labelled
w-contours with ¥V (y) = Wy(0,), Int={J, ., Inty, and Ext=W,(9,)\
U,ea., V(7). In this way we get

T D= e T¥ @ T a0 (629

Zo,V(ﬂs /1) o yed Oext TWa(01)

where

o, W0(61)(ﬁ9 l) Zo, Int(ﬁ’ j')

E8) = —Gu([B(ExD) + log 1L Ze

(6.26)

Using now the cluster expansion of the form (4.3) to analyze log Z, .,
(ﬂa }') +10g Zo, Int(ﬁ9 }') —lOg Zo,V(ﬂa A‘)a we get

d d —
ﬁ = 75 FoEx0 =Gy BERO) +o(Ex0I 04™). (627)
Hence, in view (4.23) and (3.10),

d = A
< (=44 0(q™) [B(ER)] +[o(Ex)] O ™) < =5

for all g large, in the same way as for (5.9). ||

<0 (6.28)

Remark 6.4. The above proof shows that in the interval [ §,(L), o),
the derivatives of log 6,(f) and log d, y(f) are at most —%, while on the
interval [1, 84(L)], the derivatives of log d,(f) and logdy »(fB) are at
least 2.

Lemma 6.5. Letd>2and 0<u<1. Let w: N — [0, o0) be a func-
tion satisfying the conditions (6.2) from Lemma 6.2, and let k, € Z, k;, > 0.
For all g and L sufficiently large, |A—1 | <4, and 0 < k < k,, we have:
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(a) If pe[l, ), then

a_k Zbig, V(L)(ﬁa j') ‘
aﬂk Zo, V(L)(ﬂ’ j') +Zd, V(L)(ﬁ5 /1)

(b) If p=p4(L), then

< g e, (6.29)

o* z, vy (B> A+ Zyig vy (B, A) (L)
_— e ’ ot . 6.30
‘615" Zoriy (B 1) <4 (630
() If1<p<pB,(L),then
o~z vy (B> A+ Zyig vy (B, A) (@)
Ze, i < g~ D), (6.31)
" Za vy (B 7) 1

Proof. For k=0 we will actually prove a stronger claim with the

right hand sides above replaced by ¢~ g (D), Taking into account the first
condition in (6.2), the claim for £ > 0 then follows by Lemma 3.3.

(a) Let
5 Zblg V(L)(ﬁ(l)(l‘) /1) Zblg V(L)(ﬂ(l) (L) j‘)
T Zovo(BEW), D) Zyyay(BD(L), A)
where f¥ (L) is the point where Z, (B, 1) = Z, (B, 1), see Lemma 6.2.
Applying Lemma 6.3, we get

Zblg V(ﬁ ﬂ') .
S Zor (B i) Zay (B ) S, SR, mint0o(B) 0u(B)} <O (6.33)

(6.32)

where d, and J; are the quantities defined in Lemma 6.3. Referring to
(3.16), we now have to bound the factor

Zyw, (ﬂ“’(L) A) Zyw, (BLP(L), 4) _Z, wo (BP(L), 2) Zg w, (BL(L), A)
Z,y(BO(L), 4) Zsy(BE(L), 4) ’
(6.34)

where we used the shorthand W, = W, (0,) and W; = W,(0,). Notice that, due
to Lemma 6.2, both phases at f =S¥ (L) can be analyzed by convergent
cluster expansions. For each particular configuration J;, let m = m(0J,) be the
label for which

0. Wl = min{l0, W, |, 1. Wall}- (6.35)
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Choosing the form of (6.34) with denominator Z,,. ,,(%¥ (L), 1), and using
the bounds (4.25) and (4.27), together with the observation that |0,/ =
10:Woell, we get the estimate

o, W, (ﬂ(l)(L) /1) Zd Wd(ﬁ(l)(L) l) Foc(Wi)—Foy(W) +10W | O(¢ ")
Z ey (BO(L), 2) ’

(6.36)

and hence

5_ <Y e = Fa@ )+l 0 ™) T g(y) €2 W, (6.37)

0 Y€

Here we used that [|0W, || = 0.l + 10 W, and 0.0, =X, <5 I71-
As F,(V)=F,(V)+L*20(q™) at B (L) by virtue of Lemma 6.2(b)
and the bound (4.25), we have

(fo—=fI(BL(L)) 1Bl/d = —(s,—s)(BL(L)) 10B|+L720(g ™). (6.38)
In conjunction with (6.11), we get

|me(Wm)_Fm(Wm)|

ZIB(W )|

< I(so —s)(BL L)) —[oB(W)I|+

lB(ZV n)| 0(g™). (6.39)

Further, by Lemma 6.2(b), S (L) = B,(1+0(1)), implying that the deri-
vative of (s, —s4)(B) is bounded between S (L) and f,. Since fY(L)—
B. =log g O(L™") by the same lemma and Eq. (4.60), we can conclude that

(56 =3 (BL(L))] = I(so = 50)(B)| +1og g O(L™)

2d+log g O(L™HY+0(q™), (6.40)

where we have used (6.10) in the last step. Combining (6.37) with (6.39),
(6.40), and Lemma A.7, we arrive at

o_ <z el ul o™ l‘[ Q(y) e(z"7+0(q’”)+logq0(L")) 71 (6.41)

0 yeo;

Using now Lemma A.8 to bound ||0,W,|| and then continuing as in the
proof of (4.71), we get

o_ <q wmew (6.42)

as soon as g and L are sufficiently large.
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(b) Using the proven claim (a), it is sufficient to bound 6, ,(f) =
2’%2 g In view of monotonicity of J, ,(f) according Lemma 6.3, we can

bound it by J, - (B4(L)), at which point we can control both log Z, (8, 1)
and log Z, (B, A) by convergent cluster expansions,

d-2 ;0 —v « “ —v d-2 5 v
50,V(ﬁd(L)) < e Fa+F,(N+L" "0 )< e ~am Bl +Gglogg+0(@ ") 10BI+L7""0(¢ ™)

(6.43)

since a4(f4(L)) = ;i and (s, —s4)(Ba(L)) < 3;10g ¢+0(¢™") due to (4.57)
with ¢ = 0. Using now (6.11) and the first condition in (6.2), we get

5 Bl (5 1oz a+0( ™) ) B

3(L—1) u o 3(L-1) 1

> —_ V) — —
/<< AL 2a,>logq+0(q ) =3y >IaBl>2LI0Bllogq-
(6.44)

As a result, we get
Sor(Ba(L)) <g™™"" (6.45)
for g and L large.
(c) The proof of the claim (c) is analogous to the proof of (b). ||

Let us now use Lemmas 4.4, 6.2, and 6.5, to study the behaviour of the
finite-volume mean energy E,(f, A) and its derivatives (with respect to f)
for large values of ¢ and L.

Lemma 6.6. Letd>2,0<u<1,and k,=1,2... For g and L large
enough, |A—3| <%, =1, and 2 <k <k, we have

M, (B,2)= mT* Ld+m7* L tanh(de(f— B (L)) LY)

+O0(|B—p.I Lg™)+O(L*Y), (6.46)
E,(B, 1) = ey L— Ae L* tanh(de( f— B (L)) LY)
+O0(IB—B.| Lig™)+O(L*™), (6.47)
and
a{;ck 11 E. (B, 1) = —(de LY)* ;kk 11 tanh x e s i
+O0(|B— B.| L¥g™)+O(L*™). (6.48)

Here f% (L) is the temperature introduced in Lemma 6.2(b).
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Proof. We first prove the statements for the mean energy E,(f, 1)
and its derivatives. Using (3.19), we have

0
EA&D=——P%@WWJHZMwJD

ap
Zygvy(Bs A) >}
H%O+Aﬂﬁb+aﬂﬁb

10
=33 log(Z, v (B, 2) Zs v (B, 1))

1 a Zo,V(ﬁa }') 1 Zo,V(ﬁa j')
_5<53bg2¢ﬂﬁw0>mnh<5bg2¢ﬂﬂ~0>

o Zw v (B )
6f%O+AAﬂD+%A&D>

Applying Lemma A.9 to ,(x) =log x and y,(f) =1+
using Lemma 6.5(a), we get

Zbig,V(L)(ﬁ’ j‘) >=
Zo,V(ﬁs j')"‘Zd,V(ﬂa j‘)

(6.49)

Zvig, v (B, 1)

Zov B D+ ZeyBn 20d

k

0

k 1—p . Ll—p 1—p
= ¥ (140G~ F )T 0(g V) = 0(g"E ) (6.50)
j=1

for any £k < k.
Suppose now that fe[f,(L), f4(L)]. Taking into account (4.25),
(4.23), Lemmas A.1, 6.1, and using the shorthand (6.9), we get

E (B, 1) =e, L"— e L? tanh(3 &, (B)) + | — B.| L‘O(¢™)
FO(L Y +0(g T D), (6.51)

Here ¢, introduced in (2.12) is, taking into account Lemma 4.5 and the fact
that % = 0(gq™") according to (4.23) and (3.10),

Ld(f,+ 1)

d
e =x——-—"=| =—=+0(@q™). 6.52

t

Next, let us find expressions for the derivatives of E,(f, 4). Since the
derivatives of tanh x are bounded due to (A.21), we may use Lemma A.9,
(4.25), (4.23), Lemma A.1 and Lemma 6.1 to get
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GNLl 0 Zy (B ) L Z, (B )
o [ <_ﬁl zd,V(ﬂ,z)>ta“h<§1°gzd,y(ﬁ,ﬂ)>]

1
2
< o,V(ﬂ: )')>k dk_l !
=(4

tanh x

+ Ljdo —v
23687, (B 7)) a1, + 2 L0W)

Ld) (I+18—B.1 O(g™)+O(L™)

+L(k_1)d0(q_v).

X —— tanh X
dx x=Lep)

Along with (6.49), (4.25), (6.50), and the observation that the derivatives
of the first term on the right hand side of (6.49) can be bounded by
L0(qg™") < L% Y90(g™), this implies

ak—l
WEL(ﬂs A) = (de LY* (1+|B—B.| O(¢™)+O(L™))
k—1
“__tanh x FLEDAOG™).  (6.53)
" dx x=1enp)

Finally, we Taylor expand ¢, (f)=1log5; Zo, Viﬁ g around the point

BP (L) of Lemma 6.2(b). Using (4.25), (4.61), Lemma A. 1, Lemma 4.5, we
obtain

Zo,V(ﬁa j“)

o8z (B. %)

L+ 0(L*)

t

d d o
—(p- ﬂ”’(L))< (fo—1o)

ap
+(B=BOLY+1B— ALY LdO(q-m))

=2de (f—FL(L)) L'1+O0(L™)+IF— 1 O(¢™),
(6.54)

where we observed that |f — SO (L)| < |8 — .1 +|8,— B2 (L) and | B, — B2 (L)
=log ¢ O(L™). Using now Lemma A.10, we get

k—1
——— tanh x
dx*! x=lep
k—1
=——tanh O(L™HY)+|p—pB,| O(g™™ 6.55
JF-1an xx:Ae(ﬂ—ﬁ(i)(L))Ld—i_ (L) +IB—=B.1 O(@™) (6.55)

for any k= 1,... . The relations (6.51), (6.53), and (6.55) complete the proof
of (6.47) and (6.48) for f in the interval [ §,(L), f4(L)].
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Using (3.21) and (3.19), and referring to the bounds Z$%(B, 1)

<Zoy (B 2) ZSy(B. )< Zo (B 2), and  Z§) (B 1) < Zisg v (B, 1),
Lemma 6.5 implies that

_ v ZSB D+ ZE (BN
M, (B, A)= ng ZO’V(ﬁ, l)+Zd,V(ﬂ= A)

Let us now assume that S € [ 8,(L), B4(L)], so that Z, , (B, A) =Z,, (B, 1)
and Z9,(B,2)=2%,(B, 1) for both m=d and m=o. Taking into
account the deﬁnltlon (4.28), we then get

M, (B, A)ZMO,L(/L A)erMd,L(ﬁ, ) Mo (B, i);Md,L(ﬂ, 2)

Zoy (B, 4)
Zd,V()B’ A‘)

Combined with the finite-size scaling bound (4.32), this gives

mMo(B)+ma(B) | 4, Mmo(B)—ma(P) | 4

+LAO(q T D), (6.56)

1 1
x tanh <§ log >+Ld0(qlsd“’(”). (6.57)

My, (B, ) =T IR a2
1 Z 4 ’/1 d—1 —v
x tanh <§ log Z:+/€,/1;>+L o(g™). (6.58)

Finally, using first the bound (4.31) for k=1 to bound the difference
between m,,(f) and m,(f,) by |f— B, O(¢g") and then Remark 5.4 to
conclude that m,(8,) = 0 and m,(B,) = m*, we get

_mt i m L Zoy(B D)
Mm,L(ﬁ) /1) —TL +7L tanh <§10gm>+
+L'0(g )+ B~ B LYO(g™). (6.59)
Combined with (6.55), this gives the bound (6.46) for g € [ 8,(L), f4(L)].

For f outside this interval, the claims of the lemma follow from the
more precise estimates of the next lemma. ||

Lemma 6.7. Let d>2, 0<,u< 1, and k,=1,2... . Assume that ¢
and L are sufficiently large, |1 —3| <4, 1<k <k, and > 1 If

pdp, 1
B=p1>=— =T (6.60)
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one has
M (B, ) =m(f) L'+ O(L*") (6.61)
and
ak— k
S Eup =T Lo, 6.62)
Here f is the free energy introduced by (4.13), and
k
. d fd(kﬂ) lf ﬂ<ﬁt,
a*f(p) ap
— =1 . (6.63)
PBENELB
dp* a
Proof. Let f, =B, +"“%1 By Lemma 6.2(b), the condition (6.60)
and the fact that we assumed |1—3| <%, we have
po<pr)-PP L nd ps o)+ L (6.64)

3de L 3de L’

provided L and g are large enough. Assume that > f.. Using first the
monotonicity according to Lemma 6.3(a), then the bound (6.14) to
control the difference of log[Z, , (B (L), A)/Z4(BY (L), 2)]=0 and
log[Z, (B, A)/Zs (B, A)] and finally the bound (6.64) to control the
difference between B, and ¥ (L), we get

UiogZarBA) Ly Zoy(Bu )

27" Zy (B4 ZOgZdV(/t,A) 4Ld(ﬁ+ —pO@) =n L,

(6.65)
where 7= ‘f‘; f; Combining this bound with the fact that tanh x=
sign x+ O(e~*M), we now use (6.58) and Remark 5.4 to get the claim (6.61)
for = B,.

For the mean energy, we combine (6.65) with (6.49) and Lemmas 3.3
and 6.5(a) to get

E (B, 2)= —% log Z, (B, 2)+ O(L%™ )+ O(g~w D). (6.66)

On the other hand, (6.49) combined with Lemmas 3.3 and 6.5(a) and the
fact that the leading term in the derivatives of the second term on the right



Finite-Size Effects for the Potts Model 117

hand side of (6.49) does not contain derivatives of tanh x since k * tanh x =
O(e™™) whenever k > 1, leads to

ak—l ak .
WEL(/?’ )= T 10g Zy (B, 2) + O(L%e 1% ") 1 O(g~ 1 *).
(6.67)
Finally, the relation (4.25) and Lemma A.1 imply that
o* d*f,
log Z, y (B, 1) = ——=% L'+ O(L*™). (6.68)

op* dp*

Inserted into (6.66) and (6.67) this completes the proof of the lemma for
S = B.. The proof for f < f_ is almost identical. ||

Finally, we prove the following
Lemma 6 8. Letd>2and 0<u<1. For q and L sufficiently large

and [A—1|<%, the specific heat C,(f, 1) attains its maximal value at a
unique temperature S (L). Moreover,

Bi(L) = B2(L)+ B O(L™), (6.69)

where B (L) was introduced in Lemma 6.2(b).

Proof. Let f, be as in the proof of Lemma 6.7. We first prove that
CL(B, 1) = BIO(LY) (6.70)

uniformly in fe(0,_]JU[f,,0). In the interval [0, 1], this claim
follows from the standard high temperature expansion, while in the interval
[1, B_] it follows from Lemma 6.7. For > f,, however, Lemma 6.7
yields only a bound C, (B, 1) = B> O(L?), which is not uniform in . To
improve this bound, we first use Remark 6.4 to sharpen the bound of
Lemma 6.5(a). For f > ¥ (L), this gives

k
a_k Zoig. vy (B> 4) < e3Py o), (6.71)
OB" Zovwy(B, D+ Zayw) (B, 2)

In a similar way, the bound (6.65) can be sharpened to

Lo ZerBD)

> m nL*'+ (/3 B.). (6.72)
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This leads to the following improvement of (6.67):

ak— ak
E,(B,7)=———
sg BB D=5

+e i POO(L %)+ 0(g W D)) (6.73)

log Z, (B, 4)

As a final application of Remark 6.4, we obtain that for any w-contour 7y,

the ratio of partltlon functions 2% I“”Eﬁ g can be bounded by its value at f,

multiplied by e~2#~#_ This leads to the bound

K, () < g~ We=2$=5) (6.74)
and similar improvements for the derivatives. As a consequence,

ok 0" a2 =PI
5 ﬁklogZo y(B, A) = aﬂkG([EB(V))+L 16-0(g™) (6.75)

and

k

0
35 [log Z, v (B, M)+ f,L*"(L—1)]

ak
=~ ¢ OBONI+ L e 20720 ™). (6.76)
Combining the bounds (6.73) and (6.75) with Lemma A.1(b), we obtain
that C, (B, A) = p? e #=#+) O(L?) < B?O(L?) whenever > B, .
On the other hand, the bound (6.48) of Lemma 6.6 and the fact that
BP(L) = B,(1+0(L™")) (see Lemma 6.2(b)) yield that

CL(BD(L), 1) = Bi(de L)? (1+O(L™)). (6.77)
We conclude that

Cr(B. ) <C(BL(L), 1)

for all f¢[B_, B,.] and g, L large enough. In other words, if the tempera-
ture B), (L) exists, then S, (L) € [A_, B. 1.

Let us, therefore, take f e [f_, B, ] in the following. Then Lemma 6.6
gives

2 3
CL(/j 4) = p*(4de L")4—tanhx +B20(L*").  (6.78)
op x=4e(B—pD(L) L*
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Observing that there exist constants 4, B> 0 such that "3;%“< —B<0
once |x| < 4, we conclude that

’CL(BA) _
B

whenever |f— B9 (L)| <% ;s and ¢, L are large. On the other hand, (2.11),
(6.53), Lemma 6.2, and the fact that £ — 0 at x = 0 imply that

< — B¥(de LY*B+ B*O(L“ ") < —g B(de LY (6.79)

0C. (B, 4) _ OB A)

+0(L2d 2 —v =0 thd).
B 2w B 2w i) =00

(6.80)

Combining (6.80) with the bound (6.79), we conclude that, for ¢ and L
large, there exists a unique temperature f,(L) such that |,(L)— Y (L)| =
O(B; L) and

Cr(Bo(L), 2) > Cr(B, 4)

for all B # B,(L) and |f—BP(L)| <4 L. However, if [f—BP(L)| >4 L
then, in view of (2.11) and Lemma 6.6

L?

Co(B, 2) = B*(de L?)* cosh*(de(f— L (L)) L)) +O(L*™)
< B¥(4e LY)? [cosh24+O(L™")] (6.81)

so that

CL(BP(L), A)—CL(B, 1) = f*(de L) [1—cosh2A+O(L™)] >0
(6.82)

once g and L are large. Hence, (L) = B (L), which proves Lemma 6.8. ||

Proof of Theorem 2.3. The claim (a) of the theorem, with

d(ss—5.)(B,)
B.de

follows from Lemmas 6.8 and 6.2(b), taking into account that

b(A, q) = (6.83)

B 1(sa—3)(B)I> O(g™) < B, O(g™) = O(1).

To get (2.18), we use (6.10) and (4.60).
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To prove the claim (b), we first note that in view of the preceding
lemma and Lemma A.10, we have

k k
Tk BB X e p Oy 1t = g tAON X eyt B 'O(L™).
(6.84)

Combined with Lemma 6.6, this implies statement (b) of Theorem 2.3,
except for (2.21), which is stronger than the resulting bound if, say,
Bf=2p,. But in this region, f>f,, and we can use (6.70) to get
C.(B, 1) = B?O(L?), which is, in fact, a much stronger bound than (2.21) if
B = 2B, since x> cosh2x — 0 as x — oo.

For |B—B,|=*% jf t 2, the first two claims of Theorem 2.3(c) are con-
tained in Lemma 6.7. The same is true for the last claim in the region
p<pB_, where < pf,. For f=>p,, we insert (6.76) into (6.73). This
improves the bound (6.62) to

ak—l dk
21 E (B, 4)= ap* [fo(B) L (L—1)+2dh,L"']
+ L e 16800 ™). (6.85)
Observing finally that for k> 2, we have /{ = e P00(q Al
O(e 3= £+)) by (6.75) and Lemma A.1, we conclude that
d’fo( g
aﬂ E (B, A)= ({;ﬁzﬂ) L4 L4 ! O(e_i(ﬁ By, (6.86)

which implies the final claim of the theorem. |

APPENDIX: AUXILIARY LEMMAS

Lemma A.1. For any ke N, there exists a finite constant &, such
that, for all § > 1, the kth derivative (with respect to ) of any of the func-
tions g,, A,, and A, m = o, d, defined by (3.10) and (3.25), respectively,
can be bounded by

@ —tLifk=1,
b) Z,(1+a)ePifk>2.

Here a =1 for the function g,, and a = A otherwise.
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Proof. Let us consider the function f(x) = —log(e**—1). Obviously,
the absolute value of

af a

dx  l—e™

is bounded by = < 1+a on [1, o). Using the identity

Lf _ (4
a2 ¢ dx )’

one shows by induction that, for any k=2, 3,..., there exist constants
Cii»---» Cre_1y such that

dkf = k—1-¢ —alx df o
eg Cuu @ <dx> .

Using the bound |df/dx| < 1+ a, we thus get the bound

d'f

TH<A(tate™  k>2, (A.1)

where 9, =Y, |C,,|- Taking into account the definitions (3.10) and (3.25),
the lemma is proved. ||

Lemma A.2. Lety be acontour with diam y < diam V. Then |0B(Int y)|
<Iyll.

Proof. The lemma is trivial if y is an s-contour, or if it is a w-contour
with dist(y, V) >2 (in the first case all bonds in dB(Int y) intersect y, and
in the second case |0B(Int y)| = 0). Assume therefore that y is a w-contour
with dist(y, 0V) <;. Since diam y <diam ¥, there is a corner k of V' for
which y N 0V < 00(k). Necessarily, the line p(b) = RY that passes through
the end-points of b € 0B(Int y), intersects the boundary of V(y) at least
twice, and at most one of these intersections can occur on JV (recall that
diam y = diam V' (y) < diam V). As a consequence, introducing the segment

s(b)={<(x,y>eB:x, yepb)}, (A.2)

at least one of its bonds intersects the contour y. Observing that s(b) N
s(b") = for any two different bonds b, b of dB(Inty), the lemma is
proved. ||
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Lemma A.3. Lety be an arbitrary contour. Then

() diamy <[yl +1,
(i) |B(Inty)| < (lly]+[0B(Int p)|) diam y, and
(i) |B(Int )| <2d [ly]”.

Proof. The claim (i) is a direct consequence of the fact that the
contour is connected and that it is touching two opposite faces of a cube
of side diam y. Indeed, any of |diam y|> diam y—1 parallel hyperplanes
between this two faces, necessarily containes at least one bond intersecting y.
Otherwise, the contour y would split into two disconnected pieces.

To prove (ii), consider the set S(y) = {s(b)},cmumi, Of all segments
s(b), as defined in (A.2), associated with the bonds of B(Inty). Then
|s » B(Int y)| < diam y+3, so that

|B(Int »)| <2 |S(y)| diam y. (A.3)

Since, for every segment from &(y), we have 2 <|s ndB(Int y)|+ |,
where ||y||, is the number of intersections of bonds from s with y, we have

218y < Iyl +0B(Int p)|. (A.4)

Finally, to prove (iii), we notice that for diam y < diam V' it is a direct
consequence of the claims (i), (i), and Lemma A.2. If diamy=
diam V' = L+1, we have |B(Inty)|<|B|=dL*+% L' <2dL? implying
(iii) since L = diam y—1 < ||y|| according to (i). ||

Lemma A.4. Let y be a contour with diam y < diam V.
Then |B(Int y)| < 2 [|y|| diam .

Proof. The claim follows from Lemma A.3(ii) combined with
Lemma A.2. |

Lemma Ab. Let #,:.% — R be a contour weight obeying the
conditions (i)—(iv) of Lemma 4.1. Let us define

2wy =Y [l (H@K)e™

cw yea*

for any W of the form (3.7), where the sum is over all families 0* of non-
intersecting contours with V' (y) = W for every y € 0*. Further, let
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. 1
¢* = _Lhirio 7 log Z*(V), and

. 1
ot =—lim i (log 2*(V)+¢" BI/d).

Then, for any ¢, > —¢*and ¢, > — ",

—c¢1|B(Ext)|/d—c; [0, Ext 0(e) |8:W |+ 0(e) [0~ Pw|
Z e c1|B(Ext)|/d—c; |0 Ext | l_[ »%fy(j/) <e (€) 0: W11+ O(e) II,
Oext °TW 7 € Dext

where the sum goes over sets 0,,, of contours which are all external with
V(y) =W for any y € 0., and Ext =W\, .5 V().

Proof. If #;(y) <€, then #;, (y) e" < &M with &€ = ee. By Lemma 4.1,
log Z*(W) = —@*(W)+O0(e) [o.W |+ O(e) 1092w (A.5)

with @*(W) = ¢*|B(W)|/d+c" ||0,W]|, where we used that O(€) = O(e).
Assuming now that ¢; > —¢* and ¢, > —¢™ and using (A.5) together with
the fact that for all contours y we have ||0; Int y| = |||, we get

Y emalBE/d—alE [T 4 ()

Oext °TW 7 € Oext

<e?™ Y ] (A (y) e )

Oext TW  y € 0ext

— o2 M +0@ 16 Pw| Y T (%) Z*(nty) 0O

Oext TW 7 € Dex
< 2 M+0@ I IWI gex 7y _ 0@ 1aWI+0@ 19w g

Lemma A.6. Let g, h,, m=o0,d, be the quantities defined in
(3.10). Let xy =k >0, and ¢,(f) and ¢,(f) be arbitrary functions such
that

() @n(p) and ¢,(p) are continuous, and ¢, =g, +0(¢7™), ¢, =
hn+0(q7);

(i) ¢.,(pf) and ¢, (p) are differentiable on [1, o0), and

d(pm _ dgm dgm _ dhm

W—W‘i‘ O(qiko), W— dﬂ +0(q7k) (A6)
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For 1€ (0, 1), and g sufficiently large, the following claims are valid:

(a) There exists a unique point f such that ¢, (8) = ¢4(B). Moreover,

- _foup) it B2
o) =minfe.(poap) = {700 U7 A
p= 10ﬂ’+0( ), (A3)
and
A 1 1 _
(so=5(B) =~ (43 o a+0(a ) (A9)

where x; = min{x,, 1} and x, = min{x, 1, 2} = min{x, 2}.

(b) Let #, = gm—gmc+§ (@Pme —@) with m*=o0 if m=d and vice
versa. If € < /2, then

sup  Fo(B) = Zul(B).

B:o(B) = om(B)
(C) Let gm = Cm — Cme¢ _é ((pm - (0) Then

sup %,(B) = % ().

>0
Proof. Throughout the proof, we assume that ¢ is large.

(@) The function ¢, — @, is decreasing on [ 1, c0) since

d d
%( —Q)=—7_,5t0@™) < —d+0(@™) <0 (A.10)

by (3.10) and (A.6). In addition,
(9o —94)(B) =log g—dlog(e—1)+0(¢™) >0

for all g€ (0, 1] and limy _, ,, (¢, —@4)(B) = —co. Referring to the assumed
continuity of ¢, —¢,, we get the existence of a unique point B for which
o —ps=0if f<f and @, — @y <0 if f> B. The equality (A.8) is now
an immediate consequence of (A.10) and the fact that for § = tlog g we
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have (¢, —¢4)(B) = (g, — 2+ 0(¢ ™) = O(g ™" /%), Finally, accord-
ing to (A.8), we have e —1= qd(l + O0(¢g™)). Combined with (3.10) and

assumption (i) of the lemma we thus get

A A 1 1
(5= 5)(D) = (h = h)(D+ 0 = 3 (43 ) og 4+ 0 ™). (A1)

(b) Let & < A% We start by showing that £, =k, —5 g, 1s a decreasing
function of f. Indeed,

e, ¢
df  1—e? 1—e#

in view of (3.10). Using that 7_(x) —_7,“)2 is a decreasing function of
¢ >0 for any x > 0, we get

a*
a7 = B () > (=) m(f) > 0.
Thus,
de, de, 3
@gﬁﬂ_w—f—ﬂg_ﬂ.(l—ﬂ.)<0

for all A € (0, 1) as was claimed.
Now, by virtue of the assumption (i) and the fact that 4; and g4 do not
depend on S, we have

F2)=F(B)=t(PH—4(2)+0(¢g™) =2 6(1)—£(2)+0(¢™) >0

for all f € (0, 1] since £,(1)—¥¢,(2) is, according to the monotonicity of ¢,
a positive number which, in addition, does not depend on g. Next, with the
help of the assumption (ii) and (A.7), we observe that %, m = o, d, is dif-
ferentiable in § on [1,0)\{B}. The Lagrange mean-value theorem thus
yields

, N N
D=7 B =F-p'g| = d-p (-5
A

>>(1=2) (B—p)>0

+0(q'€))

N



126 Borgs et al.

for any g € [1, f) and some g, € (B, f). Similarly,

A

A ,‘
7D -7 > (=) (53] +0a™)z =3a-0(G-p >0

for any f € (B, 00) and some B, € (B, ). The last three bounds justify the
claim (b).

(c) Let us prove the statement only for m = o. First, we show that
¢, =h,—1g, is an increasing function of B. To this end, one observes that
1.(x) =
of (3. 10) 1mp11es that 22 dlz =#,(f)—n,(f) > 0. Next, using (A.8) and the fact
that x, > x, we have

e?—1=qi(1+0(5), Jd=max{g q*, ¢} (A.12)

for any 0 < a < 1. Combined with the assumption (i), (A.7), and (3.10), we
get

A

4B —%,(B) = (B — 6B+ 0(g™) = L(F)— b, <ﬂ>+0(q-")

! _1eP-1
=log(e—e )+

e —1ei—1

1-4
=7 logg+0() >0

for all g € (0, g]. Analogously, using also the assumption (ii),

d¥, df e —x
B |~ dp +0(q )=mn(aP)—n,(af)+0(qg™)=1-1+0(5) >0
for all a e [3, 1), whereas
d¥, dh, g = A . e
a8 = dp )=— _M+0(q )< —A+0(¢@™) <0

for all #> f. As a result, %,(f) > %,(p) for any ﬁ;g by the Lagrange
mean-value theorem (see above). |

For any non-empty admissible set 0 of w-contours, let us consider the
connected components %,,..., €, of ¥\ 0. Observing that B(%,) = Q,(V, 0)
or B(%,) = Q4(V, 0) for every 1 <i < n, we define W,(0) as the union of all
of the former components and W,(0) as the union of the latter ones.
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Lemma A.7. Let 0+# J be an admissible set of w-contours and let
W,(0), W4(0) be defined as above. Then, for any m =o, d, we have the
bound

0
> tol> [P PPN omr, oy (A1)

yed

Proof. Let m=o0 or m=d. Given a component 4, = W, (0), let 0%,
be the boundary of %; and 0, = {y € 0 : y = 0%,\ 0V }. One obviously has

0,n0; =0 forall 1<i<j<n, 0= |J 0

;e
i:€; e Wi (0)

In addition, let €, = {x € &, : dist(x, ) > +} and let ||I;|| be the number of
the intersections of the boundary of &, with the bonds of B. Clearly,

170 =3, Il+I10B(%), Y o= Ivl+10B(7,.@)]-
ye€0; i €; < Wn(0) yed

Finally, let # be the set of all the lines p(b) in R? each of which passes
through the end-points of some b€ 0B and let n,={pen:pnE # J}.
Then |B(%;)| < (L—1) |x;|, where L—1 is the maximal number of bonds
from B that can lie on a single line p € . Moreover, any line p € n; con-
tains either at least one bond of B that intersect twice the boundary of %,
or at least two bonds of B such that the boundary of &, intersects each of
them once. In any case, there are at least two intersections of this boundary
with bonds from B contained in p € ,, i.e., 2|r;| < ||I';]|. Hence,

I,
B < (L1 i< @-D I

Consequently,

Y l+1eB,@nl= 3 I

yeod it € < Wn(0)

2 2 |BOV, (2))
> B(4)| = —— =
L1020 PO =

and the lemma holds as soon as w [0B(W,,(0))| = 0. Observing that
|B| =dL""(L—1) and |0B| =2 dL""", we get

IBI

2 |B(W, ()] —|0B(W,(9))| = —— — |0B| =

L-1

2 |B(W;(9))|

—10BOY, )|+
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Thus, the absolute value in (A.13) is the same for both m =0 and m=d
and non-negative for one of them. ||

Lemma A.8. Let 0+# (J be an admissible set of w-contours and let
W, (0), W4(0) be defined as above. Then

21441
min{||0, W, ()|, 10.Ws (D)} < 1/d+ 2 71l (A.14)

Proof. We will reduce the statement to that of Lemma B.3 of ref. 13.
Given x € Z9, let ¢(x) be the closed unit cube in R that is centered at x.
For W of the form (3.7), let W =), . w c(x), and let |0W| be the
(d—1)-dimensional area of the boundary of W in R“. Note that with this
notation, |0,V || = |0B| = |04|. Introducing the shorthand W, = W,(0) and
W, = W;(0), we also note that

0. W, || = |0B(W,)| = |0W, n 94|, (A.15)
while
0. W3]l = 10B(W,)| = [0W; n 04|+ |0R(W,)|, (A.16)

where 0R(W;) is the set of bonds in 0B(W,) that have no endpoint in
Wy N A. Similarly, introducing R(W;) as the set of bonds in B(W,) with no
endpoint in Wy n A, we get

10:Wall = 10, Il = [0W\ 04| +0R(W)| +2 [R(Wy)|
= [OW\ 04|+ |0R(Wy)| +2 |R(Wy)|. (A.17)

Let now m be such that the volume of ¥,, is at most L¢/2. By Lemma B.3
of ref. 13, we then have

21/d+
07, 1 041 < Sr77— 10\ 0. (A.18)

Combined with (A.15)-(A.17), we get the claim of the lemma. ||

Lemma A.9. Let y,:R->R, r=1,2, be two C* functions. Then,
for any ke N,

Y, (0o (x) _ & dY(») Z li[ d""lP ()

% = i I >
dx j=1 dy’  |y=ym (I I ll
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where {I,,...,I j}, j=1,...,k, is a set of non-empty sub-sequences which
partition {1,..., k} and |I,], i = 1...., j, is the cardinality of I,.
Proof. By inductionon ke N. |

Lemma A.10. Let x;, x, be two real numbers. For any k=0, 1,...,
there is constant 8, > 0 such that

d* d* h h
—— tanh x —— tanh x < 6, min tanh X, , fanh x; [x; — x|

d X1 d X2 X1 X

(A.19)
and
d* d* 1 1
KF‘ tanh x>x1 - <d 7 tanh x>x2 < 0, max {coshz . cosh? xz} [, — x5

(A.20)

Proof. Let x;, x, € R be given. Without loss of generality, we may
suppose that x; > x,. Then tanh x, > tanh x, and 2% < % Thus,

1| =[x — x|,

tanh x,
tanh x; —tanh x 1-
| ! 2| hx1 < tanhx1>| il < ‘ x1

which verifies the first bound of the lemma for k=0 (with §,=1). To
prove the second bound for k = 0, we just observe that

x1 1 1 1
tanh x; —tanh x =J dx <max{———,——— | x; —x,]|.
| ! d x  cosh’x {coshzx1 cosh2x2} % =]

Let k> 1 be fixed now. It is easy to show by induction that there exist
constants Zy,,..., &, such that

d* d k .
o tanh x = <E tanh x> Y. &, tanh/ x (A.21)
j=0

for any x € R. Using that |[tanh x| < 1 for real x € R, we get

d* d*
‘(W tanh x>xl — <W tanh x)xz

k+1

Z ‘—’k+1 Jj

x d**!tanh x
Lﬁ dxk+l

dx

rz dtanhxd

=46, [tanh x, —tanh x| . |
dx
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