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Abstract. We characterize interval Mobius number systems with sofic
expansion subshifts and show that they can be obtained as factors of interval
Mobius number systems with expansion subshifts of finite types. The endpoints
of interval cylinders of such systems can be computed by a simple formula which
generalizes the computation of Farey fractions in the Stern-Brocot graph. We
treat in detail the bimodular number system which has many nice properties and
could be used for exact real computer arithmetic.
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1. Introduction

Mébius number systems (MNS) have been introduced in Kurka [4] and [5] as a
generalization of both positional number systems and continued fractions. Real
numbers are represented by infinite words from a one-sided subshift. The letters of
the alphabet represent real Mobius transformations and the concatenation of letters
corresponds to the composition of transformations. In Kurka and Kazda [8] we
have investigated interval MNS which are determined by an interval cover or almost-
cover indexed by the alphabet. Given a number z, we find an interval to which
x belongs, take the inverse image of z by the corresponding transformation and
repeat the procedure. The expansion subshift consists of all infinite words obtained.
Using the concept of expansion quotient, we have given conditions which ensure that
the extended real line is a factor of the expansion subshift. In Kirka [6] we have
investigated rational MNS in which rational numbers have periodic or preperiodic
expansions.

In the present paper we study interval MNS whose expansion subshifts are of finite
type or sofic. It turns out that the expansion subshift cannot be of finite type when
the interval almost-cover is actually a cover. The important class of redundant MNS
which admit efficient arithmetic algorithms thus cannot be of finite type. Nevertheless,
any system with sofic expansion subshift is a factor of a system with the expansion
subshift of finite type. For expansion subshifts of finite type we have a simple formula
which computes the endpoints of interval cylinders from the endpoints of the parent
interval cylinders. This is a generalization of the computation of Farey fractions in the
Stern-Brocot graph, which works for the parabolic modular system (see Niqui [10] and
Kurka [6]). However, modular systems whose transformations have unit determinant
cannot be redundant and arithmetic algorithms do not work for them.

In order that a redundant interval MNS has a sofic expansion subshift and admits
the generalized Stern-Brocot formula, it must have some symmetries and satisfy some



constraints. We treat in detail the simplest system with these properties. It consists
of the only eight transformations with integer entries, determinant 2, norm 6, and
trace 3. It has several sofic expansion subshifts, some of them being redundant. The
generalized Stern-Brocot formula works nicely in this system.

2. Mobius transformations

The extended real line R = R U {o0} can be regarded as a projective space, i.e.,
the space of one-dimensional subspaces of the two-dimensional vector space. On R
we have homogenous coordinates = (zg,z1) € R = R?\ {(0,0)} and R = R/ =,
where x ~ y iff det(z,y) = zoy1 — 1Yo = 0. We regard x € R as a column vector,
and write it usually as = z/x1, for example co = 1/0. The stereograhic projection
h(z) = (iz+1)/(z+1) maps R to the unit circle 9D = {z € C: |z| = 1} and the upper
half-plane U = {z € C: J(z) > 0} conformally to the unit discD = {z € C: |z| < 1}.
Define the circle distance on R by

\xoyl — yoxﬂ
V@ +a) (2 + v3)

which is the length of the shortest arc joining h(z) and h(y) in 9D.

A real orientation-preserving Mdabius transformation (MT) is a self-map of R
of the form M, ¢ a)(z) = ‘;;‘jr's = gigisii where a,b,c,d € R and det(Mq . c,q)) =
ad—bc > 0. MT act also on the upper half-plane U. On D = DUID we get disc Mdbius
transformation defined by M, 5 c q)(2) =ho M pc.q) © h™'(2) = (az + B)/(Bz + @),
where a« = (a+d) + (b—¢)i, 8 = (b+¢) + (a — d)i. The circle derivation and the
expansion interval of M are defined by

Vv (o) et 20 M) det(O) - o]

v=e oy, x) [|M ()]]?

V(M) :={zcR: (M 1)*(z) > 1},
where [|z|| = \/x§ + 27 is the norm of z. If M = Ry = M(cos 2 sin 9, sin 2 ,cos 2) 15 @
rotation by « then M*®(z) =1 for all z € R and V(M) is empty. Otherwise V(M)
is a proper set interval, i.e., a nonempty open connected set properly included in R.
A Mobbius transformation M is hyperbolic if it has the stable fixed point sy € R
with M*(spr) < 1 and the unstable fixed point uy, € R with M®(up) > 1. A

transformation is parabolic if it has a unique fixed point sy € R with M*(spr) = 1.
It is elliptic if it has no fixed point in R.

o(z,y) = 2arcsin

3. Intervals

A set interval is an open connected subset of R. A proper interval is a nonempty set
interval properly included in R. We represent proper intervals by (2 x 2)-matrices
whose columns are their left and right endpoints. In the calculation of the Farey
fractions by the Stern-Brocot formula, an interval I = (z,y) = (32, Z—?) is cut into two
intervals Iy = (z, i‘;iisz) and I} = (ii’—ig?,y) (see Figure 2). These two intervals can
be obtained from I by matrix multiplication

Izwoyo.ll I:l'()yo.lo
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To carry out such computations, we regard the endpoints of intervals as elements
of R rather than elements of R = R/ . Equivalent but different representatlons

would give different results. The stereographic projection applied to x = :sg;‘; eR
(20—

gives h(z) = sin2a —icos2a = ¢ 7), so it duplicates the angles. Intervals with
endpoints = :21023, y = z:g;g where 0 < a < 27, a < 8 < a + 7 can therefore
represent any proper interval. Since det(z,y) = zoy1 — 1Yo = rssin(a — ) < 0, we
define matrix intervals as (2 x 2)-matrices with negative determinant, which we write
as pairs I = (2, %) of their left and right endpoints 1(I) = %, ¥(I) = <. The set of

d
matric mtervals is therefore

I(R)={(% %) € GL(R,2) : ad —bc <0}

The length of an interval is defined by [(%,%)| = 7 + 2arctan 20+

|(Lsine ssimfBy)_ 93 _ ) provided 0 < 8 —« < 7. A matrix interval defines an

rcosa’ scosf
open and closed set interval by

zel < det(l(I),z)-det(z,r(I)) >0,
ze€1 & det(l(1),z)-det(z,7(I)) > 0.
If [ = (Lsine ssinfy phep » = 180 ¢ Tiffeither o <y < Bora4+m <y < f+m.

rcosa’ scosf t cosy

For two intervals I, J € Z(R) we havo JCI, (ie., Vo € Jx € I) iff either

Then we get

det(1(I),
det(1(I),

1(J)) <0, det(L(J),r(I)) <0, det(L(I),r(J)) <0, det(r(J),r(I)) <0
1(J)) >0, det(1(J),r(I)) >0, det(L(I),r(J)) > 0, det(r(J),r(I)) > 0.
We write I =~ Jif I C J and J C I. The intersection of two intervals need not be an
interval. However, if |I|+ |J| < 27 then INJ is a (possibly empty) interval. When we
transform intervals, we work with the matrix representations of MT rather than with
the transformations themselves. Mobius transformations are represented by matrices

MR) = {Map,ca) € GL(R,2) : ad —bc > 0}

which act on vectors z € R by multiplication = — Mx. Two matrices represent the
same MT if one is a nonzero multiple of the other. If M € M(R) and I € Z(R), then
both MT and IM are intervals. While M I = M (I) represents the M-image of the set
interval of I, IM is the interval cut from I by M.

4. Subshifts

For a finite alphabet A denote by A* = [J,,~,A™ the set of finite words and
by AT = U,,-0A™ the set of finite non-empty words. The length of a word
U= Uy... Up_1 € A™ is |u| = m. We denote by AN the Cantor space of infinite
words With the metric d(u,v) = 27%, where k = min{i > 0 : u; # v;}. We say that
v € A* is a subword of u € A* U AN and write v C u, if v = ufj) = Ui uj_y for
some 0 <4 < j < |u|. Given u € A™ and v € AP with p > 0, denote by w.v € AN
the periodic word with preperiod u and period v defined by (u.v); = u; for i < m
and (w.v)mikpri = v; for i@ < p, k > 0. The set of periodic words is denoted by
Pa={uecAV: Im >0,3p > 0,0™*P(u) = 0™ (u)} The cylinder of u € A" is the set
[u] = {v e AV : v, =u}. The shift map o : AN — AV is defined by o(u); = u;i1.
A subshift is a nonempty set ¥ C AY which is closed and o-invariant, i.e., o(X) C X.
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If D C At then ¥p = {x € AN : Vu C z,u ¢ D} is the subshift with forbidden set
D. Any subshift can be obtained in this way. A subshift is uniquely determined by
its language L(X) = {u € A* : Tz € E,u C z}. Denote by L"(Z) = L(Z) N A™;
in particluar we assume £1(X) = A. A map F : ¥y — ¥; between two subshifts is
called a morphism, if there exists 7 > 0 and a local rule f : £L"(2g) — £(X1) such
that F(x); = f(2[;,i4r)) for each x € ¥¢ and i € N. A surjective morphism is called
a factor. For u € At define o, : AN — AN by 0, (v) = uv. Given a subshift ¥ C AN
denote by O, = {v € ¥ : uv € X} the follower set of u € L(X), so [u] N X = 0, (Oy).
If uwv € L(X) then 0,(Oyy) C O,.

A labelled graph over an alphabet A is a structure G = (V, E, s,t, (), where V = |G|
is the set of vertices, F is the set of edges, s,t : E — V are the source and target
maps, and ¢ : E — A is a labelling function. The subshift g C AN of G consists
of labels of all infinite paths of G. A subshift is sofic, if it is the subshift of a finite
labelled graph. This happens iff the set {O, : v € A*} of its follower sets is finite. In
this case the graph with labelled edges O, < O, presents ¥ (see Lind and Marcus
[9]). A subshift is of finite type (SF'T) of order p, if its forbidden words have length
at most p, i.e., if there exists a forbidden set D C AP such that ¥ = Xp. In this case
u € AN belongs to ¥ iff all subwords of u of length p belong to £(X). A subshift is
sofic iff it is a factor of a subshift of finite type (see Lind and Marcus [9]).

5. Mobius number systems

Definition 1 A Mébius iterative system is a map F : A* x R — R, or a family
of orientation-preserving Mébius transformations (F, : R — R)uca- satisfying
Fu = F,oF, and F) = 1Id, where X\ is the empty word. The convergence space
Xr C AN and the symbolic representation ® : Xy — R are defined by

Xp ={ucAY: hmFO)()E@},
O(u) = hm Fu[0 ”)(')

where i € U is the imaginary unit. If ¥ C Xp is a subshift such that ® : ¥ — R
is continuous and surjective, then we say that (F,X) is a Mdbius number system
(MNS). We say that a Mébius number system is redundant, if for every continuous
map g : R — R there exists a continuous map f: ¥ — ¥ such that ®f = g®.

Redundancy is necessary for the existence of exact arithmetical algorithms (see
Weihrauch [14], Vuillemin [13], Kornerup and Matula [3], Potts [11] or Potts et al.
[12]). If u € Xp then ®(u) = limy, 00 Fuyy,,, (2) for every z € U (see Kazda [2]). For
ve AT, w e AN we have vw € Xp iff w € Xp and then ®(vw) = F,(®(w)). If ¥ C Xp
then v¥ = {vw : w € £} C Xp, &([v] N %) = F,®(0,), and the following diagrams
commute

Xp "> Xp pORAY ) Ouy — >0,
| l l o |
R— >R R— >R  00n) = (0,)

Definition 2 An open almost-cover for a Mobius iterative system F:A*xR—=Ris
a family of matriz intervals W = {W, : a € A} such that |J,c4 Wa = R. If for each
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a,b € A either W, = Wy, or Wy N Wy, = 0 then we say that W is a multipartition. If
moreover W, % Wy for a # b then we say that W is a partition. If (J,cy Wa = R
then we say that W is a cover. Denote by EW) = {L(W,),r(W,) : a € A} the set of
endpoints of W. The expansion subshift Syy is defined by
Sy ={ue AV : Vk >0, Wy 7 0}, where
Wy = Wy N FygWay N Fyp o W, 0N Fyy
We call W, the interval cylinder of w.

It follows Wy, = W, N F,W, for each uwv € L(Syy). Multipartitions are used in the
construction of the extension MNS in Definition 9.

Theorem 3 (Ktirka and Kazda [8]) Let F : A* x R — R be a Mdébius iterative
system and assume that W = {W, : a € A} is an almost-cover of R such that
W, CV(F,) for alla € A. Then (F,Sw) is a Mébius number system. It is redundant
provided W is a cover. For each u € Syy and v € L(Syy) we have

{2} = () Wag.,,» @[] N Sw) =W,

n>0

n+1
o) W, u€ AL

A stronger theorem which uses the concept of expansion quotient has been proved in
Kurka and Kazda [8]. Nevertheless our examples satisfy the condition of Theorem 3,
so we adopt it as a definition:

Definition 4 An interval Mdbius number system over alphabet A is a pair (F, W),
where F' 1 A* x R — R is a Mébius iterative system and W = {W, : a € A} is an
almost-cover of R such that W, C V(F,) for each a € A.

If (F,W) is an interval MNS then lim,, o max{|W,| u € L*(Sw)} = 0. This is an
immediate consequence of the uniform continuity of ® : Sy, — R.

6. Expansion subshifts of finite type

Theorem 5 Assume that (F,W) is an interval MNS. Then Sy is a SFT of order at
most m—+1 iff Va € A,Vu € L™ (Sw), (F,W,NW, #0 = F, W, CW,). In this case
Wy = Fug iy Wagn_n.y for each u € L(Sw) of length at least m + 1. In particular,

if m=1 then Wy, = Fy, W, for each u € L' (Sy).

Proof: Assume that (F,) satisfies the condition. Let u € A™*! and suppose that
for all v C u with |[v] = m 4+ 1 we have W,, # (). Then

Wy =Wy, N FuoWuu,m] N Fu[o,m] Wu[m+1,n]
= FuUWu[l,m] N Fu[o,m] Wu[m+l,n]
= FUOWU[LW,] == Fu[o,n—m] Wu(n—m,,n]’

and Wy, . . # 0, so W, # (. Conversely, assume by contradiction that Sy, is
a SFT of order at most m + 1 and that there exist a € A and u € L™(Syy) with
FW,NW, # 0 and F,W, € W,. Thus F,W, \ W, is nonempty and therefore
F W, \ F;,'W, is nonempty. Since limj,|_o |[W,| = 0, there exists v € L(Sy)
such that W, C F/'W, \ E,W,. It follows W,, = W, N E,W, # 0 and
Woww = Wo N F,W, N Fyy W, = 0, so au € L(Sw), uv € L(Sw) but auv € L(Sw).
This is a contradiction. ]



Corollary 6 Let (F, W) be an interval MNS with a multipartition W whose endpoint
set EW) is invariant in the sense thatVa € A,Nx € W,NEW), E;le € EOW). Then
Sw is a SF'T of order 2.

Proof: For m =1, the condition of Theorem 5 can be equivalently stated as
Va,bc A, (W, NE; "W, #0 = W, C F,'W,)

If W,N E;'W, and Wy, € F,; W, then W, contains an endpoint of F, *W, which,
by the assumption, belongs to £(W). Thus W cannot be a multipartition which is a
contradiction.

Proposition 7 Assume that (F,W) is an interval MNS with the expansion subshift
Sw of finite type of order 2. For ab € L2(Sw) define the cut matrices by Wy, =
W, tF,W,. Then for each uab € Ly we have Wyap = WuaWap-

Indeed, Wyop = F,F,W, = FW W AEW, = W,,Vy. Thus for every u €
L (Syy) we have two ways of computing W,,:

Wu = FugFul e Fun,l Wun = Wug\yuoul \IJulug e \I]un,lun'

In arithmetical algorithms (see Kurka and Kazda [8]), the latter way is more efficient,
since we search for the first n such that the interval cylinder of up ,) is sufficiently
small. Unfortunately, redundant MNS in which these arithmetical algorithms work
cannot have expansion subshifts of finite type:

Theorem 8 If (F,W) is an interval MNS and W is a cover of R then Sy is not a
SFT.

Proof: By the assumption, {W, : u € £L™(Sw)} is a cover of R for each m. If z is
an endpoint of some F, 1W, and m > 0, then there exists u € £L™(Syy) with z € W,,,
so W, N Fnga # () but W, € FCL’lWa. Thus Syy is not a SFT of order m + 1. O

7. Sofic expansion subshifts

One of the characterizations of sofic subshifts is that they are factors of subshifts of
finite type. We extend this characterization to MNS. Each interval MNS with sofic
expansion subshift is a factor of an interval MNS with expansion subshift of finite
type and order 2. The extension is obtained by cutting the interval almost-cover into
a sufficiently fine multipartition. There are many redundant MNS with sofic expansion
subshifts and their arithmetical algorithms can be simplified by using their extension
MNS with expansion subshifts of order 2.

Definition 9 Let (F,W) be an interval MNS over an alphabet A. A partition
P ={FP.: c € C} is a refinement of W = {W, : a € A}, if for each a € A,
c € C we have P, C W, whenever P.\N W, # 0. The extension of (F,W) by P is the
pair (G, V) over the alphabet B = {(a,c) € Ax C: P. C W,} defined by Vi4,) = P
and Gq,c) = Fy. The projection map £ : B — A is given by £(a,c) = a and extends to
the map € : L(Sy) — L(Sw) and to the morphism € : Sy — Sy by £(v); = £(v;).



Theorem 10 Assume that (F, W) is an interval MNS over an alphabet A, P is a
partition refinement of W and (G,V) is the extension of (F,W) by P. Then (G,V)
is an interval MNS, V is a multipartition, the projection ¢ : Sy, — Sy is a surjective
factor map which commutes with ®, i.e., ®g = ®pol, and W, = [J{V, : L(v) = w}
for each u € L(Sy). Each w € Sy has at most 2 £-preimages. There exists p > 0
such that for each w € Lyy, the set {vjg jw|—p : £(v) = w} has at most two elements.

Proof: Since Vi, € Wiy € V(Fyp)) = V(Gy), the pair (G,V) is an interval MNS
and V is clearly a multipartition. We show by induction that V,, C Wj(,) for each
v € L(Sy). By the assumption the statement holds for |v| = 1. If the statement
holds for v and av € L(Sy) then Vo, = Vo NGV, € Wiy N FyayWew) = Wigaw)-
If v € Sy then Gy, () = Fywy,,, (i) for each n (here i is the imaginary unit), so
v € Xg and ®g(v) = Pp(f(v)). We show that £ : Sy — Syy is surjective and each
w € Syy has at most two ¢-preimages. For a given w € Syy denote by g = ®p(w). If
xo & E(V), then there exists a unique vy with xg € V,,, and £(vo) = wo, s0 Gy, = Fuy,-
If 21 = F ' (z0) & £(V), then there exists a unique vy with 1 € V,,, and £(v1) = wo
and we continue the construction of v; by induction. If n is the first index for which
z, € E(V), then there exist unique vy, v, with z, = v(V,,) = (Vi ). If z,, € E(V)
for some m > n, then we cannot choose v, with z,,, = L(V,, ), since in this case V,,
would be empty. Thus we have unique choice for v,,,v;, with z,, = r(V,, ) =UVi ).
It follows that there exist only two v,v’ € Sy with £(v) = £(v') = w. Consider now
the map £ : L(Sy) — L(Syy) which preserves the length of words. Let p be the
smallest integer such that Yw € LP(Sw),Vb € B, |W,| < |V,|. We show that for each
w € Lyy with |w| =n > p, the set {vjgn_p : £(v) = w} has at most two elements. If

l(v) =wthen O # W, NV, =Wy N EFyy W NGy Vi, Since
Gy = Fupgnpys weget Wy 0V DOWy NV, - #0and there

exist at most two v, with this property. Since G,,_ Vo p SV, 1, Unp1is
uniquely determined by v,,—, and by induction, every v,, with m <mn — p is uniquely
determined by vy,—_p. ]

An immediate consequence of Theorem 10 is that there exists m > 0, such that
each w € L£(Syy) has at most m preimages and that all these preimages can be obtained
by a finite transducer whose algorithm is based on the formula

¢ (we) = {vab: va € L7 (w) &b e 7 (c) & ab € L(Sw)}.

Theorem 11 Assume that (F, ) is an interval MNS with a sofic subshift Syy. Then
there exists a refinement partition P of W such that in the extension (G,V) of (F, W)
by P, Sy is a SFT of order 2. The sofic subshift Syy is presented by a graph whose
vertices are sets P € P and labelled edges are P N Q where P C W, and F,(Q) C P.

Proof: Assume that u,v € £(Syy) have the same follower sets O, = O,,. For w € AT
we have W, N FuWyy = Wiy # 0 iff W, 0 FyWey = Wew # 0, so F7 LW, N Wy, # 0 iff
F AW, nW,, # 0. Since {W,, : w € L™"(Syy)} is an almost-cover for each n and since
lim| |00 [Ww| = 0, we get F71W, ~ F;'W,. Since Sy is sofic, the set of its follower
sets is finite, so the set {F,'W, : u € L(Sy)} is finite as well. Denote by P the
partition whose endpoints £(P) are all endpoints of all W, and of all F,, 1W,,, so P is
a refinement of W. We show that if P € P and P C W,, then both endpoints of F, 1 P
belong to £(P). An endpoint of F, ' P is either an endpoint of some F; W, or an
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endpoint of some F, *(F,*W, NW,) = E, (W, N F,W,) = F,.'W,,. In both cases
such an endpoint belongs to £(P). By Corollary 6, Sy is a SFT of order 2. Assume
that P, 8 P, 3 ... “5' P is a labelled path, so P; C W,,, and F,, (Piy1) C P;.
Then

FugyPrn © Fug ) Pn1 & C Fu,,P C Py,

Fug o Pa C Fug o Wy N N FogWay N Wy = Wiy,
s0 Wy, # 0 and up,) € L(Sw). Conversely assume that Wy, , # 0 and
zo € Wy, ,,- There exist P; € Psuchthat g € Py C W, 1 = Flj()l(xo) e P CW,,

and similarly z; = F, ' (z9) € P, C W, for all i < n. Since z; € Fy,, P41 NP, # 0,

"[0 i)

Popn... “SU P, isa path in the expansion graph. ]

Some examples of labelled graphs constructed by Theorem 11 are in Figure 4.

8. Integer Mobius number systems

Denote by Z the set of integers and by Q = Z2 \ {0} For x = 2% € Q we denote by
ged(z) > 0 the greatest common divisor of ¢, z;. Denote by Q = {z € Q : gcd( )=

1}. Each rational number has two representations in Q. We have the map d : Q -Q

__ zo/ ged(x)
defined by d(z) = 204 et

M(Z)={M € GL(Z,2) : det(M) >0, ged(M) = 1},

I(Z) ={I€GL(Z,2): det(I) <0, ged(I) =1},
where ged(M) > 0 is the greatest common divisor of the entries of M. The norm
of z € Qs ||z]| = 2 + 22 and the norm of Mg pcay is [|M]| = a® +b* + ¢ + &>
For M = Mq,c.q) € GL(Z,2) denote by d(M) = Ma;g.6/g.c/9.4/9) € M(Z), where
g = ged(M). The pseudoinverse of M is Mt = Mg,—p,—c,a)- With the multiplication
operation M, N +— d(M N) and pseudoinvers M !, M(Z) is a group. Each MT with
integer entries has two representations in M(Z) and each interval with integer entries
has two representations in Z(Z). We say that (F, W) is an integer MNS, if F,, € M(Z)
and W, € Z(Z) for each a € A. In integer MNS we have an algorithm for expansion
of rational numbers.

Definition 12 The rational e:z;pczzsian graph of an integer MNS (F, W) is a labelled
graph whose vertices are (x,s) € Q x {—,0,+} and labelled edges are

(x,8) 5 (F 1w, s), ife € W, & s € {—,0,+},

(z,8) % (F;te,—), ife =7r(W,) & s € {—,0},

(z,8) 5 (F e, +), if o =W W,) & s € {0,+}.

Proposition 13 Let (F,W) be an interval MNS and = € @ Then a word u € AY is
the label of a path with source (x,0) iff u € Syy and ®(u) = x.

See Kurka [6] for a proof. The expansion algorithm works in Q if we replace the edges
of the expansion graph by (z,s) % (d(F; '2),t). Figure 5 shows the expansion graph
of rational numbers of the bimodular system (F,R) in Q (left) and in Q (right).



Definition 14 The rational expansion interval of M € M(Z) is defined by
R(M)={zcR: (M~Y)*(z) > det(M)}.

We say that an integer MNS (F, W) is rational, if W, C R(Fy,) for each a € A.

Note that if z € R(M) and y = M~z then ||y|| < ||z||. For each M € M we have
R(M) € V(M) and either R(M) C ($,3) or R(M) C (5, 9) (see Kiirka [6]). Thus
if W is a cover, then (F, W) cannot be a rational MNS.

Theorem 15 (Kurka [6]) In a rational Mobius number system, every expansion of
every rational number is periodic. i.e., ®1(Q) C P4 NSy .

This follows from the fact that if (zo,0) %3 (z1,51) = --- is a path in the expansion
graph then ||z;11]| < ||z;]|. Theorem 15 holds in the space Q as well. For d € Z \ {0}

define 14 : Q — Q by ¥y(z) = dxo/dx;.

Theorem 16 Every rational MNS has a sofic expansion subshift. In this case the
partition P of the extension SFT has a Q-invariant endpoint set E(P) C Q such that
Vo € E(P)N W, E e € E(P), and if 2,y € E(P), x = y, then either x = y or
z=v_1(y) = —yo/ —y1-

Proof: Start with the set
Ey={x e Q: JaeA, (x = (W,) or x =~ 1(W,)), ged(x) = 1}.

Thus & contains every endpoint of every W, in two versions = and ¢_; (z) such that
Tg is coprime with x1. Let & C @ be the smallest subset of @ which contains & and
has the property that y = F, 'z € & whenever z € & NW,. Since ||y|| < ||z|| in this
case, the set &; is finite. The set & = {x € & : Vp > 1,¢,(x) € &1} is still invariant.
Let P be the partition with endpoints £(P) = &. By Corollary 6, the extension of
the system by P is a SFT of order 2. ]

The @—invariant endpoint set of the bimodular system (F,R) is show in thick in
Figure 5 right.

Proposition 17 Let (F,W) be an integer MNS whose expansion subshift is a SFT of
order 2 and assume that all F, have the same determinant det(F,) = d. Then if W,
and Wy, have the common left endpoint, then  Wya) = ¥a(L(Wy,)). Similarly for the
right endpoints.

Proof: If ab € L£%(Sy) and [ W,) = | t F,
UWap) = UEW,) = FW(Wy) = F,F- U W) = %a(UWa)). I UWaay) ~ U Waa)
then U Wyap) = Ful(Wap) = Fupa(UWa)) = Ya(F W (Wa)) = W,

If the condition of Proposition 17 is satisfied, the neighboring interval cylinders
have the same Q-endpoints. Then the system of endpoints of cylinders can be regarded
as a generalized Stern-Brocot graph. Its edges are 1(u) — l(ua) and r(u) — r(ua).
See Figure 2 for the Stern-Brocot graph of the parabolic modular system, and Figure
6 for the Stern-Brocot graph of the bimodular system (F,R).

9



In integer MNS with expansion subshifts of order 2, the arithmetical algorithms
can be simplified. A general algorithm for the computation of a MT M € M(Z) in a
redundant integer MNS has been given in Kuarka and Kazda [8]. Its simplified version
is in Proposition 19.

Definition 18 Let (F,W) be a redundant integer MNS. The linear graph of (F, W)
is defined as follows: Its vertices are (M,a), where M € M and a € AU {\}. The
labelled edges are

emission: (M, a) @ (F-'M,a) if MW, CW,,

absorption: (M, a) ) (MF,,0b)

—
=

For the empty word A we set Wy = R and Fy, = Id. The labels of paths are
concatenation of the labels of their edges. They are pairs (w,u), where u € L(Sy)
is the input word and w € L(Syy) is the output word. Given M € M and u € Sy,
the lazy algorithm which computes w € Sy with &(w) = M®(u) starts at the
vertex (M, \), applies the emission action whenever possible and the absorption action
otherwise.

Proposition 19 If (w,u) is the label of a finite path with source (M,\) and u €
L(Sw), then w € L(Sy) and M (®([u])) C ®([w]). If (w,u) is the label of an infinite
path with source (M, \), u € Sy, and w € AV, then w € Syy and ®(w) = M(P(u)).

Proof: We show by induction that when there is a path with source (M, A) and label
(w,ua) € A* x L(Sw), then M(W,,) C W,, and its target is (F,'MF,,a). Since
Wy = R, the first edge (M, \) — (M, a) has label (\,a), so M(W,) C W, is satisfied.
Suppose that the assumption holds for (w,ua), and consider an edge (F,'MF,,a) —
(F,1MF,,,b) with label (\,b). Then MW,u € MW,, C W,, so the statement
holds for the path label (w,uab). Consider an edge (F,'MF,,a) — (F,MF,,a),
with label (c,\), so F;'MF,W, € W.. Then MW,, € MF,W, C F,W,. Since
MW,q € MW, CW,, we get MW, , € Wy, N F,W. = Wy, so the statement holds
for the path label (we,ua). By Theorem 3 we get M (®([u])) C ®([w]). If u,w are
infinite words, then for each n there exists k, such that M Wy, c W, and

0,kn) — Wio,n]
Mo(u) € M(W, ) € Wy, and therefore M®(u) = ®(w).

U[0,kn)

]

Definition 20 Let (F, W) be an integer MNS whose expansion subshift is a SE'T of
order 2. The linear cut graph of (F,W) is defined as follows: Its vertices are (M, )\),
where M € M and (I,a) where I € Z(Z) and a € A. The labelled edges are

(M.2) Y (MW, a),
(La) M (10..0)  if abe L2(Sw),

(I,a) == (F 'I,a) if ICW..
Proposition 19 holds for the linear cut graph as well. The proof is based on the fact that

if (w,ua) is the label of a path with source (M, \), then its target is (F,' M F,W,,a)
and MF,W, C W,.

10
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Figure 1. Parabolic modular system: means F, (0) (left) and circle derivations
of Fy ! with intervals W, (right).

a F, W, AW, [ ab: Uy,

ol Lo, [ (f,7) | (5.5) [00: (5. 1).01: (3. 7)

t| o | kb P Tocdihndly

2| [1,-1,0,1] (%1, ?) (%17 g) 22: (?7 ;)723 : (;v g)

3 [17()’7171] (%71) (%71) 32: (671)733: (IvI)

Table 1. Parabolic modular system: transformations, intervals, their inverse
images, and cut matrices.

9. Parabolic modular system

Example 1 The parabolic modular system with alphabet A = {0,1,2,3} has
transformations F, and intervals W, given in Table 1.

All F, are parabolic with fixed points co or 0. The values ﬁu(()) in the unit complex
disc are given in Figure 1 left. The curves between ﬁu(O) are constructed as follows.
For each MT M there exists a family of MT (M?);egr such that M° = Id, M! = M,
and M'*s = M'M*. Each value F,(0) in the diagram is joined to F,q(0) by the
curve (F,FL(0))o<i<1. The labels u € A+ at F,(0) are written in the direction
of the tangent vectors ﬁi(()) In Figure 1 right there are circle derivations of the
inverse transformations F,!. The system is rational and its expansion subshift
Sy = {0,1}N U {2,3}" is a SFT of order 2. The cut matrices are in Table 1. If

u)e {0,1}" and W, = (z,y), then W, = (z, ifizg), Wy = (ifiz({,y) (see Figure
2).

10. The bimodular group
For each integer p > 1, we have the group of p-modular Mobius transformations
M, ={M € M(Z): In > 0,det(M) =p"}.
11
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Figure 2. The Stern-Brocot graph of the parabolic modular system. Words u
are written (in vertical) at the midpoints of intervals W,. New endpoints are
obtained from the old ones by (z,y) — (zo + yo)/(z1 + y1)-

In particular the modular group consists of transformations with unit determinant and
the bimodular group consists of transformations whose determinant is a power of 2.
It is well-known that the transformations S(z) = —1/x, T(z) = = + 1 generate the
modular group (see e.g., Coppel [1]). The proof can be generalized to the case of any
p-modular group, where p is a prime.

Proposition 21 Ifp is a prime, then the transformations S(x) = —1/x, T(z) = x+1
and Q(r) = px generate the p-modular group and satisfy the identities S* = 1d,
(ST)? =1d, (QS)? =1d, QT = T?Q.

Proof: Let M = M. q) be a p-modular transformation. We multiply it from
the left by a sequence of generators until we get a generator. If 0 < |¢| < |a| then
T"M(z) = (d’z+b)/(z+d) = ((a+nc)x+b+nd)/(cx+d) and there exists n such
that |a'| + |¢/| < |a|] +]¢|]- If 0 < |a| < |¢| then ST"SM (z) = (d'z +V)/(dx + d') =
(ax+b)/((c—an)x+d—>bn) and there exists n such that |a’|+|c/| < |a|+|c|. Thus after
finitely many steps we obtain a matrix with ac = 0. If ¢ = 0 then M (z) = (p"xz+b)/p™
for some n,m and M = Q~™T°Q". If a = 0 then M(z) = —p"/(p™z + d) and
M = SQ"TQ™. o

If we classify bimodular matrices Mg, 4) according to their norm n = a?+ b+
¢®+d? and trace t = |a+d|, we get two rotations My _q 1 1y, M(1,1,-1,1) withn = 4,t =
2, two elliptic transformations M 1,20y, M(0,2,—1,0) With n = 5,¢ = 0, two hyperbolic
transformations My 0,0,2), M(2,0,0,1) With n = 5,1 = 3, eight elliptic transformations
with n = 6,f = 1 and eight hyperbolic transformations with n = 6,¢ = 3. These
eight transformation form a rational MNS with high symmetry and nice properties.
Its transformations satisfy many identities and have several almost-covers with sofic
subshifts. Moreover, arithmetical algorithms work faster in the bimodular system than
in the classical positional binary system (see Kurka [7]).

11. The bimodular system

Example 2 The (6, 3)-bimodular Mdbius iterative system consists of the transforma-
tions

Fo=Mup12, Fr=Mauioz2, Fo=Mgzoi1, F3=Mgz10.),
Fy=Mg _10,1), F5=Mgo,-11), Fos=Mu_102), Fr=DMqyo-12)-

12
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Figure 3. The bimodular systems (F,R) (top left), (F, Wa3) (top right) and the
circle derivations of Fi ' with intervals of R (bottom).

over the alphabet A ={0,1,2,3,4,5,6,7}.

All transformations F, are hyperbolic with stable fixed points 0, 1, 1, oo, oo, —1,
—1, 0. The circle derivations of all these transformations have the same shape
(Figure 3 bottom). The two pictures in Figure 3 top give values of the disc Mobius
transformations F,(0) with the interval almost-cover R = {R(F,) : a € A} (left) and
with a cover Whg from Table 11 (right). The transformations of the bimodular system
generate the bimodular group. Indeed for S(z) = —1/z, T(z) =z + 1 and Q(x) = 2z
we have S = F0260, T = F13, Q = F134.

There are several partitions, almost-covers and covers whose expansion subshifts
are of finite type or sofic (see Table 2 bottom and Figure 4). If we start with midpoints
of the intervals (0, 1), (1,00), (00, —1), (—=1,0), we get a partition W, with endpoints
EWy) ={0,£(v2 — 1), 41, +(v/2 + 1), 00} whose expansion subshift is of finite type
of order 3. Its SFT extension has endpoints

{0,4(3 = 2v2), £(V2 — 1), +v2/2, £1, £v2, £ (V2 + 1), £(3 + 2v/2), 00 }.

Several other almost-covers are obtained by choosing endpoints from the set C =
{0,:&%7:|:%,:|:1,:t2,:|:3, oo} whose many preimages remain in C (see Table 2 top).
The subshifts of the partitions W, and Ws are of finite type of order 2. The subshift

13



Figure 4. The labelled graphs for the sofic subshifts of the bimodular system

constructed by Theorem 11.
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Table 2. Preimages of the cutpoint set C (top) and interval almost-covers for the
bimodular system (bottom). Intervals Wy, Wi, W, Wy can be obtained from the

symmetry. If W,

of the almost-cover R = {R(Fy,) :
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000 (2,1 [1,0,1,2] [00:(Z,2),01,02:(%,1),03:(L,T)
o] (&3 oy |43

ol | () | o |2r: (2

3] 21 (i, 5) [1,1,0,2] | 30: (20, f),31,32 S(2,4),33: (1,9
432 28 | 2oy |44: (2 a5 (4 1) a7 (L)
5laz | 33 | o] |58 (20

6 43| (23 | 2101 |63: (20

7| 53 (%,%) 2.1,0,1] 74:(%,%),75,76:(%,%),77:(%,%)
8 64| (3,2) | [2,-1,0,1] | 88:(5,2),89,8A:(2,1),8B:(3,9)
974 | (3, %) | 2,-1,0,1]|9C: (3, 9)

A7 | (2, F) | [2,0,-1,1] | AT:(3,9)

B |85 |(%,%)|[2,0,-1,1] | B8:(2,2),B9,BA: (3,1),BB: (],9)
C|9 |(%,4) | 1,-1,0,2] | CC:(3,1),CD,CE: (1,1),CF: (3,9
D | A6 | (25, 25) | [1,-1,0,2] | DO: (3,9)
E|A7|(Z5,24)|[1,0,-1,2] | EB: (3,9)
F|B7|(%,%)|[1,0,-1,2] | FC:(3,1),FD,FE: (},3),FF: (3, 9)

Table 3. The extended system of the bimodular system (F,R) constructed by
Definition 9.

endpoint set

-2 -3 -2 -2 -1 -1 0112232 3 2 2 1 1 0 =1 =1 =2 =2 =3

0 1> 1227 27232293°2:2717120>—17—1>—-27—-2>—-37-2>-37-2> 271> 1

is shown in thick in Figure 5 right. The extended system of (F,R) is given in Table
3 and its Stern-Brocot graph is in Figure 6. The three systems (F, W), (F,Ws) and
(F,R) are rational. There exist also two covers W3 and V = {V(F,) : a € A} with
sofic expansion subshifts (see Table 2).
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Figure 5. The expansion graphs of the bimodular system (F,R) in Q (left) and

in @ (right). Fixed points are surrounded by circles. The @-invariant endpoint
set is displayed in thick.
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Figure 6. The Stern-Brocot graph of the extended system of the rational
bimodular systems (F,R).

12. Conclusions

In Kiurka [6] two more bimodular systems (each with eight transformations) have been
considered, one with norm n = 9 and trace ¢t = 3, the other with norm n = 14 and
trace t = 3. The (14, 3)-system has the same rational expansion intervals as our (6, 3)-
system and has also several interval covers with sofic subshifts. For a trimodular
system with det(F,) = 3, we need at least 12 transformations to obtain a rational
system. Since modular systems do not give redundant MNS, it seems that the simplest
bimodular hyperbolic system with the smallest norm n = 6 is a good alternative for
the implementation of computer arithmetic. In fact, arithmetical algorithms work
faster in it than in the standard positional binary system (see Kurka [7]).
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