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Phase Diagram of Horizontally Invariant
Gibbs States for Lattice Models

P. Holicky, R. Kotecky and M. Zahradnik

Abstract. We study interfaces between two coexisting stable phases for a general
class of lattice models. In particular, we are dealing with the situation where several
different interface configurations may enter the competition for the ideal interface
between two fixed stable phases. A general method for constructing the phase dia-
gram is presented. Namely, we give a prescription determining which of the phases
and which of the interfaces are stable at a given temperature and for given values of
parameters in the Hamiltonian. The stability here means that typical configurations
of the limiting Gibbs state constructed with the corresponding interface boundary
conditions differ only on a set consisting of finite components (“islands”) from the
corresponding ideal interface.

0 Introduction

Before stating our main result in its full generality in the next section, we shall
explain the main idea for a particular model. Namely, we shall consider interfaces
between two stable phases for the three-dimensional Blume-Capel model. To every
site i € Z® a spin (i) is attached attaining the values z(i) € {—1,0,+1}. The
Hamiltonian in a finite volume A C Z? with boundary conditions z is given as

Hy(zlz) =T ) (i) —x()+J Y (2(i)=2(7)* =AY a(@)*=hY_x(i).
(i,5) (5,) i€A i€A
i,JEN €N, GEA
First two sums are over pairs of nearest neighbours, J > 0 is fixed. It is easy to see
that the phase diagram in the (A, h)-plane and at vanishing temperature consists
of three regions of ground states of constant spins, x = +1, z = —1, and = = 0,
separated by half-lines h = 0,A > 0; h = A\, A < 0; and h = =\, A < 0. With the
help of Pirogov-Sinai theory [PS] one can show that the phase diagram at small
temperatures is a smooth deformation of this zero temperature phase diagram [BS]
as indicated in Fig. 1.

Notice that the region of the phase 0 is expanding as the temperature grows.
This is easy to understand by observing that while the phases + and — have only
one type of lowest energy excitation, namely, flipping a single spin to the value
0, the phase 0 allows two excitations of this order, flipping to +1 or —1, which
gives the phase 0 an advantage at non-vanishing temperatures when excitations
contribute to the free energy. The coexistence of all three phases occurs at the line
(A= Xo(T),h =0), where A\o(0) = 0 and the function A\o(T") is growing in 7.
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Fig. 1. Phase diagram of Blume-Capel model. The line A\:(T") corresponds to co-
existence of two different interface patterns on the boundary between stable plus
and minus phases.

Let us consider now, for h = 0, A > 0, an interface between plus phase
in the upper half-space and minus phase in the lower half-space. Depending on
the value of A, different arrangements of spins on the interface yield the minimal
energy. Namely, if A > 2J, the most convenient way is to switch directly from
plus to minus spins — the configuration y*), y() (i) = 1 whenever i3 > 0 and
yD(i) = —1 whenever i3 < 0, is a ground state. Indeed, it is not difficult to
see that the difference of the energy of any configuration z that differs from y(!)
on finite number of sites and that of the configuration y!) itself, is nonnegative,
Hy(x)y™) > Ha(yD]y@). On the other side, if A < 2., it is favourable to sepa-
rate pluses and minuses by a layer of spins 0; the ground state is the configuration
yUD yUD () = 1 whenever i3 > 0, yI1 (i) = 0 for i3 = 0, and yD(5) = —1
whenever i3 < 0.

We will see that this behaviour subsists at small temperatures. Namely, there
exists a smooth transition function A\¢(T") emanating from the point A\,(0) = 2.J at
T = 0 such that, if A > \;(T), the boundary conditions y!) yield (at temperature
T and in the thermodynamic limit) the Gibbs state whose typical configurations
differ from y!) only on small islands — the state corresponding to y(!) is stable.
Similarly, for A\o(T) 4+ 6 < A < A(T') the state corresponding to y?) is stable. At
the coexistence line A\ = M\ (T") both states are stable. Notice that the transition is
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of the first order type — the variable that exhibits a discontinuity while passing
through the transition line is, for example, the density of spin 0 at the interface.

We are actually concerned here with the phenomenon of “prewetting” of the
microscopic *+ interface by zero spins. Notice that we excluded a small neigh-
bourhood of the coexistence line \g(7T'). It is expected that for A very close to Ao
(A= Xo ~ O(e™?) as B — o0) the layer of zero spins spreads over several lattice
sites, with its thickness growing due to “entropic repulsion” as A \ Ag (it was this
type of wetting that was discussed for A = Ag in [BL)]).

Our aim in this paper is to study this type of surface phenomena in a general
case. Namely, we are interested in situations where, as in the example above, several
different interface configurations may enter the competition for the ideal interface
between two fixed stable phases. The simpler case with a single ground state
interface in the considered region of parameters (as is the case, for example, for
the standard Ising model) is well understood [HKZ] as a straightforward, though
rather technically involved, generalization of the standard Dobrushin treatment
[D 72]. Simplifying slightly, the main idea is to rewrite the finite volume Gibbs
state with interface boundary conditions in terms of the probability distribution
of the interface contour separating the regions of two coexisting stable phases. To
prove the existence of the interface Gibbs state in the thermodynamic limit, one
shows that typical interface contours differ only locally from the ideal ground state
interface configuration. To this end one splits the interface contour into regions
of ideal interface at different heights — the ceilings — separated by walls. The
crucial observation that there is a one-to-one correspondence between interface
contours and collections of compatible walls, and that the walls are distributed in
an independent way, allows one to use a generalization of the Peierls argument,
with walls playing the role of contours, to prove that the probability of walls is
dumped and to conclude the existence of interface Gibbs state.

The most important fact that was skipped out in the simplified description
above, is that the interface is actually surrounded, from above and below, by two
different — possibly asymmetric — coexisting phases. Their influence is taken into
account by rewriting the corresponding partition functions, with the help of the
Pirogov-Sinai theory, in terms of cluster expansions. After separating a suitable
normalizing factor, we expand the cluster terms intersecting the interface. As a
final result, one has to deal with an interface decorated by clusters.

The problem in the general case is that presence of various competing in-
terfaces leads to existence of different types of ceilings. To treat the probability
distribution of collection of walls one has to cope with the matching conditions
on families of walls. Namely, each wall is “labeled” on any connected component
of its boundary, where it is attached to surrounding ceilings, by the type of the
corresponding ceiling. For the collection of walls stemming from an interface, these
labels on boundaries of different walls attached to the same ceiling must coincide.
But this is the starting point of the standard Pirogov-Sinai analysis of probabilities
of collections of labeled contours. One only has to be slightly more careful when
applying these ideas.
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One point to consider is the nonlinear dependence on the original Hamiltonian
(and its parameters) of the decorating cluster terms originated from the coexisting
phases surrounding the interface. These have to be attached to the considered
walls and one thus has to be prepared to deal with a nontrivial dependence of wall
weights on parameters of the original Hamiltonian.

Second point is that the decorations may actually stick out of the consid-
ered finite volume and as a result one is dealing with infinitely many wall-cluster
aggregates intersecting the given finite volume. One thus has to be careful when
applying standard cluster expansions to treat correctly these situations having also
in mind that the weight factors of terms that are not entirely contained in a given
volume may actually depend on it yielding a fixed limiting weight factor only when
volume expands to infinity.

Last but not least, the weight factors of the wall-cluster aggregates might be
actually negative, due to presence of cluster terms whose sign is not determined.

There are different strategies how to deal with these problems. Here, we have
chosen the most conservative one. Namely, we rewrite the interface partition func-
tion (and the corresponding Gibbs state) in such a way that we can use directly
(essentially) standard Pirogov-Sinai theory with the role of contours played by
“shadows” of wall-cluster aggregates projected to the plane of ideal interface. To
get positive weights allowing in the final account, for example, to estimate the
probability of external shadows in the standard manner, we add a suitable cluster
sum into the exponent contributions to the interface partition function, absorbing
it in the same time into a small change of weight of interfaces. The cluster contri-
butions of this added sum can be easily chosen in such a way that the positivity
of combined cluster terms is assured.

There are at least two alternative approaches. First, one may base all the
discussion on an extension of Pirogov-Sinai theory to complex parameters [BI].
The first steps in this direction (dealing only with one type of interface and gen-
eralizing thus [HKZ]) are done in [BCF 1]. The study in [BCF 1] is motivated by
the investigation of interfaces in quantum lattice models [BCF 2]. Other approach,
proposed recently by two of us [HZ], is to develop a new alternative to Pirogov-
Sinai theory based on the idea of “expanding away”, one by one, all contours and
walls without ever passing through intermediate contour models with their cluster
expansions as it is the case in the standard Pirogov-Sinai theory. This method is
conceptually promising and we expect that it will allow a treatment of a great
variety of models with different types of interface, wetting, and other “stratified”
states (i.e. consisting of several interfaces). The paper [HZ]| develops the theory
in a very general situation and it has to be supplied by a detailed study of the
dependence of stability of resulting interfaces on parameters of the original Hamil-
tonian to draw the phase diagram at nonvanishing temperatures. A great deal of
the present paper treats this particular problem in the situation of an interface
with different ceilings and has thus its importance even though it is based on a
rather standard Pirogov-Sinai approach and does not evoke the approach from
[HZ].
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The paper is organized as follows. In Section 1, we set the problem, introduce
the class of models to be treated with assumptions (Peierls conditions) that assure
a dominance by a particular class of ideal interfaces (ceilings). The main result
(Theorem 1) is presented in a general form stressing the smooth dependence of
the resulting full phase diagram on the temperature (including the description
of regions where particular interfaces become stable — cf. Fig. 1). It follows from
Basic Lemma whose proof is postponed, after various preparatory steps in Sections
3 and 4, to Section 4.4.

Section 1 contains, in addition to Theorem 1 with its proof following from Ba-
sic Lemma, also the characterization of the ground state phase diagram including
interface ground states (Proposition 1.1.3) as well as its completeness under the
condition of removing of degeneracy (Corollary 1.1.4) with their proofs in Section
1.3.

Section 2 is devoted to a brief reformulation and a slight extension of the
Pirogov-Sinai theory. First, we summarize the results concerning contour models
in a form needed for our purposes. This part includes contour models with bound-
ary dependence (models whose contour weights depend slightly on the boundary
of the considered volume and are translation invariant only for contours far from
the boundary). The corresponding results are of an independent interest, given the
fact that one often obtains a reformulation in terms of such a contour model. Next,
we introduce labeled contour models and summarize the Pirogov-Sinai theory in
Theorem 2 (characterization of stable phases) proved as a consequence of Propo-
sition 2.2.1 (properties of stable phases) that is proved in Section 2.3. Again, also
the situation of labeled contour models with boundary dependence is considered
(Corollary 2.2.2).

A standard application is the description of periodic Gibbs states in terms
of contour models. This is needed in the further treatment and it is presented in
Section 3 to set the notation.

Finally, in Section 4 we reformulate the Gibbs states with interfaces in terms
of labeled contour models with role of contours played by the shadows of walls
decorated by the clusters of the stable phases above and below the interface. This
is done in a series of steps that yield an expression for the weights of shadows that
are sufficiently dumped to allow once more the application of Theorem 2.

1 Setting and the main result

1.1 Setting; ground state phase diagram

We shall consider classical lattice models on a v-dimensional lattice Z¥ (v > 3) with
a finite set S of spin values attached to each lattice site i € Z”. The configuration
space will be denoted by X (= S%"), the space of restrictions zp = (x(i) : i € A)
of configurations = = (z(i) : i € Z") € X to A C Z" by Xa(= S*). We endow
the lattice Z¥ with the foo-metric (p(4,j) = maxg=1,. ., |ix — Jjr|). Connected (R-
connected) set A C Z" is then defined as a set whose any two sites i, j € A can be
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joined by a sequence of sites i = i1,1i2,...,j = iy from A such that p(ig,ip41) <1
( p(ig,ig+1) < R) for all ¢ = 1,2,...,]15 —1.

Every translation invariant Hamiltonian H = (Ua; A C Z¥,diamA < R) of
range R with interactions Us : X4 — R can be identified with H = (Up4;), where
[A] runs over all (finitely many) equivalence classes of subsets of Z” defined by
shifts of an A C Z” with diamA < R. So the translation invariant Hamiltonians of
range R form a finite-dimensional vector space of Hamiltonians denoted by H(R).
More precisely, it can be identified with the space of all vectors (Us(z4);i4) =
0,diamA < R,xap € Xa), where x4 are ordered in a fixed way. Here i e A
is a site chosen in A in a fixed canonical way (say, the first site in A in a fixed
lexicographic order). Throughout we use ||-|| to denote the euclidean norm on
H(R), || - ||lso the maximum norm on it, and dim H(R) to denote its dimension.

Using Ha(z|z) to denote the Hamiltonian in A with boundary conditions
ze X,

Ha(zlz) = > Ua(za)

ANA#D

with x = z in A¢, we introduce the partition function

Z(AzH) = Y exp{—Ha(al2)}.

x=zinA¢

It will be useful to define also

ZWAzH) = Y esp(-Ha(]2)
TAEY
r=zinA°
for any Y C Xj.
The Gibbs state in a finite volume A C ZV under a boundary condition x € X
with Hamiltonian H is the probability u(-, A|z; H) on X defined by

Z({za}, Az H)

nah Al H) = =200

whenever & = z in A°.

The set of all Gibbs states in (possibly infinite) V' C Z" under a boundary
condition v € Xzuw\y with Hamiltonian H introduced by means of the DLR equa-
tions (see [HKZ], Section 2.1, for discussion of the situation with V' C Z") will
be denoted by G(V|x; H). For V' = Z" the boundary condition x is necessarily
empty and we get the standard definition of Gibbs states (G(Z" | 0, H) = G(H)).
The inverse temperature  does not appear here as an independent parameter; it
is incorporated into the constants of the Hamiltonian H. (See also Remark 4 in
Section 1.2.)

It is well known that the set of all Gibbs states G(H) is the closed convex hull
of all possible weak limits lima,, ~z» p(-, An|z; H) of finite volume Gibbs states.
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A configuration x € X is called a ground configuration of a Hamiltonian
H = (Uga) if “the energy of every finite perturbation Z of z (Z differs from x at a
finite number of lattice sites) is not smaller than the energy of x”:

H(:f:,x) :Z(UA(jA)_UA(«TA)) > 0. (1.1)
A

If the above difference is positive for each finite perturbation  # x, we refer to x
as to a ground state (isolated ground configuration). We use g(H) (resp. g*°"(H))
to denote the set of all ground configurations corresponding to H (resp. periodic
ground configurations).

Our aim will be to discuss phase diagrams including a class of Gibbs states
with an (“horizontal”) interface. Before taking into account any excitations, we
shall describe the phase diagram at vanishing temperature—the ground state phase
diagram.

We thus suppose that a set G of configurations is given (to play the role of
possible ground states). We shall restrict ourselves to horizontally periodic config-
urations, i.e. we suppose that every x € G is periodic with respect to translations
in the first (v — 1) coordinates. We use GP' to denote the subset of all € G
that are also vertically periodic, i.e. periodic with respect to the v-th coordinate,
and we put G'' = G \ GP**. Further we assume that each € G is identical
to two configurations yi,ys € GP°" above and below certain heights, respectively.
Namely, for each € GP" there exist two states yi,y2 € GP and a pair of con-
stants t1(x),t2(x) such that x(i) = y1(i) once i, > t1(x) and z(i) = y2(¢) once
iy < ta(x). We may assume that ¢1(z) and t2(x) are chosen as the minimal, resp.
maximal, constant with this property. We suppose also that the set G is finite up
to vertical translations, i.e. there exists a finite subset of G such that any con-
figuration x € G is a vertical translation of a configuration from the considered
finite set. In particular, GP®" is finite, GP** = {1, ..., 2, }, and there exist a finite
constant ¢ (mazximal thickness of interfaces) such that ¢ > ¢ (x) —t2() for all pairs
t1(x), t2(z) abovel.

To control the suppression of excitations with respect to configurations from
G, we rely on an extended Peierls condition. To introduce it, let us first define
“the specific energy at the site ¢’ by

my, o Ua(za)
Ef )(x)_Z% (1.2)

el

for each configuration z € X. Here | A| refers to the number of sites in A. The no-
tation E/(\H) () =D icn Ei(H) (x) will be also used. For every periodic configuration

x,x € XP we also define the specific energy e, (H) of x by

eo(H) = lim —— S B () (1.3)

ievy

IThis fact implies that the interface introduced below is necessarily connected.
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(with V}¥ denoting a cube consisting of n” lattice sites). For any cube V¥ whose side
is a multiple of the periodicity of x € XP", one clearly has E‘(ff) (x) = VY |ex(H),
. H '
ie. ex(H) = by Licyy B (2).

It is useful to introduce an averaged specific energy? at site ¢ for any config-
uration z by the right hand side of the last equation. Namely, let p be a common

multiple of periods of all configurations from GP®" as well as horizontal periods of
all configurations from G°r, for any i € Z" let V(i) be the cube

Vo(@i)={je€Zj=i+kk=(k,....k)€{0,1,...,p—1}"},

and for any configuration x € X let

= —— 3 B ).

V2
It is easy to verify that for any A, the sum »_,_, FEH) (2) differs from E[(XH) (x) by
a local boundary term,
= (H) H my, Ve () DA my, Ve () N AT
SE @) =@+ Y B N@W - B >(x)w.
ieA JEA® »\J JEA p\J

Here, V(j) = {i € Z";j € V, (i)} = {i € Z";i = j — k,k € {0,1,...,p — 1}"}.
The explicit form of the boundary term is not very relevant; an important fact is,
however, that whenever x and & differ only on a finite set, then

H) -~ H —=(H) —=(H)
B0 @) - By (@) = Y B @) - Y B (@) (1.4)
icA ieA

once A is sufficiently large. More exactly, the equality holds if x (i) # Z(i) implies

that d(i, A°) > R + p. Clearly, El(-H) (x) = e, (H) for any = € GP*".
Let, now, an integer d > R be chosen so that it is surpassing both periodicity
p as well as interface maximal thickness ¢, d > max{R — 1,p,t}. Consider the set
of all elementary cubes consisting of d” lattice sites. A bad cube of a configuration
z € X is an elementary cube D for which zp differs from yp for every y € GP'.
Notice that the choice of d ensures that the only configurations with no bad cube

are those from GP®'. The boundary B(z) of = is the union of all bad cubes of z.
If z € GP" and Z is its finite perturbation (differing from x on a finite set of

2The reader who is ready to sacrifice the subtlety of the case of periodic but not necessarily
translation invariant configurations in GP®" can skip the present paragraph, suppose that all

x € GP' are translation invariant, and replace everywhere EEH)(m) by EZ.(H)(:E). Actually, as
explained after the formulation of Basic Lemma in Section 1.3 below, by introducing “block spins”
one can rewrite the model (possibly lowering the upper bound on allowed temperatures) in such
a way that all configurations in GP®" become translation invariant as well as all configurations
in GP°T become horizontally translation invariant.
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lattice sites), then, necessarily, B(Z) is finite. Any connected component I" of B(Z)
is called a contour (of &) and we use 9(Z) to denote the set of all contours of z,
B(z) = UFeB(i) I'. Notice that the configuration Z coincides with one of the states
2 € GP°* on every component of Z \ B(Z). The only x € GP®* that coincides with
Z on d-boxes that intersect both T' and the only infinite component of Z¥ \ T, is
called the external boundary condition of the contour I of z. Finally, we use eq(H )
for mingegrer e, (H) and denote g8 (H) = {z € GP*;e,(H) = eg(H)}.

The standard Peierls condition® , with p > 0 and with respect to GP®", that
is used in the Pirogov-Sinai theory, can be formulated as the bound

Z(EﬁH) (;171-«) — eI(H)) > p|I‘| (F(per))

el

for any z € GP*', any contour I', and any configuration zr such that I' is its only
contour with external boundary condition x. Notice that if all configurations in
GP°" are actually translation invariant, E; can be simply replaced by E;, yielding
Peierls condition in the form

E{" (ar) - o ()IT| 2 piL]|. (Piver)

Let us remark that one can normalize the condition with respect to the mini-
mum eg(H) instead of e, (H) [BK]. This is a useful trick that enables, with some
additional care in relevant estimates, to get a uniform validity of the theory far
away from lines of coexistence. However, we will restrict our considerations to a
small neighbourhood of a fixed Hamiltonian anyway and will thus abstain from
this extension.

Turning now to the configurations containing interfaces, we first introduce
the notion of a wall. Namely, consider a configuration x € G" and its excitation
Z differing from x on a finite set of lattice sites. Let I(Z) denote the infinite
connected component of B(Z) (notice that B(Z) has only one infinite component
(cf. footnote 1)) and let I(Z), an interface, be the pair (I(Z),Z(z)). Notice that
I(z) is splitting Z¥ \ I(Z) into two infinite components.

Denoting, for any i € Z¥, by C(i) the column {(i1,...,i,-1,n);n € Z} and
by Cy(i) its d-neighbourhood, we use C(Z) to denote the set of those sites i of I(Z)
for which there exists a configuration y € G such that I(Z) N Cy(i) = I(y) N Cq(i)
and & = y on it. The set C'(¢) NI (y), for such i € C(Z), is called a y-ceiling column.

Further, a pair w = (W, Zy ), where W is a connected component of I(Z) \
C(Z), is a wall of I(Z). We denote by W(I(Z)) the collection of all walls of I(Z).
Whenever w = (W, Zy ) is a wall, there exists a configuration yy € G and its
perturbation xy, such that w is the only wall of zw, W(I(zw)) = {w}. For any wall

3The word standard here corresponds to the fact that here we are dealing only with “contours
immersed in periodic configurations” in contrast with “walls of an interface” as will be the case
below. On the other hand, we are dealing here with a Peierls condition valid uniformly on a
neighbourhood of Hamiltonians — this type of the Peierls condition is sometimes [EFS] called
“extended Peierls condition”.
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w, we use Iy = I(yw) N (U;cy C(7)). Notice that this definition is consistent—the
right hand side above is well defined only from geometry of W. Indeed, any wall
has an “outside rim” from which the set I(yw) can be uniquely read of.

A Hamiltonian H = (U,) is said to fulfill the Peierls condition (P) with

respect to the set G (and with constant p > 0) if it satisfies (F(pcr)) as well as
—(hor)

ST E (@w) —eo(H)) = S (B (yw) — eo(H)) = pW] @)

iceW i€ lw

for any wall w and the corresponding configuration 3, € G"" and its excitation
ZTw. Again, if all configurations in GP°" are translation invariant, the condition
takes simpler form

(BY (zw) — eo( )W) — (B (yw) — eo(H)| Iw|) = p|W]. (Phen)

The symbol (P) denotes that both (P®°")) and (P"°")) are satisfied.
The following lemma is related to Lemma 2.1 from [S].

Lemma 1.1.1 Let H satisfy the Peierls condition with respect to a non-empty finite
set GP®" C XP°'. Then all periodic ground configurations of H are ground states,
their set g*°*(H) coincides with the set g8 (H), and g5 (H) minimizes specific
energy over all XP*, gb*" (H) = {x € XP";e,(H) = eo(H)}.

Proof. 1. We first show that each element z of GP®" with e,(H) = eo(H), is a
ground state of H. This, in particular, implies g5 (H) C g°*"(H).

Let y differ from x on a non-empty finite subset of Z". Let A C Z¥ be finite
and such that x(7) # y(¢) implies that dist(é, A°) > p + R.

By (1.4), (F(per)), and the choice of x and A, we get

H(y:z) = B (y) - B\ (@) =
S B @) B (@) = Siea (B (y) — ea(H)) =
= Yien B W) — ealH)) + Ticnni B () - ealH)) > p|B(y)] > 0.

Notice that for ¢ ¢ B(y) the values EZ(-H) (y) equal to some of e, (H) with z € GP**
and so they are greater or equal to e,(H) = eg(H). Hence the claim of the first
step is verified.

2. Let e, (H) > eo(H) for some periodic configuration y. Then we may con-
sider a configuration g that is equal to y outside of some large cube A C Z” and
coincides with x in A, where z € gP°"(H). It is obvious that H(g;y) < 0 if A is
large enough due to the inequality e, (H) > eo(H) = ex(H). So y is not a ground
configuration.

3. Finally, let y be a periodic configuration and y ¢ GP®. Let us consider
configurations y§ such that y} equals to y on a sufficiently large cube A C Z and
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per

to x € g§° (H) on A°. We may notice that by the finite range of the potential

- H(yxs;x)
o)~ e01) = iy S,
where the limit is e.g. over any sequence of cubes A with diameters tending to
infinity.
We get, similarly as in step 1, for sufficiently large neighbourhood V' of A
that ) )
H(yx; ) = By (yx) — By () > p|B(yR)l-

There is ¢ > 0 independent of A such that |B(y%)| > ¢|A| as y is periodic.
Summing up what we observed, we get that e,(H) > ey(H) implying the
inclusion {z € XP*;e,(H) = eo(H)} C GP°" and finishing thus the proof. O
Our next aim is to study all horizontally periodic ground configurations of H.
In analogy with e, (H) for z € XP°", we consider a configuration z € GN X}
with y,z € g0 (H), y # z, where X! is defined as the set of all horizontally
periodic configurations asymptotically coinciding with y and z (i.e. T € X;‘f; if
Z(i) = y(¢) whenever i,, > t; and Z(i) = z(¢) whenever i, < t5 for some t1,t2 € Z),
and define
eo(H) = lim — > (B (2) — B (y)]. (1.5)

= v—1
nee [V (i1, enyip—1)EVY T
Notice that only finite number of terms in the sum does not vanish and that the
configurations y and z can be read off from x and we do not introduce them
explicitly into the notation. Notice also that

ex(H) = 3 B (2) — eo(h)),

1€C(0)

where the sum is again only formally infinite. Notice, that even though we keep
the same notation as in (1.3), no confusion can arise since these two definitions
concern disjoint classes of configurations z; periodic ones in (1.3) and horizontally
periodic ones above.

Similar notion to eg(H), that according to Lemma 1.1.1 equals min{e, (H);
x € XPer} s

ey*(H) = min{e,(H);z € GN X;’fzr .
We also use the notation

Gy (H) = {w € G™r 0 XD e () = e *(H)}.

Y,z x

Finally, we say that a set G is admissible if it is non-empty and, up to vertical
translations, finite set of horizontally periodic configurations such that for each
r €GP itisx € X;‘gr for some y,z € GP", y # z, and that G N X;‘gr #+ () for
each y,z € GP®, y # 2.
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Lemma 1.1.2 Let G be admissible and let H satisfy the Peierls condition (P) with
respect to G and some p > 0.

Then a horizontally periodic configuration x is a ground state, equivalently a
ground configuration, of H if and only if

either x € g5 (H)

orx € X} for some y,z € g (H), y # z, and

z
ex(H) = ey (H).
Moreover, such configuration x automatically belongs to G.

Proof. According to Lemma 1.1.1, it suffices to consider only non-periodic config-
urations.

1. We first show that each z € g§**(H) for some y,z € g*P*"(H), y # z, is a
ground state.

Let Z differ from 2 on a non-empty finite subset of Z" and let A C Z" be a
finite cube such that #(i) # x(i) implies that dist(i, A°) > R + p. Let o/ be the
unique configuration with B(z!) consisting only of the infinite component of B(%).

Then

H(#;2) = H(Z;2") + H(z"; ).
Using (F(per)), we get that H(Z;x) > 0, or even that H(#;27) > 0if 2 = 2 (and
thus 7 # x!) when also H(z!;x) = 0.
If 2l # 2, we rewrite H(x!; 1) = ZZ—GA(EEH) (x!) — FEH) (z)), by adding and

subtracting the term eqg(H)|A|, as the sum over disjoint columns C' of the terms
of the form

Y B @) - eod) - Y (B (@) - eo(H)).

1i€CNA i€CNA

For any Z-ceiling column C' this term equals to ez (H)—e’*(H) that is nonnegative
by the definition of ef’*(H). Noticing also that for a column C that intersects a

wall w of z1 every contribution FEH) (z!) —eo(H) with i € CNWE€ is nonnegative,
and using the bound ey, (H) > e,(H) = ej*(H), and the transcription of the
definition of e, (H) after (1.5) above, we are left with

H(als2) 2 3O [30(E @h) — eo(H) = S (B (gw) = eo(H))] > 0
w iEW i€lw

by the Peierls condition (Fhor).

2a. Let = be a horizontally periodic ground configuration that is not periodic.
If, in the upper half space, there are only finitely many horizontal layers of width
d with z equal to some element of gP**(H) on them, then we easily obtain a
contradiction with (P°") by considering cubes A that are large enough and take
xz on A and some xg € gP*"(H) on A°. Notice that the volume of bad cubes in A
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is of the order of the volume of A. So there must be infinitely many such layers of
a configuration y € gP*(H) in the upper half-space and infinitely many layers of
z € gP"(H) (possibly equal to y) in the lower half-space .

Further, whenever there are two disjoint layers on which z equals to the same
element y of gP'(H), it necessarily equals y also in-between of these two layers.
Indeed, let us suppose that x is not equal to y in-between. Considering paral-
lelepipeds A that have the upper mentioned layer just above its top and the lower
mentioned layer just below its bottom and changing = on the d-neighbourhood of
the boundary of A to y may increase the energy at most by a contribution of the
order of the size of the side-wise boundary of A (excluding its top and bottom),
whereas changing additionally = to y everywhere inside A causes a decrease of the
energy by a contribution of the order of the size of the top of A (applying (Fper
and the fact that between those two layers there must be a layer containing, due to
horizontal periodicity of x, a periodic horizontal grid of bad cubes). Since the size
of the top, or bottom, of A are asymptotically larger than that of the rest of the
boundary of A, the energy for A large enough decreases and so x is not a ground
configuration. This contradiction shows that = € X;;fzr for some y,z € gP°"(H),
y# 2.

2b. If e, (H) > ef*(H) for y,z € g*"(H), y # z, x € X%, then x is not
a ground configuration because replacing it by some element Z of X;Ozr for which
ez (H) = ef’” on sufficiently large cube, with its top in the upper region for both
configurations and its bottom in the lower region for both configurations x and z,
we increase the energy.

3.Ifz ¢ Gand z € X}¥, we get that e, (H) > ef*(H) from (P ) investi-

gating the limit of e, (H) = ﬁH(w% ; w) for some sequence of cubes V;, tending
to Z¥. Here z{; is equal to w on V¢ for some w € GN X} with e, (H) = ef*(H)

z

and to x on V,,. O

Our aim now is to describe “the phase diagram at zero temperature” — the
ground state phase diagram. Consider a Hamiltonian Hy with the set Gg of all
horizontally periodic ground states of Hy, Gy = g(Hp). To describe the ground
state phase diagram in a (sufficiently small) neighbourhood of Hy in H(R) means
to specify, for every subset G C Gy, the set of all Hamiltonians H for which G is
the set of all horizontally periodic ground configurations, G = g(H). In fact we are
describing the phase diagram for H from some cone containing a neighbourhood
of Ho.

Proposition 1.1.3 (ground state phase diagram) Suppose that Hy satisfies the
Peierls condition (P) with a constant pg > 0 and with respect to an admissible
set Go of horizontally periodic ground states, Gy = g(Hp).

Then there exists e > 0 such that for each H € K.(Ho) = {8H : |[H — Ho|| <
e||Holl, B > 1} the set g(H) of all horizontally periodic ground configurations is

contained in Go, each x € g(H) is a ground state and either

° z € Gy and e, (H) = min{ez(H) : 2 € G§™'} (1.6)
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° x € Go N X} for some y, z € g**(H),y # z,and
eo(H) = min{ez(H) : z € Go N X} (1.7)

Moreover, for each 0 < & < ¢ there exists a constant pz such that lime .o, pz = po

and each H € Kz(Hy) satisfies the Peierls condition (P) with the constant pg%.

Proof. To show the validity of Peierls condition for the Hamiltonian H with respect

to Gy and a suitable pg, it suffices to compare it with the condition for H “‘ﬁfu‘l close

to Hy. Hence the characterization from Lemmas 1.1.1 and 1.1.2 is valid implying
the claims. O

Remark. Notice that only non-empty admissible sets g(H) C g(Hy) will appear.

To enable the realization of all admissible G C Gy in a neighbourhood of Hy
(“full ground state phase diagram”) it is necessary to assume that a condition of
removing of degeneracy is fulfilled. To formulate it and to enable a global study of
the phase diagram at a non-vanishing temperature it is convenient to extend the
functional H — ez (H) defined by (1.5) only for those Hamiltonians H for which
Y,z € gP*(H). This can be done for example by defining

ex(H) = lim 1 > [Ei(z) — min e, (H)] (1.8)

1 3
n—oo |V cGrer
Vo™ icl(z) ¥==o
(i1yenyip—1)EVY ™!

for every horizontally periodic x € X;Ozr with y, z € gP**(H). Using |G N X;}ff ~ver

to denote the number of elements of GN X;O; taken up to vertical translations, we
formulate the condition of removing of degeneracy as the following assumption.

(RD) An affine subspace Hy C H(R) removes degeneracy of Go = g(Hp), an
admissible set of horizontally periodic configurations, if the set of

No=(Ig8"(Ho)l = 1)+ > (Ig0(Ho) N X% |ver — 1)
y,2€95° (Hg)

y#z

linear functionals

{ex(H) — ez (H),x € g5 (Ho),x # 20} U
U{ex(H) — €z, . (H),z € go(Ho) N X;’fzr,x # Ty Yy, 2 € g0 (Ho)y # 2}

with arbitrarily chosen xo € GP" and xy . € Go N X;;fzr is a set of linearly inde-
pendent functionals on Hy.

Notice that choosing Ho = H(R) with R large enough, degeneracy is always
removed. (It is sufficient to choose R larger than the smallest periods of configura-
tions in Gg as well as “thickness” of I(x) for all x € Gy N X"°r.) If we considered
G consisting of translation invariant configurations, already single site potentials
(“external fields”) would be enough to remove the degeneracy.

Let us also remark that one might consider a more general “manifold of
parameters” Ho C H(R).
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Corollary 1.1.4 (completeness of the ground state phase diagram) Supposing the
validity of (RD) (with Ho = H(R)) in addition to the assumptions of Proposition
1.1.8 and denoting He(G) = {H : G = g(H)}, one has Hg(G) N K (Hy) #
0 for each admissible G C go(Ho) and Hg(G1) N Ke(Ho)ZHgr(G2) N Ke(Ho)
whenever G iGQ. Actually the set Hg, (G) is the intersection of the corresponding
number of hyperplanes and open half-spaces in H(R) whose boundaries are yielded
by equalities contained in (1.6) and (1.7).

1.2 The main result

Our aim is to show that the phase diagram including all horizontally periodic states
is a small distortion of the ground state phase diagram described in Proposition
1.1.3 and Corollary 1.1.4 above. A Gibbs state u of a Hamiltonian H € H(R) is
said to be a perturbation of a (ground) configuration x € Gyq if for p-almost all
configurations Z there exists a connected subset M C Z" such that z differs from
x only outside M, Ty = xpr, the R-components of its complement Z” \ M are
finite and, if € Go N X" also the set My = {i € I(x)|M D I(z) N C(i)} is
connected.

Theorem 1 Let Hy be a translation invariant Hamiltonian, Hy € H(R), fulfill-
ing the Peierls condition (P) with respect to an admissible set of ground states
Go = g(Ho) and a sufficiently large po. Let further an affine subspace Hy C H(R)
containing Hy remove degeneracy of Go (condition (RD)). Then there exist con-
stants € > 0, ¢ > 0, and a one-to-one mapping T from K.(Hy) onto a subset of

H(R) so that
(i) T(Ho N K(Hp)) C Ho;

(i1) for any x € G, with G C g(Hyp) admissible, there exists a Gibbs state that is
a perturbation of x whenever H € T (Hg (G) N K (Ho))(=: H(G));

—(pg—e) L
(i) |[T(H)—H| < e (po=0) T for each H € K.(Hy);
o L Il
(iv) |(T(Hy) — Hy) — (T(Hy) — Hy)| < @O ™nUme 1m0 |1y — Hy|
for all Hy, Hy € K.(Hy).

Remarks. 1. We expect that the phase diagram is complete in the sense that the
only horizontally periodic Gibbs states for H € H(G) are those corresponding
to x € G. Even though we have not a proof of this fact in a general situation,
it should follow from the completeness of the ground state phase diagram by a
method similar to that of [Z].

2. The Gibbs states from (ii) satisfy an exponential decay of correlations. Also,
explicit integral formulas describing them can be written using the integration
with respect to measures on families of external contours and on families of walls
which describe the interface of the states corresponding to 2 € G"°*. We shall only
describe the probabilities of external contours in Section 3 and of “shadows” in
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Section 4 and we abstain from a discussion how to reconstruct all the probability
using them. It could be done similarly like in [HKZ] Section 6.

3. The affine space Hp may be given in the form Hy = {H, = Hpy +
Zﬁ;l arHy}. Tt is customary to choose Hamiltonians Hy € H(R) in a suitable
way so that their number N may be taken as the minimal possible (N = Ny from
(RD)). One could replace Hy by an N-dimensional smooth manifold defined by
a mapping H(a),a € RY (with N < Ny ), from a neighbourhood V of a point
a® € RN into H(R) with Hy = H(a(?). The condition of removing of degeneracy
then would be stated as the condition of maximality of the rank of the Ny x N
matrix with the entries

d
Dar [ex(H(V) — €z (H ()] T € g (Hp),x # xo, and
0
o fealH@) ~ ex, (H@)]|,__,
x € g(Ho) N X)U @ # xy2,y, 2 € P (Ho),y # 2.

We shall not pursue the case of a general manifold Hy any further.

4. Usually one considers pairs, a Hamiltonian H and a temperature 7', and
assigns them the Gibbs states defined by +H (we put Boltzmann constant k = 1).
In Theorem 1 we included the temperature into the Hamiltonian to avoid an
overparametrization (multiplying both, the Hamiltonian and the temperature, by
the same factor, we get exactly the same set of Gibbs states as originally). One
can reformulate Theorem 1 exposing explicitly the temperature. Namely, one may
introduce the temperature-depending mapping

Te(H) =T - T()

It describes the phase diagram at the slice of constant temperature 7: the Gibbs
states yielded by +7r(H) correspond (by (ii)) to the ground states of £ (the same
as the ground states of H). Thus, for a fixed temperature T', one actually considers
Ho as a space of parameters and the mapping 7r shows how one should deform
the ground state phase diagram to get the phase diagram at the temperature T'.
The condition (iii) shows that limr_o 7r = id, the identical mapping, and that
the limit is attained exponentially fast. Notice that iv) yields a Lipschitz condition
for the mapping
(T, H) — (T, Tr (H)).

We derive Theorem 1 from the following lemma on the existence of a function
characterizing the presence of stable states whose proof is the main content of the
present paper and is presented in Sections 3, 4 and 5.

We use here and in what follows 97 to denote the directional one-sided
derivative in the direction @, i.e. % f(a) = lim;_o4 w Let us recall
that the hamiltonian H = (Up4); A C Z¥,diamA < R) is an element of the finite-
dimensional space H(R).
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Basic Lemma. Let the assumptions of Theorem 1 be fulfilled (with po sufficiently
large). Then there exist € > 0 and mappings hy : K.(Hy) — R (H — hy(H)) for
each x € Gy such that

(i) a) for H € K.(Hp) and x € G§" such that hy(H) = mingegre hz(H) (such x
is then called stable), there exists an extremal Gibbs state u € G(H) that is
a perturbation of x;

b) for H € K.(Hp) and x € Go N X}, where y,z € G, y # z, are stable
elements of G5 and h,(H) = mingegonxnor hz(H) (x is stable), there exists

an extremal Gibbs state pu € G(H) that is a perturbation of x;

(ii) there exists ¢ > 0 (independent of po) such that

) Iho(H) — e (H)| < &™) T8 (1.9)
for each H € K.(Hp) and

b) 102 ha (H) — 0F e, ()| < e~ T | A (1.10)

for any H € K.(Hp), H € H(R).

Remark (passing to horizontally translation invariant setting). Since we suppose
that Gy is finite up to vertical translations, we may and shall suppose that all
elements of G5 are actually translation invariant and all elements of G§°* are
horizontally translation invariant by considering a modified model. Namely, we can
choose some partition of Z¢ into a grid of cubes with edges of a length that is some
(e.g. the smallest possible) common multiple of the periods of all concerned periods.
The set of “spins” attained at such a cube B consist then of all configurations on B
with values in S. This changes the number of “spins” in dependence on the periods
only. In the proofs that follow in Sections 3, 4 and 5, we use this observation
and suppose that G consists of translation invariant and horizontally translation
invariant configurations.

Proof of Theorem 1. Denoting the parameter ¢ of the cone from Basic Lemma
by &, the assertion (i) implies that it is enough to find a suitable mapping 7 (H)
solving the equations

he(T(H)) = ha, (T (H))

ex(H) — ey, (H) for z,xg € GE”, x # 1z, and
=e,(H)— ey, (H) fory,z € G§*,y # z and (1.11)
Z, Ty, € GoN Xhor 4 # Ty,

Y,z

for all H € K.(Hy) for some 0 < ¢ < £. We see from Basic Lemma (i) immediately
that, if x is a horizontally invariant ground configuration of H, then z is stable
with respect to 7 (H).

The number of different equations in (1.11) is Ny (see (RD) above). To
get a unique solution 7 (H) satisfying (i) of the theorem we add the following
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equations. Namely, consider a decomposition H(R) = H©® @ H® into two or-
thogonal subspaces such that dim HO = Ny, HO + Hy ¢ Ho, and H® + H,
removes degeneracy of Gg. Thus every H € H(R) can be decomposed uniquely as
H=Hy+HY4+HY gO ¢ 1O O ¢ HD. Denoting HY = 1Y (H) we
consider the additional equations

nY(7(H)) = 0 (H). (1.12)

The right hand sides of equations (1.11), (1.12) define an invertible linear mapping
L from H(R) onto RN x H() while the left-hand sides define a mapping F that
differs only slightly from L on Kz(Hp) according to Basic Lemma (ii).

More precisely, we put

L(H) = ((ea(H) = ey (H); @ € GE™\ {x0}),

(ealH) = ez, (H)iy # 29,2 € GE,w € Go N XP% \ {,,. 1), TV ()

F(H) = ((ho(H) = hay(H): 2 € G\ {a0}),
(ha(H) = . (H);y # 2., 2 € GE™ 2 € Go 0 X\ {2 }), IV (H) ).

If we express L in suitable orthogonal coordinates, we get by (RD) that the
absolute value of the jacobian of L, |jr(H)|, is strictly positive for all H € H(R).
Our task thus is to find H = 7 (H) fulfilling (1.11) and (1.12), i.e. fulfilling

the equation F(H) = L(H) for all H € K.(Hj) for some €. Equivalently, we want
to solve the equation } 3
H=H-L'P(H), (1.13)

where P(H) = F(H) — L(H) is a mapping fulfilling the bound
- ] -
IP(H)|| < e =TT for B € K-(Ho)

due to Basic Lemma (ii)a), and

A1l I H2]l

|P(Hy) — P(Hy)|| < e o™t Tl || /) — Hy|| for Hy, Hy € K=(Hy)
due to Basic Lemma (ii)b). 3 .
To find the fixed point H of the mapping Q : H — H — L™'*P(H) in (1.13)
for a fixed H € K.(Hy), we use the Banach contraction principle. We have
IQ(HL) — Q(H)|l < IL7H| e~ Ay — Hy|

for gl,ﬁQ S Ks(Ho).
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Since the constant ||L~1|| e(Po=¢) (1=¢) i smaller than one if py is sufficiently
large (we may and shall suppose that ¢ < 1), it suffices to show that Q maps

2
U
€

(Hy={H||H-H| < £} into itself for H € K (Hp). This allows us to take

[V

[STEY

Let |H — H|| < §. Then

|QUE) — QU < [IL™Hem(n 0=~ < =
Hence, for sufficiently large pog (chosen independently of H € K.(Hy)), we
get that @ is a contraction on U.(H).
The unique solution 7 (H) in U.(H) fulfills the assertions (i) and (ii) of
Theorem 1 according to (i) of Basic Lemma. Using (ii) of Basic Lemma, we get
the asked properties (iii) and (iv) of Theorem 1 easily. O

2 Labeled contour models

We present here a brief reformulation of the essential part of Pirogov-Sinai theory
and its slight extension to a form needed for our application. The task is to grasp
some control over a description of “labeled contour models” that arise in the
study of (“physical”) Gibbs states. The characteristic feature of the Pirogov-Sinai
theory is a reformulation in terms of “contour models”. The following presentation
follows essentially [Z], but it brings some improvements (see especially Theorem
2 and Proposition 2.2.1; compare also the paper [BK] using some ideas from a
preliminary version of the present paper).

2.1 Contour models

We use here the word contour simply for any finite connected (in the sense of
nearest neighbours) non-empty subset of Z* (v > 2). Given any contour I' C Z”,
we define its exterior, ExtI', to be the only infinite connected component of Z" \ T
The interior, IntT', of T is the union of the other (finite) connected components of
Z\T. We denote V(I') = T U IntI". A set 9 of contours is compatible if any pair
of distinct elements of J has a disconnected union. A contour model is given by
introducing a contour functional* (“contour weights”) ¥ which maps the set of
contours to [0,00). Considering a set L of contours, we define the contour model
partition function in L by

Z(L;v) = > [ e, (2.1)
OCLTe€o

with the sum taken over all compatible families 0 of contours from L. Notice that
this definition makes sense not only for any finite set L, but supposing that the

4We restrict our attention here to the case of real-valued contour functionals that will arise
in our context.
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sum and products converge, also for some infinite L. In dealing with general sets
L we follow the abstract setting from [KP]. Given a volume A C Z¥, we shall be
concerned with two particular cases of sets of contours, namely the set L(A) of all
contours in A, L(A) = {T : dist(V(T'), A°) > 1}, and the set L of all contours
intersecting A, Ly = {T : V(I') N A # (}. For a finite L we can also introduce the
contour model probability distribution in L by
oy e ¥(T)

for any compatible d in L. As usual, the empty product is put equal to one. For
an infinite L we can introduce the compact space of families of contours from L
as a closed subspace of {0,1}¥ with the product topology, and consider the weak
limit of measures (2.2).

It is useful to introduce a special symbol, e.g. p(9, L; ¥), for the “correlations”
w({0:0 C 0}, L; V).

We may now summarize the main facts concerning contour models with a
contour functional ¥ satisfying the inequality

U(T) < exp(—7 |I'|) for any contour T, (2.3)

i.e. with ¥ being a 7-functional.

Most of the assertions of the following proposition as well as their proofs can
be found, for example, in [S, Se, Br]. In view of an application to “volumes” of the
form L we rely on an abstract version of contour models and cluster expansions
as presented in [KP, D 96]. In particular, we define the distance dist(9, L) from
a set 0 of compatible contours to a set L of contours as ming ) ¢ ||, where
the minimum is taken over all clusters C' (i.e. sets of contours whose union is
connected) such that C N L # 0 and (Urep ) N (UrecT) # 0.

Let us introduce also the notion of external contours. Namely, a contour I" € 0
is an external contour of 9 if I' C ExtT for each T' € 9, T' # I'. If 9 is a family of
contours such that every I' € 0 is either external or I' C IntT for some external
contour I' of 9, then we say that external contours exist. We use 9(9) to denote
the set of all external contours.

Proposition 2.1.1 (contour models) There exist constants 71 = Teluster(V) and
Cel = Celuster (V) (both depending only on the dimension v of the lattice) such that,
whenever L is an arbitrary set of contours and V is a T-functional with T > 7.,
then the weak limit

LUy = i S KW
p(n L) = lim u(, K3 ¥)
over the system of finite subsets ordered by inclusion exists, and :
a) For p-almost all families O there exists the set ¥(0) of external contours.
b) Whenever O is a compatible family in L, we have

p(0, L; ¥) < exp(—(r = 1) Y |T|).

T'ed
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¢) Whenever 0 is a compatible family of contours in the intersection of sets
L1, Lo, we have

<exp(—(r—-1) Z IT|) exp(—(7 — cq1) dist(0, L1 ALs)).
reo

(Here L1 /ALy is the symmetric difference L1/ ALy = (L1 \ L2) U (L2 \ L1).)
Hence also, for any finite non-empty set L C L1 N Ly and any mapping ¢
of families of contours to real numbers, living® on L, with |o(d)| < ||¢||, one
has

< |l exp(—(7 — car) dist(L, L1 ALg)).

d) Let us suppose further that U is translation invariant. Then the limiting
“pressure”

1
p(¥) = lim —

! g
i, i lox Z(L(A): W)

(with the limit in the van Hove sense) exists. The partition function
Z(L(A); V) satisfies the approzimation

log Z(L(A); @) = [A[p(¥) + € |0A|
with |e] < exp(—(T — ¢a1)), and

Ip(¥)] < exp(—(7 — ca))-

e) Let us suppose now that a family of translation invariant 7(@) functionals
W) (&) > 74 is given, depending on a parameter o from an open set
Q C R™ and suppose that the one-sided derivative in the direction & fulfills
for some a € Q, @ € R™, the bound
|03 ()] < exp(—r @[T Jal|
for every contour T'. Then the derivative 03 p(¥(®) satisfies the bound

|02 p(¥ )] < exp(—(r(*) — ca))llal].

5We say that ¢ lives on L if ¢(01) = ¢(02) whenever the set of all contours from 91 that are
contained in L coincides with the set of all contours from 92 contained in L.
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Proof. The assertions a)-c) are standard and their proof may be based on the cluster
expansion as presented in the statement a) of Proposition 2.1.3. The statement
d) follows from a rather straightforward extension of standard proofs of cluster
expansion (Proposition 2.1.3 b)). O

The constant c.i(v) can be derived from the constant cx = cx(v) determining
the number of “contours of given length”,

{I'| T 20,|0] = k}| < ec#Ik, (2.4)
Namely, it can be shown (see [KP]) that

log(1 + a)

ca(v) =cu(v)+a+ log

~cu(v)+1.58 (2.5)
with a = %
One often meets a situation where the contour functional ¥ (I") depends on

the volume A once the contour I' crosses the boundary of A. Also in this case one
has a full control of the limiting contour model.

Proposition 2.1.2 (contour models with dependence on the boundary) Let V C Z
be arbitrary and let a sequence V,, of sets converging to V be given, V,, / V.
Let for any V,, a T-functional ¥y, be given so that Uy, (') = ¥y, (T') whenever
I'¢ Ly, av, 8 and suppose that T > 7¢ with T¢ from Proposition 2.1.1. Then the
limat

\IJV = lim \I/Vn

n—oo

18 uniquely determined and the limiting measure
p(, Ly; Wy) = lim p(-, Ly, ; Wy, )
n—oo
erists. It coincides with the measure
S Ly;Uy) = 1 KW
/'L( y LV V) KI/HII/V M( ) 3 V)

from the preceding proposition. Further, for any (possibly infinite) V, V1, Vo C Z7,
one has:

a) Whenever 0 is a compatible family in Ly, we have

p(0, Ly; Wy) < exp(—(r —1) Y |T).
reo

61t means also that W (T") coincides with Wy»(T) for every contour I' in A.
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b) Whenever 0 is a compatible family of contours in the intersection of sets
Ly, Ly,, we have

|p(6a LV1;\I]V1) - p(a’ LV2; \DVZ)l

<exp(—(r—-1) Z IT|) exp(—(7 — ca1) dist(0, Ly, ALy,))
reo

with ¢ = ca(v) from Proposition 2.1.1. For any finite non-empty set A C
Vi N Vy and any mapping @, living on Ly, of families of contours to real
numbers, with |(9)] < ||¢|l, one has

'/‘p(a)/‘(daa LV1;\IIV1) _/@<8)M(da,LV2;\DV2)
< |lell exp(—(7 — ca1) dist (A, V1 AVR)).

Suppose, further, that ¥ = Wy is translation invariant. Then

¢) The limiting “free energy” (or “pressure”

p(¥) = lim 1

log Z(Lp; ¥
Aszv A 0g 2(La; ¥a)

(with the limit in the van Hove sense) exists with p(¥) the same as in ¢) of
the preceding proposition”. The partition function Z(Lx; V) satisfies also
the approzimation

log Z(La; W) = [A|p(¥) + € [0A]
with |e] < exp(—(T — ¢a1))-

Proof. Due to the conditions on the functionals ¥y, , the value ¥y, (T') stays con-
stant, for every I', once n is sufficiently large. Taking into account the possibility
to verify the convergence of measures by proving the convergence of correlations
p(0, Ly, ; Uy, ) for finite families 0 and observing that it may be approximated,
from a cluster expansion, by restricting the contour model on a finite number
of contours, the statements of Proposition 2.1.2 follow from cluster expansions
(Proposition 2.1.3 below) and Proposition 2.1.1 (cf. [HKZ] Proposition B.2). O

Let us also briefly summarize few standard facts about the cluster expansion
in a form suitable for our purposes [KP, D 96]. A proof of b) in Proposition 2.1.3
appears in several papers [BK, DKS].

Propositions 2.1.1 and 2.1.2 follow easily from Proposition 2.1.3 below. The
results do not serve for the proofs of the above propositions only; we use the
explicit form of the expansion in an essential way in Section 4 when studying the
probability of interfaces.

“Notice that it means in particular that the statement 1 c) is valid also with L replaced by
sets LY where L(A) € L) C Ly.
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Proposition 2.1.3 (cluster expansion) There exist constants 7o) = 7a1(v) and cq =
ce1(V) such that the following statements hold true.

a) Whenever U is a T-functional with T > Ta1, then there exists a (“cluster”)
functional OT that maps all non-empty clusters of contours (i.e. sets C of
contours with connected support C' = JpceT') to R such that

log Z(L; ¥) = Y ¥ (C) (2.6)

CcCL

for every finite set L of contours. The functional UT satisfies, for every
i € ZY, the bound

S [ (O)]esp((r ) S I0) < 1. (2.7

C:C>t reC

with the sum taken over all clusters with support C = Jpce ' containing
a fived site i € Z¥. The value VT (C) depends only on values of V(T') with
T € C, and it is translation invariant once the functional ¥ is translation
movariant.

b) Suppose further that 7O functionals ¥, 7(®) > 7 depend on a parame-
ter a from an open set Q@ C R™ and satisfy for every contour T', a € Q, and
any a € R™, the inequality

020 ()| < exp(— [T])|all- (2.8)

Then, for every i € 7V and oll o € 2, one has

> 05w OT(C) | exp((7) —ca) D IT]) < [lall. (2.9)

C:C3i recC

Remark. Assuming, instead of (2.8), the existence of the Fréchet derivative and a
bound on its norm, we actually get the existence of the Fréchet derivative also for
U(T | with a corresponding bound.
Resuming over all clusters with coinciding support and denoting WT(C) =
Z U7 (C), we will get a formulation that is particularly suitable for our
C:Urcc I'=C
implementations.

Corollary 2.1.4 Let 71 and c. be the constants from Proposition 2.1.8. If ¥ is a
T-functional with T > 7.1, then

log Z(L(A); &) = Y #7(C) (2.10)
CCAO
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for every finite A C Z¥. The sum above runs over all connected subsets C of the

set A©) = {i € A dist(i, V¢) > 1}. The functional ¥7(C) satisfies the bound

> [#T(C)| exp((r = ca) [C]) < 1. (2.11)
Coi

Let, moreover, ¥ be translation invariant. Then the limits

1 1
p(¥) = lim ——log Z(L(A);¥) = lim —log Z(La; V)

A/zv A Az A
(the limit in the van Hove sense) exist and satisfy the bounds
[p(¥)] < exp{—(7 — ca)} (2.12)

and
05 p(V)| < exp{—(7 — ca)}|all. (2.13)

The function p(¥) is explicitly given by

p(¥) =" rC), (2.14)

e

Remark. Notice, that the assumption of the translation invariance of ¥ in Propo-
sitions 2.1.1 ¢), 2.1.2 ¢), and the above corollary is actually not necessary. It is
enough to introduce

vT(C T (C
I

C:C>t Coi

and to replace the terms |A|p(¥) by

ZPi(‘I’)-

€A

For periodic ¥ the limit p(¥) is obtained as a mean of p;(¥) over the cell of
periodicity.

2.2 Labeled contour models

We consider a finite set Q = {1,...,7} of “labels” and call v = (I, \) a labeled
contour if its support I' = T'(y) C Z" is a finite non-empty connected set (a
contour), and A = A(v) assigns to each connected component of the boundary oT
of I" some q € Q. A labeled contour 7 is called a g-contour if the label assigned to its
external boundary (the boundary of TUInt ') is ¢. A family z of labeled contours is
said to be compatible and matching if their supports are compatible and their labels
match (i.e., considering a connected component, say C, of Z¥ \ | J{T'(v) : v € x}, all
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connected components of the boundaries of I'’s adjacent to C' are labeled by the
same label ¢; we say that C' is a ¢g-component). Compatible and matching families
x of labeled contours play a role of configurations for labeled contour models 2.
Whenever z is such that for the family 0 = {T'(y) : v € x} of its supports, there
exists the set ©#(0) of external contours (in the sense of the definition preceding
Proposition 2.1.2), we introduce the set ¥(z) (¥4 (x)) of external labeled contours of
the family x as the subset of those v = (', A\) € = whose support I" is an external
(g—)contour of 9. We say that x is included in V' C Z" if dist(V(I'(y)),V°) > 1
for v € . Whenever A C Z", we consider the set X(A) of compatible matching
families 2 of labeled contours that are included in A. We introduce the set X%
as the set of all compatible matching families of labeled contours that intersect A
and are such that external contours exist and all external contours as well as all
contours not belonging to X(A) are g-contours. Let us also denote Xy = J, X}. If
x € Xp, the union of m-components of A\ [ J{T'(7) : v € z} together with supports
of all m-contours of z is denoted by A,,(z).

Clearly, the number of labeled contours -y, for which supp~y =T, is bounded
by |51

A labeled contour functional @ (“an exponential of a contour Hamiltonian”)
maps the set of labeled contours into [0, 00). We also assume that a vector ¢ =
(p1,-.-,0r) € R” (of “specific energies of some translation invariant configura-
tions”) is given. We consider a labeled contour model with a boundary condition
¢ € Q by introducing, for any A C Z* and any X, X(A) ¢ X C X4, the
(labeled contour model) partition functions

ZxM)gd,0) = Y exp{— Y omlAn@[} [[2().  (215)

rex ) me YET

Similarly we introduce the (labeled contour model) probability distribution

p({a}, XN | g8, 0) = 271 (XN |g; 8, 0) exp{— Y om [Am ()]} [ 2(0)-
meQ YET

(2.16)
Again, the notation for partition functions and probability distributions above is
distinguishing them from those for a lattice spin model (c.f. Section 1.1) only by
using different variables. When stressing the fact that we are dealing with partition
functions and probability distributions of a labeled contour model, we will use the
notation Z°" and pc°ont.

Remarks. 1. For any A C Z”, the sets X(A) (resp. XA) may be embedded into
the product space {1,...,7}%?" by assigning to every x that configuration from
{1,...,7}*" which attains the value q at all lattice sites in A,(x). On the sets X(A)
(resp. XA ) we consider the topology inherited from the compact space {1, ... ,r}zy.

8We use the same notation as for spin configurations of classical lattice models in view of the
existence of a natural identification of a class of lattice configurations with a given compatible
and matching family of labeled contours (see Section 3).
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Let us notice that for an infinite A, even if x = limx,, with z,, such that ¥(z,,)
consists of g-contours and in the same time 9(z,) converges, in the topology of
families of contours used in Section 2.1, to a compatible family of contours 0 such
that external contours ¥(9) exists, it might be that ¥(x) = ¥4 (x) with ¢’ # q.

2. Notice that there are small formal differences in our formulation and that
of [S]. First, our definition of contours does not specify configurations on the sup-
port. We also found useful to consider directly the “weights of contours”, thus the
functional & above corresponds to exp(—®) in [S, Z].

In the standard Pirogov-Sinai theory, the functional @ as well as the r-tuple
¢ = (¢1,...,%r) are linear in the Hamiltonian H (they are given in terms of
explicit formulae — see e.g. (1.4) and (1.6) from [Z]). However, in the present
application, we shall meet a more general situation.

3. Readers accustomed to standard Pirogov-Sinai formulation may also notice
that the partition function Z(X(A)|g; @, p) corresponds, roughly speaking, to the
(relative) diluted partition function multiplied by the factor exp(¢q |A]) (since the
standard approach is based on relative Hamiltonian with respect to the energy
corresponding to the external boundary condition).

The crucial part of the Pirogov-Sinai theory is formulated in Theorem 2
below. First, we need a definition and some more notation.

Definition. A phase ¢ is called cs-stable in A (with respect to @ and o) if

ZENXD0) ey [0A)),

Z(X(N)|a; P, ¢)
for every labeling A (i.e. a label A(b) € @ for every connected component b of the
boundary dA, chosen in a compatible way). A phase ¢ is said to be ¢s-stable (with
respect to @ and () if it is cs-stable in A for every non-empty finite A.

The main aim of the Pirogov-Sinai theory is to provide a characterization of
stable phases showing, in the same time, that any stable phase gives rise to a dis-
tinct Gibbs state that is a perturbation of the corresponding ground configuration.
We split these claims into two statements. First, in Theorem 2, we characterize the
stability (see (S)) in terms of certain functions hy (P, ) that are close to external
fields 4. Proposition 2.2.1 then describes the properties of the stable phases.

Theorem 2 (characterization of stable phases). Let, for every a from an open set
Q C R"™ of parameters and any A C Z¥, a nonnegative labeled contour functional

(155{1) and a vector p(®) of “specific energies” be given (with labels from a finite set
Q) such that 435\@1) (v) = @E\O;) (y) whenever suppy C A; N Ay. We denote &(®) =

Q(Zoﬁ). We suppose that a continuous function (%) is given so that for every labeled
contour vy, and all a € 0, we have

(1) &M (7) < exp(—=7 [T())).
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Then, there exist a constant T¢ = Tiabeled(Cs, ¥, |S]) and functions hq(gl')(o‘),ga(o‘))
characterizing c-stability? whenever 7(%) > 7,. Namely,

the phase q is cs-stable with respect to &) and w(a)

S
if and only if hq(gl')(o‘),ga(a)) = Hlin(hm(@(a)v <P(a)))- ®)

The functions hq(gl')(o‘),ga(o‘)) can be chosen in such a way that, denoting
R(P(), () = min,, (h, (D), o)), one has
Z(Alg: 8, p@) = exp [~ hy(@), 5@) [A] ~ £ |0A]]

and

Z(Ag; 8, ¢)) < exp [~h(@(, ) |A| + £ |0A]

with € = e—(T(Q)—ccl) =+ e—(T(Q)—ccl—c#—log\S\—l).
Moreover, there exists a constant ¢; = Clabeled(Cs, V, |S|) such that

By @), ) — o] < exp{ ~( — €1 )}

forq=1,...,7 and o € Q).
Supposing, moreover, for any a € Q and & € R™, the bounds on the (one-

sided) directional derivatives of @S{l) and @éa),
(2) 0527 ()| < exp{ ) [P()[}]]al]  and
(3) |8;g0¢(f‘)| < Ml|&|| for some M >0,

there exists constants 7, = 7¢(cs, M,v,|S|) and ¢ = co(cs, v, |S]) (possibly larger
than those above) such that for 7% > 1, we have:

|02 [hg(@1), 6()) — Pl | < exp{—(7®) — c; — ca) }||al|
and, denoting h(®'*), ©(*)) = min,, (hy, (), o())), also
02 R(8 ), o N)| < (M + exp{— (7' — ¢, — ca)}) ]|

fora e Q and @ € R™.

Remark. Notice, in particular, that if Q is convex, the functions h, (é(“),go(o‘)) —

@éa) are, as functions of «, Lipschitz with the constant exp{f(r(o‘) —Cp— Ccl)}.
The theorem follows from an explicit construction of functions i, (P p()

in terms of contour functionals ¥ and ¥ introduced below. The expression in terms

of those functionals also yields the properties of stable phases.

9Stability implies a good control of the corresponding states. These implications, as well as an
explicit construction of the characterizing functions hq($(®) (), are presented in Proposition
q ®
2.2.1 and Corollary 2.2.2.
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Proposition 2.2.1 (properties of stable phases) Under assumption (1) of Theo-
rem 2:

a) Existence of contour functionals ¥ For every finite A, « € Q and ¢ =1,...,r,
there exist uniquely determined nonnegative contour functionals \IISIOX such that

Z(XW|g; 8, p(®) = exp{—pl® [A}Z(LD); T (2.17)

for any L™, L(A) ¢ LW C Ly with XN = {x € Xa;y € X implies T(y) €
LMY, and

p({z: 0(x) =01, XN | ;08 o) = u({0: 9(9) = 9}, LW; 0'Y)  (2.18)

for any collection 9 of external q-contours. Moreover, \IJEI?XI (T) = \1151?22 (T') when-
ever'® V(T') € Ay N Ay. The functional \I/((Za/i satisfies, for any A, the bound

WD) < exp{—(r®) — ) T},

whenever T is such that q is cs-stable in every component of Int T (with respect to
P and p(¥)) and cp > cy(v) + cs + log|S|.

b) Existence of contour 7-functionals ¥ Taking U\ = \IJ((;‘Z)V ,
functionals \ifff’ exist, such that, for every contour I', we have
o U(I) < (D),

° \II((ZO‘) () = \I/((]a)(f‘) whenever q is cs-stable in Int T,

ol (r)' < exp{—(r(® — ¢) |D|} with c¢ > cy + co +log |

nonnegative contour

Supposing that the functional P is translation invariant (in an obvious way

with respect to shifts in 7V ), the functional \If((za) can be chosen to be translation
invariant. Further on, there exists 1o = 1¢(cs, v, |S|) such that for 7 > 1y we have

c) Description of hy(@(®) () in terms of T The functions hy (P, p(@))(=
hy (U (@) defined by

('), 0 ¥)) = g — p(TL™),

with p(\Iféa)) defined in Corollary 2.1.4, characterize the stability (i.e., satisfy the
equivalence (S)).

Further on, whenever a is such that q is cs-stable with respect to (), o),
one has

1

ho(P'), p(*)) = —lim
! Al

log Z(X(A)|g; B, (@) = h((), ().

10Supposing equality D, (1) = Pa, () for suppyN(A1AA2) = 0, we get \I/((;izl ™= \I/((I?KQ ™)
whenever dist(V(T'), A1 AAg) > 1.
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Supposing, moreover, the smoothness of @S\a) and @éa) (the conditions (2)
and (3) of Theorem 2), there exist a constant 7¢ = 1¢(cs, M, v, |S|) (possibly larger
then Ty(cs,v,|S|) above) such that for 7*) > 7, we have :

a’) Smoothness of contour functionals U@ For any A,
05 VA < exp{~ (7 — o) U]} la]

with ¢c¢ > cs+cg +1og|S|+1+1n2, whenever I' (and o) are such that q is cs-stable
in every component of IntI" (with respect to P and <p(“)).

b’) Smoothness of contour functionals 'Y There exist functionals \ifff’ satisfying

b), with cp > 2¢s + cy +1og|S| + 1, and
02T ()] < exp{—(r*) —¢¢) [T} |al]

with ¢; > 4cs + ¢ + 2 + 21og(|S| + 1), for every T’ and every a € .

Observation. Notice that, by b) and ¢), hy(®, ©) = ming, (7 (P, ¢)) if T = v,
Further, the notion of c,-stability of a phase ¢ actually does not depend on c;.
Hence, in the following, we will just say that a phase ¢ is stable. (However, changes
of ¢; may lead to changes of 74.)

Remarks.

1. Clearly, there exists a choice of sufficiently large c¢(cs, v, |S|) such that it can
be used simultaneously in the bounds on |\I/ga)(F)| and |\If<(1a) (T)| from a)
and b) as well as in the bounds on |8§¢L\If((1a) ()| and |8§\Iféa)(F)| from a’)
and b’) .

2. The limit in c¢) is over finite volumes in the van Hove sense and defines
the quantity corresponding to “pressure” in the physical model based on a
Hamiltonian at a particular temperature.

3. Studying the contour model probabilities u(-, A; \Ilga)) for stable ¢ and their
limits for simply connected A tending to infinite simply connected volumes,
we can describe labeled contour model probabilities in an infinite volume un-
der boundary condition ¢ by conditioning over external contours (cf. Propo-
sition 2.1.2).

4. Tt suffices to suppose (1) (with sufficiently large 7(®)), to get the existence
of U(®) = (\I/((Za)), gl = (\IJS;‘)) fulfilling a), b), and c). However, we were
not able to follow exactly the method described in [Z] or [BI] to prove the
smoothness b’) (and hence also a’)). Therefore, we extend the assertion of
Theorem 1 from [Z] in Lemma 2.3.1 to get a), b), and c¢) for a wider class
of functionals ¥(®), We shall later find a functional ¥(® fulfilling b’) among
them (Lemmas 2.3.1 and 2.3.2 and the final part of the proof of Theorem 2).

5. If we take H € H(R) for the parameter o and K (Hp) for the set Q, the

function 7M7) can be chosen as (1) = pg% (see Proposition 1.1.3).
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6. It is enough to suppose the estimates from (1) and (2) for 3, @E{l)(’y), where
the sum is over g-contours v = (I, A) with T fixed.

7. The first point in b) can be weakened to

(a nst|T @)
TLeN(T) < et ()(T),
and the second point can be weakened by introducing a stronger notion of
stability (see [BK]).

We postpone the proof of Proposition 2.2.1 to Section 2.3 below. Theorem 2
then easily follows.

Proof of Theorem 2. The only claims that are not directly included in Proposition
2.2.1 are the bounds on derivatives of h,(®(®), p(®) and h(P(*), p(®)). Using b')

of Proposition 2.2.1, the bound (2.13) on p(\Iféa)), and the assumption (3), we get
|05 hg(@), o) < (M +exp{—(7'") — ¢, — ca) }) |l

To estimate yagh@(“),go(o‘)ﬂ, we first notice that if, for a fixed «, there exists
q € Q such that h(®(@), (@) = by (&), o)) and h(S(), p(®)) < hyy, (B (@),
m # q, the claim immediately follows from the bound above. If h(P(®), (@) =
ha(2(), o)), g € Q C Q, and h(P(), 0(*)) < hy(P(*), (@), g € Q\ Q, we get,
for a fixed direction &,

AL h(P(@), p(@)) = fféié% 0 hy(B(@) | p(@),

Indeed, if the right hand side is attained for several ¢’s in @, the directional
derivative on the left hand side equals any one of them, since they are equal
anyway. O

We will use the results of Theorem 2 and Proposition 2.2.1 together with the
results on contour models to describe the limit Gibbs states obtained under spe-
cial boundary conditions as it is customary in the standard Pirogov-Sinai theory.
However, in our application, the partition function of the “physical” model in A
is described in terms of a labeled contour model with contours that may reach
out of the volume A and with contour functional that (for such contours) depends
on A. This is the reason why we formulate the following result on the description
of labeled contour models under a stable boundary condition in a slightly more
general situation than it is customary.

Let thus a translation invariant functional @ and a vector ¢ be as above, and
suppose that sequences of finite sets A,, /' V and functionals @5, are given so
that
o &y (7) = D, (v) whenever m, n, and v with support I' are such that {~} €
XA, NX,, and dist(V(T), A AAy,) > 1,

e 0 <Py, (v) <exp{—7|T(7)|} for all n and all ~.
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We study partition functions Z (%™ |q; &, ¢) and the probabilities p(-, X |
¢; Py, @) for X(A) C N € %4,

Corollary 2.2.2 For 7 sufficiently large and a phase q stable with respect to @,
@ (as in Theorem 2), there exists, for a (possibly infinite) simply connected set
V CZ¥ and any Y C Xv, a unique probability measure u(-,Y | ¢; Py, p) defined
as a limit of u(-, P NXa | ¢;Pa, @) with finite A converging to V. For almost all
x € Xy there are external g-contours — the set ¥(x) is defined and consists of
q-contours. Moreover, for every bounded continuous function f : Xy — R, there
exist (T — ¢g — cs)-functionals U,y such that

[ t@mtds xvigov.0) = [ [ f@ntds 20l 0(@) = 9@) (0. Lyl Vo).
(2.19)
Here p(dz,Xvl|g;9(x) = 9(9)) is naturally defined as the probability
w(dx, Xv|q; Pv, @) under the condition ¥(z) = 9(0).
The measures (d0, Ly |¥qv) fulfill the assertions of Proposition 2.1.2.
Let 51-(‘1)(‘/), i€V, acR, be the set Ei(a)(V) = {z € Xv; 3y € = such that
V(') 34, |T| > a}. There exists a constant C' such that u(Ei(a)(V),%ﬂq;{PV, p) <
Ce ™ for anyi €V and a € R.

Proof. For any finite A we define ¥, o by

Z(X(IntA T)[A(7); @, ¢)
Z(X(Intp T)|g; D, ©)

Al = S Ba0)

C{rvrexy
‘suppy=T

(2.20)

By A(7) in the numerator we indicate that the partition function is considered
with the boundary condition induced by A(y). Here Inty (T') is the union of those
components of Int I' whose distance from Z"\ A is at least 1. In principle, also those
components that are not fully contained in A are contributing, in a multiplicative
way, to the numerator as well as denominator above. However, since for any v in
the sum above the label of the boundary of any such component is ¢, the concerned
contributions to the numerator and denominator cancel. By induction, one can first
verify that

Z(XM|g; 8, 0*)) = exp{—{™ A} Z(LD; 017,

The functionals ¥,  clearly satisfy the condition (about the independence on
A for contours sufficiently far from the boundary) from Proposition 2.1.2 and the
limiting functional ¥,y as well as the measure u(dd, Ly; ¥, v ) are well defined.
To prove (2.19) we follow the proof of Proposition 3.4 from [HKZ]. The equality
(2.19) holds for every finite A. Supposing that f is a cylindric function living
on A, the right hand side of (2.19) can be approximated, up to a set of small
measure, say €, by a cylindrical continuous function living on a large finite A(e).
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The equality (2.19) for such a continuous bounded function then follows from
Proposition 2.1.2 b).

The bound on probability of Si(a) (V) is a standard implication of Proposition
2.1.2 a) applied to the contour functional ¥ v . O

2.3 Proof of Proposition 2.2.1

Since the assertion of Proposition 2.2.1 is an improvement of the results from [S]
and [Z], we present here only the necessary changes or complements to the proofs
from [Z].

In the same way as in Section 2.2, we often omit the superscript («) if

it cannot cause any misunderstanding. Sometimes we write Z(A|g) instead of
Z(X(A)|q; ), o) and Z(A; ) instead of Z(L(A); ¥).

1. Proof of a) Recall that the equality (2.18) is fulfilled iff ¥ is defined by
(2.20) (cf. proof of Corollary 2.2.2). The estimate a) follows easily from the defini-
tion of stability of ¢ in IntT" and the bound exp{(cx +log|S|) |T'|} on the number
of v’s in (2.20).

2. Implication b) = c) Our strategy is not to define ¥ explicitly as in [Z],
but to isolate those properties of ¥ that ensure, in particular, the conclusion c) of
Proposition 2.2.1. Then we look for a suitably smooth ¥(®) satisfying the assump-
tions of the following lemma whose assertion (iv) is essentially identical to c). A
particular choice of ¥(®) is given in Lemma 2.3.2. To satisfy the assumptions of the
following Lemma 2.3.1, one has to assume that 7 —c; —cy —log S| > 7y(cs, v, |S])
with 7o (cs, v, |S]) determined in course of the proof of Lemma 2.3.1. Thus 7, needed
for validity of Proposition 2.2.1 ¢) can be taken as 7, = 7o(cs, v, |S]) + ¢s + cu +
log |S].

If \ifq are translation-invariant (non-negative) 7-functionals for ¢ = 1,...,r,
and U = (\111, o \ifr), we define the following quantities:

Lemma 2.3.1 There exists 7o = 7o(cs, v, |S|) such that if ¥ = {¥,} is a contour
functz’onal satisfying

) Uy (T) < Wy(I),

U, (T) = U, (T) whenever q is cs-stable in Tnt T,
o ’\Ilq(F)‘ < exp{—7|T|}

and if T > 7y, then, denoting €y = &o(7) := &(T) + &(T — c — log|S| — 1) with
e(1) = e~ 7= the following holds:
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(i) If q is not cs-stable in A, then
ag (W, @) [A] > (cs — 280) |0A].

(ii) Z(Mg; ®,9) = exp | ~hy (¥, ) |A| — Z[0A]].
(iii) Z(Alg; ®,0) < exp [~h(T,0) [A] +E0[9A]].

(iv) q is cq-stable iff a (¥, @) = 0. Whenever q is c,-stable,

hq(¥, @) = —lim ﬁ log Z(Alg; @, ¢)
1

Al

with the minimum taken over all multi-indices \.

log Z(A[N; @, 0) | (= h(D, »)),

= min lim[
A

Proof. Assuming (i)—(iii) for all proper subsets of A, one can prove (ii) and (iii)
following the inductive proof of Theorem 1.7 in [Z].

To be more precise we give some commentary to it. The proof of (ii) remains
unchanged (it suffices to take &y ~ &(7) = e~ 71 here). In the proof of (iii) we
get the formula [Z, (1.44)]*! and we intend to apply [Z, Main Lemma, (2.13)] to
the functional

E(I) = (7 — e — log[S] = 220(7) = h 4+ ¢g) [T = 7T
for a fixed q.
Observe now that the equation

=T —¢e(r")

has, for every T > 7, a solution 7* such that e(7*) — 0 for 7 — oo. For the
auxiliary functional

=) =7 :=E() —e(r7) T
of [Z, (2.10)] we need 7* > 714, i.e.,
T=7—cg—1og|S| —260(7) —h+ ¢y > 7a+e(7")

to be able to use the results of Section 2.1.
Therefore we choose 7y large enough to ensure that for some J > 0 we have

2e(To — ey —log |S| —20) <0, g > h(7y) — 4,

and
To > Tel + cu +1log |S| + 20 + e(To — co — 20),e(7™) < 0.

1'We only will have a factor 2&g instead of 3¢ in (1.44). This can be traced back to the fact
that, in the induction hypothesis used for (1.38), the role of 2¢; is played by &p.
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Then, for 7 > 7y, one has
T—cy —log|S| —2e(7) —h+ @y > T —cp —log|S| —26
> Ta + (T — ey —log|S| —26) > 7o + (")

because 7* > T — ¢y — 26. With a particular choice of 4§, say 6 = 1/3, the choice of
7o depends on v and |S]| only. Hence, we bound the right hand side of [Z, (1.44)]
by

exp{—h[A| +&(7) [OA[} Z4(A, B, aq (¥, ¢))
with Z,(A,Z,a,(¥,¢)) the partition function from [Z] Main Lemma, (2.12) (de-
noted by Z(A, H) there) defined with the functional = above and the parameter
aq(¥, ) defined before the present lemma. This yields [Z] (2.13) in the form

Z (A E,ag(T, p)) < eSTIIOA

or, equivalently,
Z(AEY) < ePEN)A+e(T7)[0A]

The bound (iii) follows using [Z, Main Lemma] and the inequality e(7*) < (7 —
¢ — log|S| — 1). The only difference between [Z, Theorem 1] and our Lemma
2.3.1 (i) — (iil) concerns now the derivation of (i) and stems from our definition of

cs-stable sets.
Indeed, if ¢ is not cg-stable in A, there exists a multi-index A such that

Z(AIN)
Z(Alg)

> exp{cs [OA]}.

From (ii) and (iii) we have
Z(Alg) = exp{—hq(¥,¢)|A| =20 [0A]}, and Z(A|q) < exp{—h(¥, p)|A|+E |OA]}

and thus (i) follows.

To prove (iv), suppose first that a, (¥, @) = 0. Then ¢ is stable by (i) once 7
is so large that cs — 269 > 0.

Let, on the other side, g be c,-stable. Then W, (T') = W, (T") for every I' by
the condition b). Thus

Z(A§ ‘Dq) = Z(A§ ‘i]q) = exp{(pq |A|}Z(A|q;¢, ®)

and log Z(Alg)
I I . 108 q
g —p(¥q) = hg(¥, ) = —lim A (2.21)

Taking now any go such that aq, (¥, ) = 0, we know already that go is stable and

thus Z(Alqo)
qo

exp(—cs |OA]) < ————= < expics |OA| L.

p-cs OA]) < ZE < expfe OAT}

Hence hq, (T, ¢) = he(¥,¢) and aq(T, ) = 0.
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Further, if g is cs-stable, we have

Z(AN)
Z(\o) < exp{cS |8A|}

for any A. Thus, taking into account (2.21), we get

Hence

— 1
WP, p) = mgnlim [—Wlog Z (AN @, <p)] . O

3. The choice of ¥ satisfying B) of Lemma 2.3.1.
Lemma 2.3.2 Let ¢ > ¢;. The functionals

Z(ItT|A(y)) Z(IntT|A(y)) exp{c[0ntT|}
Z(IntTq) max; Z(Int T|)

¥,() = 3 &(y) min

] , (2.22)

with the sum taken over all labeled q-contours with T = T'(y) and with labeling
A7), and with the mazimum in the second term taken over all labelings A, satisfy
the assumptions b) of Lemma 2.5.1 above with T =7 — & — cg — log|S].

Proof. Tt follows clearly from (2.22) and the definition of stability. O

Remark. 1. In particular, combining Lemma 2.3.2 with Lemma 2.3.1 (for 7 =
T —¢&—cy —log|S| > 7y), we can conclude that

e there exists a cg-stable gy for every «;
e for any c,-stable ¢ one has

log Z(Alq)
|A|

lim —log Z(A|)\)] ,

= mgn {hm Al

o Z(Alg) < exp{~h(®.2) [A] + & 0]} for every g
o Z(A|q) > exp{—h(®,¢) |A| — &y |OA[} for every cy-stable g.

2. Once the existence of a stable go is established, we notice that replacing A
by a constant ¢ in (2.22) leads to a ¥, (I') satisfying assumptions of Lemma 2.3.1
with 7 = 7 — 2¢, — ¢ — log | S| (taking ¢ and thus 7 sufficiently large, we have
go S Cs).

3. Taking W for ¥, we proved b) and ¢) from Proposition 2.2.1. The task now
is, assuming conditions (2) and (3) from Theorem 2, to choose ¥ so that it also
satisfies b’) (cf. the step 5 below).
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4. Estimates of derivatives of partition functions and proof of d' ).

Lemma 2.3.3 For sufficiently large 70 = my(cs, M,v,|S|), 7 > 74, and taking
&0 = Eo(7™) as in Lemma 1, one has'

0 Z@ (A | )] < M AL +E0) exp{-hD[A| +&oforlHlall,  (2.23)

whenever A is a union of simply connected finite sets and X is an arbitrary labeling.
Moreover,

(%)i < exp{0A ol (224)

if q is cs-stable in A with respect to (@) (@)
Proof. The first inequality can be proven in a rather straightforward way, by in-

duction in |A]| (cf. also [BK] (Lemma 2.2)).
Namely, considering the derivative of

Z@(A ] q) Ze—wqa)\A\U Int ~| H &) (1) 2@ (It | A(7)),
YEY

with the sum over collections ¥ of external g-contours in A (including the empty
one), we get (taking, without loss of generality, ||@|| = 1)

022 (A | g)| <

< MIAIZO(A | q)+ D |0F (8 (1) 2 (Inty | A()) e~ 17 20 (Ext v | q) <
vy

< exp{—h{¥|A| + &|0A|} (M|A| +3 (1 + M[Intv|(1+ 50))6-““”'7‘%50'7‘) <
Y

< MIA|(1 + &) exp{—h ¥ |A| + &|OA|}.
The first term corresponds to the derivative of gpff‘) using assumption (3) of Theo-
rem 2. In the second term, we summed over contours not affected by the derivative,
yielding Z(®) (Exty | q) with Exty = A\ (Inty U~). To get the second inequality
we use Lemma 1 (iii) (with the help of ¥ from Lemma 2) to bound Z(®)(A | ¢q),
Z@)(Inty | A(7)), and Z(®)(Ext~ | q), the assumption (2) of Theorem 2 to bound
|02 ®(®)(v)|, induction hypothesis (2.23) to bound |9 Z(®) (Int~y | A(v))]|, and the

fact that @éa) > h{®) — &,. To get the last inequality, we use the bound

ST (1 M|t |(1 + &o))eT RN < &y,
vy:yUlnt y>1

where the sum is taken over all v encircling a fixed site 3.

12We explicitly indicate here the dependence on a.
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To get (2.24), we use (2.23) and Lemma 1 (ii) and (iii) (with existence of
needed ¥ assured by Lemma 2) and get

Z@(A | N)

* 7@ (A [q) < M|AJ(1 + &) exp{2&0|OA| }

+MIA|(1+ o) exp{4éo|OA|} < exp{|OA|}
for 7(®) sufficiently large (and thus &q sufficiently small). O
Proof of d') of Proposition 2.2.1. We differentiate the right hand side of (2.20).
Evaluating the derivative of the product (15(a)( ) (Za()a())(f )(g?lt &f¥;27;if )
assumption (2) of Theorem 2, the c¢s-stability of ¢ in Inty ', assumption (1) of

Theorem 2, and the bound (2.24) for the set Inty I', to get the bound (again,
llal| = 1)

, we use the

7 (é(a)(v)zmxx(lnmf)lk( )i W)’ <
a (P Z@ (X (Ints T)|g; 2, o)
< e Tl gealll 4 o= @IT I < o= (7 —c.—1-n)|T|

that yields (a’) with ¢ = ¢s +1+1n2 4 cy + log|S]. O

5. Definition of W satisfying b), and simultaneously b’), of Proposition 2.2.1
According to 3. and 4., the only problem with \ifq from (2.22) is the use of
the min in its definition which makes ¥ non-smooth. Therefore we introduce a

“smooth version of min” first and then we apply it to define ¥, by a natural
modification of (2.22).

Lemma 2.3.4 For any n > 0, there is a function min, : R" — R,r € N, such that
(i) min,(u) < min(u) for v = (uy,...,u,) € R";
(ii) min,(u) = u; whenever u; < min{u; | j # i} —n;
(iii) min, € C*°(R") and it is 1-Lipschitz;
(iv) a%i min, (u) = 0 if u; > min(u) + 2.

Proof. We may define min, as the convolution of min and a nonnegative function
on € C*(R") that is symmetric (i.e. of the form v, (||ul|)), fulfills f on(u)du =1

and ¢, (u) = 0 if ||u]| > g
Namely, we put min,, = ¢, * min.

Then (i) holds because

oy *min(u) = /cpn(ufv)min(v)dv < /gan u—v)v;dv = /cpn i )dv =
R” R” R”
:u/ /(pn Yvidv = u;.
RT

The last integral is zero because of the symmetry of ¢,,.



Vol. 3, 2002 Phase Diagram of Horizontally Invariant Gibbs States for Lattice Models 241
To verify (ii), notice that

©p * min(u) = / ¢©p(v) min(u — v) / —v;)dv = u,.
<

loll<3 ol <2

The condition (iii) follows immediately from the fact that min is 1-Lipschitz
and f on(v)dv =1 with ¢, (v) > 0.

Flnally, we verify (iv). Let |&; — w;| < n and @4; = w; for j # 4. Then
min, (@) = [ ¢p(v)min(a—v)dv= [ ¢,(v)min(u —v)dv = min, (u). Here

vll<3 lvll<3
we used that @; > min(u) 4+ 7 and @; — v; > min(u) + 3 > min(u — v). So (iv)
holds and Lemma 4 is proved. O

Proof of b) and b') of Proposition 2.2.1. For n > 0 and any contour v, we introduce
the shorthand

M) = i g 2500 10 2R eXFA{|C>S+W|6A|} i#4

where A =IntT; ¢,G € {1,...,r}. Put now

TV) =30 (7) exp{M(r,m)}, (2.25)

where the sum is over g-contours with support T'.

First we show that the functional Téa) fulfills the three assumptions of l~)) of
Lemma 1 (with 7 = 7 — ¢, ¢¢ = cp + log|S| + ¢s + €0 + 7+ 1) and thus b) of
Proposition 2.2.1 (with ¢; = ¢4 + log |S| + 2¢s + 1) .

Namely, the first point (@fla) < U\ follows from (2.20), (2.25) and the
property (i) of min,, (cf. Lemma 4).

The second point (¥, 7 )( ) = \II((IQ) (T) if q is c¢s-stable in A) needs moreover
the definition of c,- stablhty of ¢ 1n A and the property (ii) of min,, (cf. Lemma 4).

To show the third point (|\IJ ( )| < exp{—( (@) — ¢ )IT'[}), we use the fact
that, by Lemma 2, there is a cs-stable ¢g. So |\I/qa)( )| < exp{—( (70 — ¢y —

log |S| —¢s —&o—n))|T'|} by the definition of @fla), the assumption (1) of Theorem
2, Lemma 4 (i), and the definition of c,-stability of ¢ in A. Using the choice n = 1,
we get b) with ¢, = cy +log|S| + 2¢5 + 1.

Now, we shall show that Eéa) fulfills the estimate (b').
First, notice that the following auxiliary estimate holds due to Lemma 4 (i),

9 :
LR ——

0 1
< ‘exp{minn(logtl, L logte)} a—minn(u) T <1
» :

(2 (2
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for t1,...,t, > 0. We differentiate
oF ZQB(O‘) ) exp{M(v,n)}

= Z@Jr@(“) )yexp{M(y,n)} + Zéﬁ(“) )0% (exp{M(v,n)}). (2.26)

We are going to use (2) of Theorem 2 to estimate 97 ®(*)(y) and (1) of Theorem
2 to estimate () (7). Using the existence of a cs-stable gy we get further that

exp{M(y,n)} <

ZA0NG) | ZORG) exp (e + oAl
ZNg) % Z(Ad) i#4} <

< exp{ (2, +n)|0A[}.

< exp { min [log

To establish the estimate (b’) it remains to estimate the derivative

8; eXP{M('% 7’)}’ =

(%n)’ <

o .
< exp{/\/l(%n)} (Z %mmma,ﬂ(logtl, . 710gtT)ti:tqi(a) . (tq; (a))),
j J

ot

where we use the notation ¢,(a) = % and t5(a) = Z(A‘/\(W))ezx(pj\{lgﬁn)lalxl}

for ¢ # q.

We consider the product of the two terms of the last bound. The first one
is bounded by exp{(2c, 4+ 1)|I'|} as we already noticed. The other one may be
reduced to the sum over j’s such that ¢4, (o) < min(t) - exp{2n|dA|} by Lemma
4 (iv). Now we may use our auxiliary estimate of the partial derivatives over
t;’s. Since we confined ourselves to those special j’s, we may use Lemma 3 to
estimate the partial derivatives of ¢,(«) and tg(a) for those ¢ and ¢ for which
tq(a) < exp{c|T|} and t4(er) < exp{(2¢cs +n)|T'[}.

Inserting the above bounds into (2.26), we finally get

03T ()] < eI (exp{(2e, + m)IT}

(e

+|S]exp{(2¢s + n)|T[} exp{(2¢ + n)|T[})]al]-
Hence, taking again n = 1, we get (b’) with ¢, = ¢y + 4cs +2 4 21og(]S|+1) . O
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3 Periodic Gibbs states

In this short section we recall how the standard Pirogov-Sinai theory leads to a
description of Gibbs states of classical lattice models in terms of contour models.
Indeed, after reformulating a model with Hamiltonian H in terms of a labeled
contour model, we can apply results of Section 2.2.

Recall that we suppose that all periodic configurations from G§* =
{z1,...,x,} are actually translation invariant. This does not mean a loss of gen-
erality as explained in the remark following Basic Lemma 1.2.

Considering, in the standard way (in the present context, cf. [[HKZ, Lemma
3.1]), the “diluted” partition functions

Zi Nz Hy = Y. exp{-E{" (@)},

r=x4 in (A°)Rr

with (A®)g = {i € Z¥;dist(i, A°) < R+1}, we introduce oH) = (QDE]H)) and ¢ in
such a way that we can replace the diluted sums Z¢(A|z,; H) by the corresponding
labeled contour model partition functions Z™(%X(A)|q; @) p(H)) discussed in
Section 2.2 (cf(2.15)); we use here the superscript “cont” to stress that we are
concerned with partition functions (resp., probability distributions) of a labeled
contour model.

Namely, let us introduce the labeled contour model (with labels @ =

{1,...,r}, where we denote G§*" = {z1,22,...,2,}) with
o) = e, (H) (3.1)
and
(H) ZGXP[ (H) )—I—E(H)( Il (3.2)
@y

whenever v is a g-contour. The sum is over configurations on I' that can be ex-
tended to a configuration having ~ as its contour (for definitions of EI(L‘H) () and
ex(H) see (1.2) and (1.3)).

Then, one can easily verify that

Z4(Nzg; H) = Z"(2(A)|g; 2, 1) (3.3)

for every finite A. Moreover, the state u({z}, Alxy; H) can be linked with the
labeled contour model probability distribution (2.16),

> n({a} Aag H) = peo™ ({2}, XM | q; @), o),

TEX A
Here the sum is over all spin configurations € X, such that the set of their
labeled contours is just z (it means that one is summing only over configurations
on U'yez supp I with boundaries fixed by labeling of contours v € z).
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Next, we verify that the assumptions of Theorem 2 for the labeled model de-
scribed by @) and o) are satisfied. Recall that the Hamiltonian Hy satisfies the
Peierls condition (P(P°")) with respect to the set G and constant pg. We can choose
e so that each H € K_.(Hy) satisfies, according to Proposition 1.1.3, the Peierls

condition (P(®®)) with a sufficiently large constant p. HHH H” ,
if po is large enough. Now, we consider the open set K.(Hy) C H(R) to play
the role of the set  from Theorem 2 (thence the Hamiltonians H stand for the
parameters « of Theorem 2).

The functional ®()(v) defined by (3.2) satisfies, for any g-contour v, the
condition (1) of Theorem 2. Indeed, using (P(®*)) and the estimate |S|''! on the

(PE HHOH log\S\)\Fl

where lim._.g ps = po,

cardinality of the set {z;x ~ v} we get $H)(v) <
To verify the condition (2), we consider the derlvatlve

1050 ()] = 08 Y exp(— S (B (2) — B (). (3.4)

Yy icl

. . Ua(x
Referring to (1.2), notice that |6UA06(ZA0) (;4 A|1(4|A))| < > L <1
7 €A, [A]l= [A()]
whenever A is such that the canonically fixed site i(40) equals 0 (cf. the discussion
at the beginning of Section 1.1) and a configuration z4, € 54 is fixed. Therefore,

taking again into account that the cardinality of {x;x ~ ~} is at most |S|I'| and

that e~ (B @B @) < o117 e get, for H = (U, (24,)]i4) = 0), the
bound

0580 (3)] < elT1o818le 0 1 TS~k D (@) + |0 B (2,)]) =

=
_ _ITI(0g |S]—pe 2l (, ( UA(wA))—
—e THoll/ % Ua (ZA)+
EZFAOZZ 8UA0 ZAO) zGZA |A| ’ ?
UA((%)A))—
U <
i ‘aUAD (210 (M 4] ao(z0)] ) <
= PeH%‘H-&-log\s\)lrpdim}(( )”HH
ITI= H‘;’O‘H+1og|S|+1+1og2+1ogd1mH(R))HH”
Hence,
H —
050 ()] < e W A, (3.5)
with
Tq(jH) = p. ||H || —log|S| —1—log2 — logdim H(R). (3.6)

Thus &) satisfies the conditions (1) and (2) from Theorem 2 and Proposition

2.2.1 with the constant 7'q(5 ) playing the role of 7(®). Further, gpé ), in the place
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of gpff‘), satisfies the condition (3) from Theorem 2 with M = 1. Recalling the
notation £g, cq, and ¢ (cf. Lemma 2.3.1, Proposition 2.1.3, and Theorem 2), and
applying Theorem 2, the equality (3.3), and Lemma 2.3.1, we obtain

Proposition 3.1 Under assumptions of Theorem 1:
a) For every H € K.(Hy) as above, defining @) and o) by (3.1) and
(3.2), we obtain a labeled contour model that satisfies (1) — (8) with the respective

constants TH) = TéH) and M = 1. Moreover,

29 (Nzg; H) = 2™ (X(A)|g; 21, o)

for every finite A.

b) For every x € G, there exists a function hy(+) on K.(Hoy) such that
there exists an extremal Gibbs state u € G(H) that is a perturbation of x whenever
he(H) = h(H) = mingegrer hz(H). Moreover,

|ha () — {0 < e (3.7)
0 (ha (H) = )] < 7", (3:8)
and, finally,
H —
O RH)| < (1+ eI (3.9)
for every x € G8*" and any H € K.(Hp). Here, and in what follows,
0
U —— (3.10)
Further,
Z%(Alz; H) > exp[—hq|A] — &|OA|] (3.11)
for every x € G§". If z, is stable, then
Z4Alzg; H) < exp[—h|A| + &|0A[] (3.12)
and there exists a (TéH) — cg)-functional ¥, such that
ZU(A|zg; H) = e HDIN Z(L(A); ©,) (3.13)

for every finite A.

4 Gibbs states with interfaces

The aim of the present section is to start from the situation of Theorem 1 and to
rewrite the partition functions Z(Y, Aly; H), y € GE°", in terms of labeled contour
models that can be treated by the methods of Section 2.2.1. In fact, we are doing
this only for a class of sets Y of configurations with the aim to estimate the
probability of a particular interface. Throughout this section we suppose that the
assumptions of Theorem 1 (i.e. also of Basic Lemma) are satisfied. In particular,
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po is assumed to be sufficiently large, with the exact bounds specified in the course
of the exposition in the present section.

We shall proceed in several steps that culminate in Proposition 4.4 below
that yields an expression of probabilities of some sets of configurations from X in
terms of corresponding interfaces which, in their turn, are related to certain labeled
contour model. The probability measure that we have in mind is constructed,
following Dobrushin [D 72], by a suitable limit starting from Gibbs states in finite
volumes with boundary conditions y € G§°*.

4.1 Interfaces in finite volumes

To consider Gibbs states in Basic Lemma for non-periodic elements of Gy we fix
a particular H € K.(Hy), two different configurations from G§', say x,,z, with
p,q €{1,...,r}, and a configuration y € Gy N Xi’gf% to play the role of boundary
conditions. The Hamiltonian H being fixed, we shall often omit a reference to it
from the notation.

Following [HKZ] we say that a configuration 2 has a y-interface if its boundary
B(x) has a unique infinite component I(z), I(x)\ I(y) has only finite components,
and Z" \ I(z) has exactly two infinite R-components. We say that the sites in one
of them are lying above and those in the other one below the interface. Further,
we use I(x) to denote the pair (1(x),z(,)) and say that I is a y-interface if there
exists a configuration x that has a y-interface I = I(x).

We begin with a study of the partition function Z(Aly; H) in a fixed finite
volume A C Z”. If z is any configuration (i.e. z € SZ, v > 2) that equals y in A°,
then z has an interface ([HKZ], Lemma 4.1). We use J(y, A) to denote the set of
interfaces of configurations x considered above.

Our aim is to study the probability of interfaces and thus we begin with
rewriting, for a fixed I € J(y,A), the partition function Z(I,Aly; H) defined as
Z(I,Ay; H)=Z({x : I(x) = I}, Aly; H) in five steps.

Step 1 (sum over interfaces) Notice first that the energy E}gj)\(:t) does not depend
on 27 and will be denoted by E\?) (I).

The volume Ar(= {i € Z" : d(i,A) < R+ 1}) is, by means of an inter-
face I € J(y,A) with the support I, split up into several parts: I N Ag, the
R-components A,,(I),m € {p,q}, of Ag \ I containing the sites lying above or
below I, respectively, and, finally, the remaining finitely many R-components
of Ag \ I denoted by Int; I, = 1,2,.... The configuration = equals to some
Ty € GO ={x1,x2,..., 2}, in IgNInt; I if I(x) = 1.

We recall that, given the Hamiltonian H, the “physical” partition function
in A under the boundary condition z € X is expressed by

Z(AzH)= Y exp{—Ha(z|2)},

r=z in A°

where Ha(2|2) = 3 gqapp Ua(za) with z = 2 in A°.
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Using now directly concerned definitions, we get

ZAly; H) = Y Z(I,Aly; H),

IeJ(y,A)
where
AmA
Z(I,Aly; H) exp{— Z Ual( | R'}
ACAc©
H
=exp{-Ej D} I 2'An@)wm: H) [ 2200t Iz H). (4.1)
mée{p,q} J

The equalities above correspond to Lemma 4.2 from [HKZ] that differs only
by the usage of the relative diluted partition function © instead of Z¢.

Step 2 (cluster expansion) From now on we suppose that z, and z, are stable
with respect to the considered Hamiltonian H and so we may apply the Pirogov-
Sinai theory as formulated in Section 2. We express the diluted partition functions

with boundary conditions z,,z, in terms of contour functionals \IIZSH) and \If((ZH)

and thus, referring to (3.13) and (2.10), in terms of cluster functionals \IIZ(,H)T and

\IJ((]H)T. Namely,

Z(I,Aly; H) exp{— Z Ua( |AQAR|} sz (Int; Iaq); H) %
ACAc©

<exp{~EV) D+ Y (Y w&f?”(C)—emm<H>|Am<I>|)}. (4.2)

me{p7q} CCA7YL(I)

Here, the contour functionals \Ilz(jH) and \IJ((]H) satisfy, according to Proposition

2.2.1, the bounds a) and a’) with the sufficiently large constant 7'4(5H) — ¢y. Further,

the cluster functionals \IIZ(,H)T and \Ing)T satisfy, in view of Proposition 2.1.3 (if
TéH) — ¢¢ > Ta), the bounds (2.7) and (2.9) with the constant T}(IH) defined in

Proposition 3.1 above.

Step 3 (extraction of bulk terms) We are going to extract a bulk term indepen-
dently of I using the fact that (see (S) in Theorem 2, Proposition 2.2.1 c), (2.14)
of Corollary 2.1.4 and (3.1))

\|/(H),‘Z ,I,(H)'l
H E d H § :
(P( ) _ _F N7 - (pf(l ) _ qi.

IC] C

C3i C3i

Denoting this expression by h(H) (notice that, since the phases x, and z, are

stable, one has

. 1
h(H)=— hm 0 TA] 1ogZ‘7l(A|gcq7 H) = _Ah/HZlV mlogZ(Mz;H)
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for any g € {1,...,7} and z € X (the first equality, for stable g, follows by (3.13),
(3.1), (2.10) and Proposition 2.2.1 ¢); the other one is standard), we get

208 Al e (D) sl expl— 3 Ua( AT} -
ACAc

= exp{_ |:EIﬂAR(I) —h(H)|IN AR@ }

X exp{Zlog Z%Int; I|zye;; H) + h(H) |Int, I|}
J

H)T |CﬁA (D)
xexp{— Z Z NSCORN T} (4.3)

me{p,q} CLAm(I)

Step 4 (extraction of surface terms) The next step is to extract a surface term
that does not depend on I. If C' C Z¥ and m € {p, q}, we write C * m whenever
there exist 7, j € C such that |[i — j| = 1,7 € OArRNOAL(I(y)),] € (Ar)°. We put
XA (C) =1if C*m and xA (C) = 0 otherwise. Using this notation, we have

ANA CnA
2 Ao {hEAr= Y Uat) e 3 S o))
ACAc me{pq}c*m

- exp{f (Brran (D) —h(H) |10 Agl)+(>_ log Z%(Int; Iz, (); H)+h(H) |Int; 1|)}

J

me{p,q} CNI#D

The above equality corresponds to Lemma 4.3 in [HKZ]. Notice that the
factor on the left-hand side of (4.4) does not depend on I.

Step 5 (positivity of cluster terms) The terms \Ilgy?r)T(C’)()(j}1 () ‘C%AlR‘ - ‘leAC”,T(I)‘ )

are not necessarily positive, a feature that would be useful in further application
of our version of the Pirogov-Sinai theory. However, the terms depending on C
may be turned into explicitly positive by adding a suitable sum in the exponent
and absorbing it into a small change of weight of interfaces in the same time. For a
reasonable choice of the added sum (to secure the positivity of cluster terms and to
allow the proof of Lemma 4.3 below) we shall use the bounds |\IJ£,?)( D) < e IT)

and ‘\115,?”(0)‘ < e~ 1€ with T}EH) from Proposition 3.1 (see also Step 2). Hence

ANA
20 Ay yexp{ () [Anl = 3 Va2 T )
ACAe

xexp{ Z Z\pﬁfﬁ( |C’|F;;/|\R| 22 *ThH)|C|}

me{p,q} Cxm o
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- exp{— (B (D) —h(H) [T 0 Ag[]+ (Z log Z%(Int; I|,;y; H)+h(H) |Int; I|>}
J

|ICNAg[ |CNART)]

_
xexp{2 Z e ™ |C|(|CﬁIﬁAR|+x£(C)'X;\(C))}
CNI#£D
Xexp{—2 3 el |CﬁIﬂAR|}. (4.5)
CNI#£D

We added the terms 22 e_TéH)‘Cl and added and subtracted 2 Z e_TlsH)‘C‘

P CAI#£0
|C N INAR|. The idea is that the latter equals %(T}EH)) [T N Ag| with
riMy=2 3 el (4.6)
C:0eC

and may be absorbed into a controllable change of energy, while the former does
not depend on I and may be extracted as a “border of surface term”. In the same

time, whenever the term x?, (O) ‘C%Alﬁ'l - ‘CH‘AC"‘I(I” is non-vanishing (in any case,

its absolute value is bounded by 1), the term [C' NI N Ag|+ x5(C) - x5 (C) is at
least 1. Indeed, if X (C) = 0 and in the same time CNA,, () # (), then necessarily
CNINAgr#0 (we took into account that C' NI # 0). If, say, x5(C) =1 and in
the same time x2(C) = 0 and C N Ag # CNAp(I), then CNINAg # (. Finally,
the claim is trivial if x2(C) = x}(C) = 1. As a result,

|ICNAR| |CmAm(I)|)
I C]

+e O (1C NI AR+ (C) - XE)) 20 (A7)

w7 (C)(xh(C)

since |\II§5)T(C’)| <e - ICl,

Using Z(I,Aly, H) to denote the left-hand side of (4.5), we stress that the
ratio Z /Z does not depend on I and thus the probabilities of interfaces defined
by Z or Z do not differ.

To evaluate those probabilities, we recall the notion of walls in order to rewrite
(4.5) in terms of them. A pair w = (W, zw ), where W is a connected component
of I(z) \ C(x), is a wall of I(x). We denote by W(I(z)) the collection of all walls
of I(z). For any w € W(I(x)) we put

EM (w) = E{D (2). (4.8)

Let us recall also that given a wall w, we use xw € X to denote the configuration
for which I(zw) = B(xw) and w is the only wall of I(xy), and yw to denote



250 P. Holicky, R. Kotecky and M. Zahradnik Ann. Henri Poincaré

the unique element of Gy which differs from zy, in at most finite number of sites.
Recall that the set Go N X ;‘;’rmq consists of configurations that are vertical shifts of
finitely many “representatives” x g.1,...,Tp gm, - Let s(w) be such that x, ;. s(w)
is a vertical shift of y.

We use 7 to denote the projection of Z* onto Z*~! defined by
W(il, e ,in_l,in) = (il, N ,in_l),

and recall that Iy = I(yw) N7~ 1 (W).

Notice further that each set Int; I is surrounded by the support W of a single
wall w of T and use j o W to denote that this is the case.

Let I, 4.5 be the support of the interface of zp 4, s = 1,2,...,np4 and
By.q:s(I) be the set

{i € B = n(AR) : # (i) N I is a vertical shift of the “z, ,.s-ceiling column” }U
U (W); s(w) = s}

for I € J(y,A). Let T}, 4.5 be the number of sites in 771(0) NI, 4.5, i.e. the “thick-

ness” of I, 4.5, and T be the maximum of all T} 4.s’s over p,q € {1,...,r},s €
{1,...,np 4} Let us recall that 2 Z e~ IC] [ICNINAg|= %(T}(IH)”I N ARg|.
CNI#D

Further, we use E(H) (w) to denote the “modified energy of the wall w”,

B (w) = B (w) = h(H) W |+ 2(m, ") W] -
— > (log Z%(Int; I|z ()5 H) + h(H) [Int; I]), (4.9)
JjoW
and go,(,{z?s to denote the “modified specific energy of an s-ceiling between z,, above
and x4 below”,

H H
‘Pz(o{{z?s - Efrfz(o)mp,qls(xp,q;s) + [%(T}(, )) = h(H)] Ty q:s- (4.10)

We also use @E\H) (w;p,q) to denote the “modified weight corresponding to a wall

w of an interface separating z, and x,”, the wall functional

&\ (wip, q) = exp{~[EM (w) — 1) [x(W)[]} (4.11)

Ppais(w

and, finally, we define the cluster functional

o) (Cip.q) =exp{ Y [\Ifﬁ,{{)T(C)(Xﬁl(C)w'ﬁC’?M _ |Cﬂ|fér|n(1)l)Jr

mée{p,q}

remlcl (|C’ NINAg|+ XQ(C)XQ(C)H} —1. (4.12)
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Using this notation, we rewrite (4.5) as

Np,q
=t H
ZA Ay H) = ] o (wip,q) [] exp{—), [Bp.gis (D]} x
wew(I) s=1

x I1 (1+CI>(H)(C’ p.q )), (4.13)
C:CNI#),CNBr#0

and notice that by (4.7) we have

o")(C;p,q) > 0. (4.14)

4.2 Interfaces in cylinders with finite base

Our next aim is to show that Z(V|y; H) = 2 reT(yv) Z(I,Vl]y; H) can be defined
for an infinite cylinder V' = n~!(B) with a finite base B(= n(V)) C Z"~" and to
study Z(I,V]y; H).

Step 6 (a wall bound) The main aim of this step is to prove that, for any finite
volume A C Z” and any interface I of a configuration which equals y in A€,

. H
Z(I, Aly; H) < eoBrl(1HI+1) exp{—(p‘g% — ) E W1}, (4.15)
0
weW(I)

for some “interface” constant cj, once p. is sufficiently large.

To estimate the wall functional (D( )(W;p, q) defined by (4.11), we bound
first (cf. (4.9) and (4.10))

EW (w) — h(H) [W| + so(7") (W] = D r(W)| =

pqSW)
= ([BY (zw) = eolH) W] - [E] ><yw>—eo<H>|fW|])+
+ (eo(H) — h(H) (W] = [Tw]) + (™) (W] = Tw]).  (4.16)

[LH]]
[Hol|

Proposition 1.1.3) to the first parenthesised part on the right-hand side and we
get

First of all we use Peierls condition (P") with the constant PeTHoT (see

AH]

(G @) = colEDWI] = [EL () = colE)l ] > pemr

Wl (4.17)
By (3.7) we get

|(ea(H) — h(H)(IW| — [Tw])| < e [W|(1+7T). (4.18)
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We estimate the artificial term %(TéH)), used to achieve the positivity of
@gI?(C;p, q), using its definition (4.6) and the bound (2.4), by
0 < (i) <2 > e~ —eplk < o= () —cp—log3) (4.19)
k=1

once TéH) is sufficiently large. Hence

(T YW = | Tw ) > —e~ (" —es—losd) |7 (4.20)
Further, due to (3.12) we have the bound

/
> (log Z(Int |y H) + h(H)| Int; 1)) < > Zo(ry™)|0Int; 1] <
jow joW

< W (W < e~ e || (4.21)

for a constant cyz. Here we used that

(H) (H)
Eo(ri™)) < 26~ (' —cameploglSIml) < om(m—el)

for a suitable constant c., by Lemma 2.3.1. Here Z;ow means any sum over a
subset of {j;j o W}.

Substituting the just derived inequalities (4.17), (4.18), (4.20) into (4.16), we
get

B (w) = h(H) W] + (™) (W] =\ [w(W)] >

pP;q;s
) I H |l
€
[ Hol|

Using further (4.21) and having in mind (4.11) with (4.9) and (4.10), we conclude
that

W — e W|(1+T) — e~ —csloe3) (7. (4.22)

o (wip,q) <
H
< exp(ps%lwlﬂ”ém [W(14+T)+e™ (e LoD |y Py e~ (07 =) )
0
IH||
< eXP(—(Pam —cw)|W1), (4.23)

where ¢, is a positive constant which can be chosen arbitrarily small if taking
T}EH), i.e. pe, sufficiently large in the same time.
Now we estimate the contribution of the specific ceiling energies to the

logarithm of Z(I,Aly; H). Due to (4.10), (4.19), and the inequality |h(H)| <
| H]| + e~ following from (3.7), we get

H)

(H) (
[.] < t(H| + e R mer w3 i 4 ) < ep(IHN 1), (424)
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for some real constant c,. It follows that

Np,q

3 B D] < o (el [Hr(hn)] < o] + 1) Bxl. (425)
s=1 e

Finally, we get bounds for the nonnegative cluster functionals (I)E\HI) (C;p,q).

Using (4.14) from Step 5, (4.12), the fact that |[¥$D7(C)| < e~ Il and

the inequalities 0 < e* — 1 < 2z for x nonnegative and small enough, we get
0 < @7 (Cipq) S 4(IC|+2)e 19 < el (4.26)

where cc is a real constant.
So we can estimate the third product from (4.13) by

II 1+ (C5p,q) < 11 I « +e—<nSH>—cc>|C|) <

C:CNI#0,CNBr#AD i€INAg C:dist(C,1)<|C|

< exp{e([INAR|} <exp{e(|Brl+ Y. W]} (4.27)
weWw(I)

for some constant c,. Here, we used
H(1+€f(fém7m)|c|) gexp{ Z 6,(T1§H>,cc)\0\}
C:dist(C,i)<|C]| C:dist(C,i)<|C|

<exp{ Y [Ce el (4.28)
C:eC

Applying the estimates (4.23), (4.25), and (4.27) to (4.13), we get

Z(I,Aly; H) <
4|
<ep(= 3 (pefah — o)Wl exple, (1A + Dl Bal} exples B
wew(I) 0
H
+ Z CW|W|} < ecIlBR‘(“H”+1) eXp{-(pa”H—” _C]I) Z |W|}
weW(I) 1ol weW(I)

with a suitable constant cj, getting thus (4.15).

Step 7 (partition functions in infinite cylinder sets) Let us use x" to denote, for

V = 7~1(B), the analogue of x*. Further, we introduce the analogs of the wall and

cluster functionals <I>S\H) (w;p,q) and @&HI) (C;p,q), defined by (4.11) and (4.12).

We denote the corresponding functionals, obtained by substituting V' for A, by
H H

o{/" (w;p, q) and 1) (C; p, q).
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To avoid overloading the functionals with an additional label, we slightly
abuse the notation observing that the functionals defined above can be easily
distinguished by the number of their indices and arguments from general labeled

contour functional of Section 2.2 as well as from the functionals <I> (A p,q) and

@EB,H) (05 p, q), introduced in the next section, that yield the labeled aggregate and
shadow models.

In correspondence to Lemma 4.7 in [HKZ], and due to the estimate (4.26),
we may use the fact that

I1 (1+ {7 (Cip.q) = > H‘P (Ck;p,q)

C:CNI#D,CNVRr#D {Cp} finite
CpNI#0,C,NVR#0

to obtain the following expression for the limit partition function

AL VIy H) = lim 2O Ay )= 3 [ e wipax

{C},} finite wew(I)
CpNI#0,C,NVR#0

Mp,q

x Hexp{ P | By gss (D} [T 247 (Cripr @) (4.29)
k

Thus the probabilities of any interface I € J(y,A) defined by

Z(I,Aly; H)
S terwn 2T, Aly; H)

converge to the probability of I € J(y,V) = Uy J(y,A) defined by

) ~(I V|y, )
ZIEJ(yV)Z(I Viy; H)

The sum in the denominator above converges since according to (4.15), it

can be bounded by e BrIUHITD T (5~ e ~(pe gl _cﬂ)lw‘) where W stands
for connected subsets of Z" (possible supports of walls shifted vertically to inter-
sect B).

Here we have used the important fact that the interfaces from J(y, V) are
uniquely determined by their walls even if we “forget” their vertical position.
This observation goes back to “(y, V)-admissible families of standard walls ([HKZ]
Lemma 2.2)” and originates in [D 72].

p({z € X : I(z) =1}, Aly;H) =

p({z e X I(x) =1}, Vly;

(4.30)

Now we shall recall or derive some estimates on the functionals <I>§/H) (W;p,q)

and @iﬁ) (C;p,q) and their derivatives as well as a bound on the derivative of

@é{{z?s needed later.

Lemma 4.3 Let z,, x4 € Go be two stable translation invariant configurations at
H € K.(Hy). Let s € {1,...,np 4} be arbitrary.
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Then <I>§/H) (w;p,q) is translation invariant, <I>(H) (C;p,q) is translation in-
variant “inside V , and the following bounds are fulﬁlled

(0) 0 < &\ (wip,q) <e WL,

() 0< ) (C;p,q) < eI,

(@) 1058 (wi p, q)| < [T exp{—r™ [W};

(v) |a+<1><H’<c p.q)| < [[H| exp{—n"|Cl};

(c) |a+saéfé>s| < | 7| M.

Here My(= Mshadow) and cf are suitable constants, and T

log () — HlIE].
Proof. (a) Taking the limit A / V in (4.23), we get

() _ ) _

H () _,
0< @y (wip,q) < eXp((peﬁ — )W) < e mew)IWI

by (3.6) and (3.10).
(b) Taking the limit A 'V in (4.26) we get

0< @y (Csp,q) < exp{— (i — cc)|C]}.

(a’) By the definitions (4.9) of E(!)(w) and (4.11) of <I>S\H) (w;p,q), with A
replaced by V', we have

00" (wip, q) =

:8%[exp{*E(H)(W) + (h(H) — (7)) W] +<ppqs(w)|ﬂ- )} x

I Z%(Int; Iayg; H) } _
v exp{—h(H)|Int; I|}

H H H
= & (w;p, )05 { — B (w) + (h(H) — se(ri™ )W + @47 [m(W)[}+
H H
+ exp{— B w) + (h(H) = se(r N W]+ o0 e ()]}

y Z H 4(Int I |zgy; H) o (Zd(Int i |xgsy; H)
exp{ h(H)|Int; I|} H\exp{—h(H)|Int; I|}

]oWJ;é
jlow

). (4.31)

To get the sought estimate (a’), we begin by estimating the first summand
n (4.31). Due to (a), it suffices to show that

02 {~ B (w) + (h(H) = se(r" )W+ oD le(W)[} < cOw|[H||

P,q;8(W)

with a suitable constant C*) that can be chosen independent of T}EH) for large TﬁH).
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Indeed, this follows from (3.9), and the following bounds:

05 B (w)| < |08 (" BV (2))| < dimH(R)||H|||W| (4.32)
icW

by linearity of Ei(H) () in H (see (4.8) to understand the first inequality);

A
ot — . | 4.33
AT = PR (3
which follows from (3.10) and (3.6);
—r (D) JIEEAIN
0% (7)) < 2 = 1Colp
n 2 P< | H,
< || H|le™¢ i —to (i) =) < ||H|| const, (4.34)
with a suitable constant ¢, follows from (4.6) and (4.33);
H
|05 phlesl < Mol H| (4.35)

follows from (4.10) using an analogy with (4.32), (3.9), and (4.34).
2

d
To estimate the other summand in (4.31), we use (4.22), (4.21) and, moreover,

Z%(Int; I|ay;
p el H w 4.36
o (e m)ﬂ < |1 expfez]| W} (4.36)
To show the last bound, we use (2.23) of Lemma 2.3.3, (3.12), (3.9), and the
bound |Int; I| < [0 Int; I|7T < el Il to get

’ 1L( Z%(Int; 1wy H )’ 3+Z‘i Int; Izq¢;); H)) exp{—h(H)|Int; I|}|
H\exp{—h(H)|Int; I|} /| — exp{—2h(H)|Int; I|}
| V290nty 5 ) expl ()] Inty 11} 1oty 1 O5h(ED]
exp{—2h(H)|Int; I|} -

< | H | Tnt; T exp{Zo|d(Int; )|} (Ma(1 + 20) + (1 + e~ ) < [[H[je=™,
(4.37)

where ¢z is a suitable constant. We used the obvious inequality |Int;I|
|0(Iut; I)]”.
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(b") From the definition (4.12) we have

[CNVar| ICﬁVm(I)I)
C CI

05047 (Cipa)] < Jexp{ Y0 [HEIT(O) 00 (C)

mée{p,q}

e
+e T ICloNTNVR|+ XX(C)XqV(C))} HX

< (2 1oL eIT )]+ (I0] + 1) exp{—r"|C} o5 0]) <
me{p,q}

< || H| exp{—(" — log(; 5;0 D) -y (@38)

with some constant (.

Here we used the bound (2.9) from Proposition 2.1.3 to estimate |BI§\IIS,€{)T(C)|,
as well as the bound (4.33) above.
(c) The needed estimate was already proved in (4.35) above. O

4.3 Aggregate and labeled shadow models

We shall now project the walls, as well as clusters decorating the interface, to
Z¥~Y(c Z"), by applying the projection 7. In that way, using the equalities (4.29)
and (4.30), we introduce a shadow model, in terms of which we shall grasp the
characteristic features of interfaces. The series of preceding steps will be concluded
by Proposition 4.4 that describes the properties of the labeled shadow model as
well as the relations to the probabilities of interfaces via an intermediary aggregate
model.

Given an interface I = (I,z7) € J(y,V) (where V = 7! (B) as in Section 4.2
and y € X;7, ) and a finite family {Cy} of clusters Cy, Cy NI # 0, Ck NV # 0 (we
say that “{Cy} decorates I at V"), and using W(I) to denote the collection of walls
of I, we first consider connected components, to be called shadows of (I,{C}), of
the projection 7(Uy ey WU Uy Cr)- I (W, C) is a collection of walls of I, W C
W(I), and clusters from {Cy}, C C {Cy}, such that ¥ = 7(U,epy WU Ugee ©)
is a shadow, we introduce an aggregate A of (I,{Cy}) as the “piece of interface
above the shadow” together with the corresponding clusters. Namely, A = (I 4,C),
where T4 = (Ia,21,) with Iy = 7=1(3) N I. The shadow ¥ is called the support
of A. We identify aggregates that can be moved one into another by a vertical
translation (by shifting both, the corresponding walls and clusters). Notice, that
the relative position of concerned clusters with respect to the set I4 is, in a given
aggregate, always fixed.

An aggregate A = (I 4,C) with support X is naturally labeled since for any
i € 0%, the column 7~1(i) is an “s-column” of x; with some s € {1,...,n,,}. It
is clear that this s is identical for all i’s from each component of 9¥. We denote
this labeling by A(A).

As a result, the shadow Y. corresponding to an aggregate A may be labeled
by A(A) as described above. A shadow ¥ endowed with such a labeling A = A(A)
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will be called a labeled shadow (of (I,{Cy})). We write o = (3, A), A(o) = A, and
suppo = 2.

Notice that the labeled shadows of a pair (I, {C}\}), as above, form compatible
matching families in the sense of Section 2.2, whereas, strictly speaking, labeled
aggregates do not fit into that scheme, neither as a system of contours in Z” nor
in Z¥~!. To include them would need a slight generalization of the setting from
Section 2.2.

Labeled shadows are “labeled contours” in the sense of Section 2.2. Consid-
ering now generally a configuration xp 4.c € Go N X;‘Of% with fixed p,q € Q,p # q,
such that zp, x4 are stable, and s € (1,...,n,4) (in the role of the triplet y, z,, 24
from the preceding subsection), we introduce the weight of an aggregate A =
(I4,C) compatible with V' and y by

oG (Aipg) = [ e (wipg) [] @07 (Cipa). (4.39)
weW(I4) cec

Summing over all aggregates A corresponding to a fixed labeled shadow o (the
same support and the labeling A(c) = A(A) corresponding to x4 as above), we get
the shadow weight

oG (03p,q) = > o) (4;p, ). (4.40)
A:supp A=supp o
A(A)=A(0)

Finally, we use go,(,{z) to denote the vector (gp,(,{z?s)gi’f. It is defined as in (4.10)
with stable z,, z,.

Preparing for a direct application of the Pirogov-Sinai theory from Section 2
to the model defined by labeled shadows, notice first that, even though we took
with a volume B C Z"~! only interfaces from J(z; 4.5, V) with the walls inside
of V. = 771(B), the clusters C) may stick out of V and, correspondingly, the
aggregates may not be contained in V' and the shadows may not be contained in B.
Anticipating this feature, we actually considered, in Section 2, the generalization
allowing for volume depending contour weights.

Thus, for any finite B C ZY~!, we introduce the generalized ensemble
X% (p, q) of all compatible and matching families of labeled aggregates with walls
in V = 7~1(B) and with clusters intersecting V and the ensemble X5tad(p, ¢) of all
families of shadows that correspond to families from X3%%" (p, ¢). The set X55%" (p, q)
(xshad(p, q)) is actually the union, over s € (1,...,n,,), of all sets characterized
by the external labels of all external aggregates (shadows) being fixed to equal s
— i.e. families of aggregates (shadows) consistent with boundary conditions z,_4.s.
The set X324(p, ¢) will play the role of the abstract set X5 from Section 2.2.

Recall that, in accordance with the notation from the first paragraph of
Section 2.2, for any A € X5 (p,q) (S € X524 (p,q)), we use Bs(A) (Bs(S)) to
denote the set of sites in B that are outside of the supports of all aggregates A € A
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(shadows o € S) and are labeled by the label s of the corresponding ceiling. Now,
we define

Zager (%aggr(p q)|307 ) _ Z Zaggr({A}, %%ggr(p, q)|30; ]{)7
AEXFE (p,q)
ext. label sg

where

Mp,q

79885 ({ A}, X355 (p, g) |03 H) = H (I)%H)(A p.q)exp|[— Zsoz(,,q? | Bs(A)]]
AcA
(4.41)

if A € X5 (p, q) with external label so; otherwise it is not defined (or, rather, it
is put to equal 0). Similarly,

Zshad (:{thad (p7 q)|80; H) — Z Zshad ({S}, :{séla»d(}77 q)|80; H)
Sex3*(p.q)
ext. label sg
with
74 ({8}, x5 (p, q)|s0; H) = [] 24" (039, q) exp[— Zwﬁﬁ? |B«(S)|].
oceS
(4.42)
whenever S € %SBhad (p,q) with external label sp; otherwise it is put to equal 0.
Notice that X% (p, q) (respectively, X3*d(p, q)) contains an infinite number
of configurations of aggregates (shadows). Nevertheless, the convergence of (4.41)
and (4.42) is an easy consequence of the bounds (a) and (b) from Lemma 4.3.
The probability of a compatible matching family of labeled aggregates A €
X%% (p, q) with external label sq is, correspondingly, defined by

205 (A}, X5 (py ) sos H)

(88 ({ A}, X5 (p, @)ls0; H) = (4.43)
Zager (faggr(p q)|s0; )
Similarly, for S € X3h#d(p, q) with external label so we introduce
Zshad S ’xshad P, q)|50; H
p ({8} x5 (p, @)ls0: H) = (S}, X5, @)lso: H) (4.44)

Zshad (%SBhad(p, q)|307 H)

These measures can be used to evaluate the probability of perturbations of the

interface of zp 4.5, , once a sufficient decay of functional @%H) (0;p, q) in dependence
on the size of |supp o| is guaranteed as we shall see in Section 4.4.

Proposition 4.4 (interfaces in terms of aggregates and shadows) Let x,,, 2, be two
translation invariant ground states of Hy that are stable for some H € K.(Hy) for
e small enough, py large enough, and let B C Z~! be finite. Then the following
claims hold.
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(i) For anyse{l,...,npq}:

Zshad (%SBhad(p7q)|87H) — Zaggr (%aggr(p q)|8 H)
= Z Z(I, 77 (B)|zp.qs; H).
Further,
P ({SY, X (0, 9|5 H) = Y u ({A}, X5 (p, q)|s; H),
A

where the sum runs through A € X5 (p,q) such that supp A = suppo for

all A € A and the labels corresponding to
mathcal A and A coincide, A\(A) = A\(S).

Finally, using W(A) to denote the set of all walls corresponding to the col-
lection of aggregates A, we have

u({x €EX:W((z)) = W}vﬂil(Bpr,q;s?H) =

S ({A), X (p,q)|s: H)

AW(A)=W

for any admissible collection of walls W.
1 e functiona o;p,q) and the vector ¢ = (Vp.¢'s efine a labele
il) The f 1o d th G — (S ™ define a labeled

contour model that fulfills all the assumptions of Theorem 2 and Proposition
2.2.1. Namely,

. @%H) (0;p,q) is nonnegative,

o @SBH) (o3p,q) = @SBH) (0';p,q) = Q(Zlle(o;p, q) whenever o and o’ are such

that suppo,suppo’ C B and o' is a translation of o (“the functional

@SBH) (;p,q) s, inside B, translation invariant and independent of B”). Also,
(H) e (H)

there exists a constant Ts ) differing from 7’ by a fizved constant depending
only on v and |S| and a constant My, such that the following bounds hold:

(1) @SBH) (o;p,q) < exp{fTS(H) |[supp o|} for any labeled shadow o consistent
with boundary conditions xp 4 s in B;

(2) 10:047 (0:p,9)|| < ||H| exp{—="|supp o]};
(3) 10} o85s| < M| Hl.

Proof. (i) It follows from (4.39) — (4.44) with the use of (4.29) and (4.30).

(ii) The functional @%H) (A;p, q) is nonnegative by its definition (4.39) and
by (4.14).
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The translation invariance inside B follows from the definitions (4.39), (4.11),
(4.12), from the translation invariance of the functionals involved and the invari-
ance inside B of xY (C), and by inspecting cardinalities of the sets involved in
(4.12) for sets C fully contained in V.

The corresponding claims for fI)SBH) (0;p,q) follow from (4.40).
(1) We use first Lemma 4.3(a) and (b) to get, by (4.39) and (4.40), that

0< 85 (0ip.q) < Y exp{—n" S w73 e,

(I1,C) weW(I) cec

where the sum is over aggregates that correspond each to a pair of an interface
I € I(xp 45, V) and of a finite family C such that C N Vg # 0 and C N1 # 0, for

alCeC,andn( Y CU |J W)=3X=suppo as above (i.e. over (I,C) with
cec wew(I)

the only aggregate A = (I4,C)).
Since, obviously, ||A]| = |WT),0)|l= > |IC|+ >, |W]|>|suppo]|, we
cec wew(I)
have

7T(H)7 su o
G (03p,q) < e Ol N exp e ST i+ Y (D),

(I,C) weWw(I) cecC

for any ¢ > 0, ( < TH(H).

We shall show that, for some sufficiently large ¢, in dependence on v and |S|
only, the last sum is at most e°/*"PP ! for suitable ¢ which also depends on |S| and
v only. We begin with an observation.

Namely, introducing the notion of an extent of an aggregate A as ext A =

I,U |J C, we notice that it is a connected set of cardinality at most >  |[W|+
cec weW(I4)
1+T) > |C] < A+TD)||A]. In the same time we may suppose, referring to the
ceC

identification of aggregates under vertical translations, that each ext A contains
an element ¢ of suppo.

As a consequence, there are at most eIl aggregates A with i € ext A and
given || A]|. Namely, every such A can be identified with a connected path over ext A
of the length at most 2v(T+1)]|| A||, each point of which is moreover equipped with
a label saying whether this point of the path belongs to a wall, to a cluster, or to
the remaining part

extA\ |J wulJcC

weW(I4) cecC

of the interface I 4. The label will also say what spin at this point is attained if it
is a point of a wall. The number of needed labels is thus depending on v and |S]
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only. As a result, we get

7T(H)7 su o
®4" (05p,q) < e Olsworel N et ST Wi+ Y o) <

A=(I,C) wew(I) cec
< e~ (W =0)suppo] Sy g
i€supp o A:icext A
~(r{™ =0l supp | Y ek g () —¢~1+log(1—e"))| supp |
S e T ppo e Cs S e I og e supp o
i€supp o k>| supp o|

—T, supp o
< e s | |’

where ( > 2¢s.
(2) By differentiating (4.40) and using (4.39) as well as the estimates (a), (b),
(a'), (b') of Lemma 4.3, we obtain

H = H _ H =
ool oip gl < SN A exp{-7" Y wl AN 10+

A=(I,C) weWw(I) wew(I) Cec
+ 30 S lAllexp{-r" > w0 <
A=(I,Cc)CeC weWw(I) Cec
< |[H|lem T Dlsepel ™ axpf(—¢ 4 1)]|A])
A=(1,C)

Here the sum Y.  above is taken over all aggregates A with supp A = suppo
A=(I,C)

and A(A) = A(0). Now, we use the same argument as in (1) with ¢ — 1 instead of

¢, so that for ( — 1 > 2¢4 we get

05057 (03p,q)] < e Teuppel,

(3) This is the estimate of Lemma 4.3(c) above. O

4.4 Gibbs states with interfaces. Proof of Basic Lemma

To conclude the proof of Basic Lemma, it remains to define, for any y € GE°*, the
functions h, : K.(Ho) — R such that the statements (i) (b) and (ii) of Basic
Lemma hold.

As anticipated in Section 4.1, we fix a particular H € K.(Hy), two different

configurations from G§*, say z,,z, with p,¢ € {1,...,r}, and a configuration
y € GoNn Xil;)fzq to be identified with a triplet (p,q,s), s € {1,...,np4}. The

corresponding functionals <I>SBH) (4;p,9), @SBH) (0;p,q), and vectors @é{? describing

the aggregate and shadow models in the preceding Section 4.4 were defined (or

considered) only if z,, and x4, were stable and distinct. We may however notice that

@é{é?s are by (4.10) actually well-defined for general pairs of (distinct) x, and z,
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from G§*". To define CI)SBH) (A;p,q) and @EB,H) (0;Dp,q), we then use formulas (4.39)

and (4.40) referring to (4.11) and (4.12). While <I>§/H) (w;p, q) again is well-defined

even if z,, z, are arbitrary elements of G5, we need to define @i/lf) (C;p,q) so that
the bounds (1), (2), and (3) of Proposition 4.4 (ii) hold true. This can be easily
achieved if we simply replace ¥,, and ¥, in (4.12), and further on, by ¥, and ¥,
respectively, where @p and Tq are the auxiliary functionals from Proposition 2.2.1
(b’), so that we may apply all the cluster expansion technique to them to get (ii)
of Proposition 4.4 for all p, ¢’s.

This is the starting point for a second use of the Pirogov-Sinai strategy. This
time with different y € Go N Xi‘s)rxq (and fixed p, q) playing the role of reference
states and thus the label in Theorem 2 and Proposition 2.2.1 taking values s with
s €{l,...,np4}. The function h,(H) from Basic Lemma is, for y corresponding

to the triplet (p,q,s), defined to be equal to the function h,(®U (-;p, q),gp,(,{z))
whose existence is assured by Theorem 2. The claim (ii) of Basic Lemma is then
an immediate consequence of Theorem 2 (approximating h, (H) (and its derivative)
in terms of gp,(,{z?s) and the equation (4.10) relating go,(,{z?s to ey (H) (cf. (3.7), (3.9),
and (4.34)). (Of course, if either x, or z, is not stable, we lose the equality (4.13)
and as a result we cannot claim anything like (i) of Proposition 4.4.)

It remains to prove the statement (i) (b) of Basic Lemma. Therefore we
assume that both z, and z, are stable, and that y = =z, 4 is stable for the
shadow model determined by @SBH) (o;p,q) and gp,(,{z).

We are going to derive the properties of the Gibbs measure u(-|y, H) obtained
from measures u(-,V,, = 7 1(B,)|y, H) as a weak limit with B,, growing up to
Z¥~1, which were investigated in Step 7 above. Such measures are Gibbs states as
they are weak limits of u(-, A,|y, H) for volumes A,, = B, X [—kp, k], with k,
growing to infinity sufficiently quickly (cf. [D 72, HKZ (3.2)]). To show that almost
every configuration is a perturbation of y, it suffices to verify that for every € and
any A C Z", there exist constants a,b,d > 0 so that, defining

X(A, a,b) = {x € X; [w € W(I(2)), V(W) NA # 0 = diamW < a] and

[y a contour of z, V(I') N A # () = diamI’ < b] },
with V(W) denoting the union of W and all finite components of Z¥ \ W, we have
M(X(A,a, b), 7L (B)ly; H) >1-¢ (4.45)

whenever B C Z*~! is such that dist(m(A), B¢) > d.

To this end we first show that it is unprobable that shadows intersecting a
given finite volume in Z*~" are large and similarly for corresponding aggregates in
Z¥. Finally we estimate the probability of existence of large contours intersecting
a fixed finite volume in Z" .



264 P. Holicky, R. Kotecky and M. Zahradnik Ann. Henri Poincaré

Let thus 51(\2) be the set of all shadow configurations containing a large shadow
intersecting or surrounding a fixed finite set M C Z"~!. Namely, for any such M
and ¢ > 0 we introduce

5](\;) ={Se x2d(p q); there exists o € S such that

V(Z)N M # 0 and diam® > c},
with ¥ = suppo and V(X) (for any finite set ¥ C Z”~!) denoting the union

of ¥ with all finite components of Z*~! \ X. Using the main results of Section
2 (Theorem 2, Proposition 2.2.1, and Corollary 2.2.2) to the shadow model, we
may show, in a standard way, that for a given finite M C Z~! and a positive ¢,
constants d' = d' (M, ¢) and ¢ = ¢(M, ) may be found such that

pehed (8, 258 (p, g)|s; H) < e (4.46)

| =

for all B C Z¥~! such that dist(M, B¢) > d'.

For a fixed configuration S of shadows of diameter at most ¢ and with V(2)N
M # () for every o € S, consider the event consisting of those configurations of
walls and clusters (configurations of aggregates) whose set of shadows intersecting
M is fixed and equals S. The conditional probability of each of these events,
given such a fixed S, is independent of B for B sufficiently large. Since there are
countably many such events, and due to (4.46), we may find a = a(M,e) such
that, supposing dist(M, B¢) > d’, we get

1
prEE (A(M, a), X555 (p, q)|s; H) > 1 — 3

with
A(M,a) ={A e X% (p,q); [w € W(A) and

VW)Nna (M) # 0] = diamW < a}.
Comparing (228" and p (Proposition 4.4 (i)), we get the bound
) 1
u(X(M, a), (B)|y;H> >1- 3¢ (4.47)
for
X(M,a) = {x € X; [w € W(I(z)) and V(W) N7~} (M) # 0] = diamW < a}.
Given a finite A C Z" with projection 7(A) = M, x, is fully determined if
we know the contours v with V(I') N A # @) and walls w with V(W) N A # (). Let

I be a given interface compatible with the boundary condition y on A€. If 7 is a
contour such that V(I')NA # () and, in the same time, V(T') C Int W = V(W)\W
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for some wall, then necessarily V(W)NA # ). Thus it suffices to consider contours
that are either above or below I, I' C (U, Int; I U I)°. Introducing

X(I,Ab)={ze X;I(zx)=1TI and
[y is a labeled contour of z,T' C (U Int; ITUD V(') NA # 0] = diamI’ < b},

J
we get

1
M(X(I,A,b),w‘l(B)ky,I;H) >1- 37, (4.48)

independently of I for B C Z¥~! with dist(M, B¢) > d for some b = b(M, ) and
d=d(M,e) > d'. Here we consider the conditional probability under the condition
that the interface with support I is present. The bounds (4.47) and (4.48) together
yield (4.45).

Remark. Notice that having (4.45) for A’s that are singletons, we get that almost
all configurations with respect to the limit Gibbs state are perturbations of y.

In fact, we may prove an explicit expression for the limit probability u(-|y; H)
by means of the limit conditional probability “u(-,7=1|I)” and the limit probability
on families of walls “B 1/1‘1%1%1 pl (-, m=1(By)|y; H)” similarly as (2.1) was proved

in [HKZ, Section 6.2.2]. However, it is a little bit more complicated in our more
general situation. The probabilities 11! can be expressed using their projections to
families of external walls. Also we don’t have the exponential estimates as (a) and
(b) of (i) and (ii) in [HKZ, Theorem 2]. However, one may check that the above
estimate (4.45) is sufficient to carry on the proof of the respective identity.
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