Limit sets of cellular automata associated to probability measures

Petr Kůrka Faculty of Mathematics and Physics,

Charles University in Prague, Malostranské nám. 25, CZ-11800 Praha 1, Czechia,

Alejandro Maass Departamento de Ingeniería Matemática, Universidad de Chile, casilla 170/3 correo 3, Santiago, Chile.

Abstract

We introduce the concept of limit set associated to a cellular automaton (CA) and a shift invariant probability measure. This is a subshift whose forbidden blocks are exactly those, whose probabilities tend to zero as time tends to infinity. We compare this probabilistic concept of limit set with the concepts of attractors, both in topological and measure-theoretic sense. We also compare this notion with that of topological limit set in different dynamical situations.

1. Introduction

In the time evolution of many cellular automata one can observe homogeneous regions with certain simple structure separated by walls or defects which present different structure. These defects move in an apparently random manner, and disappear on collisions, so that neighboring homogeneous regions merge. When the CA starts in a random configuration, the frequency of defects steadily decreases and homogeneous regions grow in size. The dynamics of this type has been observed e.g., in the elementary CA with rules 18, 184, 62, 54 (Boccara et al. [5]). Many computer simulations have been performed confirming this dynamics and estimating how fast the defects disappear (Grassberger, [11]). In [18] we have described this phenomenon using the Besicovitch pseudometric on the configuration space. In the present paper we adopt a probabilistic approach using the space of Borel probability measures.

Intuitively, the system behaves as if approaching an attractor. This point of view has been adopted by Hanson and Crutchfield [12], who describe the structure of homogeneous regions by regular languages. These regular languages in turn determine sofic subshifts, which are invariant for the CA in question. Defects can be viewed as words of minimal length not belonging to the language of the subshift. If the subshift is of finite type, this yields a finite number of types of defects. In the general case the number of type of defects is infinite.

When the CA starts in a random configuration, the probability of each defect steadily decreases to zero. This can be expressed by a topological condition in the space of Borel probability measures. The iterates of the given initial probability distribution μ approach the subspace of measures concentrated on the invariant subshift representing homogeneous regions. We call the smallest subshift with this property the μ-limit set. The forbidden blocks of this subshift are exactly those, whose probability tends to zero as time tends to infinity. Usually we assume that the initial probability measure μ is Bernoulli: letters at all positions are independent identically distributed random variables. Many results, however, can be obtained for much larger classes of measures such as Gibbs measures and Markov measures.

We show that if Σ is a topological attractor or a μ-attractor in the sense of Hurley [13, 14], then the μ-limit set is a subset of Σ. In particular, the μlimit set is a subset of the omega limit set. In the surjective case and when initial measures have full support we give several topological conditions, which imply that the μ-limit set is actually equal to the omega limit set: if there exist equicontinuity points, if the CA is topologically transitive and right or left closing.

The subshifts corresponding to homogeneous regions, are usually neither attractors nor μ-attractors and we conjecture that they are μ-limit sets. This happens e.g., in “Just gliders” CA of Milnor [23], in which left gliders and right gliders disappear on collisions. If the initial probabilities of left and right gliders are equal, the homogenous configuration without gliders is the μ-limit set, but it is not a μ-attractor. We have shown this kind of behaviour in a different setting in [18] for both “Just gliders” and 184 rules.

While we are still not able to show a similar behaviour for the elementary CA rule 18, we construct a simpler example of this type, which can be fully understood. The example implements as a CA a stochastic model studied by Erdös and Ney [8] and Adelman [1] (see also Lind [19]). Here the defects perform independent random walks with independent increments, and disappear on collisions. We show that for any Bernoulli measure μ, the μ-limit set is the homogenous configuration without defects. The result of Adelman implies that the μ-limit set is not a μ-attractor.

2. Definitions and background

For a compact metric space X denote by B(X) the system of its Borel sets, i.e., the smallest σ-field containing the open sets. Let M(X) be the set of Borel probability measures defined on B(X). The point measure δ_x of a point x ∈ X is given by δ_x(U) = 0 if x ∉ U and δ_x(U) = 1 if x ∈ U. The Prohorov distance between two measures μ, ν is given by dM (μ, ν) = inf{ε > 0 : ∀U ∈ B(X), μ(U) ≤ ν(Bε(U)) + ε ∧ ν(U) ≤ μ(Bε(U)) + ε} where Bε(U) = {x ∈ X : d(x, U) < ε} and d(·, ·) is the metric in X. With the Prohorov metric, the space M(X) of Borel probability measures is a compact metric space with the topology of weak convergence. Since for the point measures we have dM (δx, δy ) = d(x, y), X can be viewed as a subspace of M(X).

The (topological) support supp(μ) of a measure μ ∈ M(X) is the (well defined) smallest closed set with measure 1. In this paper we consider mainly measures μ which have full support, that is, for every non empty open set U, μ(U) > 0. If Y ⊆ X is a closed set, the space M(Y ) can be viewed as a subspace of M(X) and μ ∈ M(Y ) iff supp(μ) ⊆ Y .

A dynamical system is a couple (X, F ), where X is a compact metric space and F : X → X is a continuous mapping. If μ ∈ M(X) then F μ is a measure in M(X) defined by F μ(U) = μ(F^{−1}(U)) for every Borel set U. The map F thus extends to a map F : M(X) → M(X), which is continuous, so (M(X), F ) is also a dynamical system. If F μ = μ, we say that μ is F -invariant. An F -invariant measure μ is F - ergodic, if for every F -invariant set Y ⊆ X (i.e., F (Y ) ⊆ Y ) either μ(Y ) = 0 or μ(Y ) = 1. The F –invariant measure μ is mixing if for any A, B ∈ B(X) we have lim_{n→∞} μ(A ∩ F^{−n}(B)) = μ(A)μ(B). If μ is mixing for F then it is ergodic. We also say that μ is n–mixing if for any A0, ..., An−1 ∈ B(X) we have lim m1 ,...,mn−1→∞ μ(A0 ∩ F^{−m1} A1 ∩ ... ∩ F^{−mn−1} An−1) = μ(A0) · ... · μ(An−1). For a finite alphabet A denote by |A| its size, by A^∗ = ∪n∈IN A^n the set of words over A, by A^{IN} the set of one-way infinite sequences of letters from A and A^{ZZ} the set of two-way infinite sequences of letters from A. The length of a word u = u0 . . . un−1 ∈ A^n is denoted by |u| = n. The word of zero length is denoted by λ. u ⊑ v means that u is a subword of v, i.e., there exists k such that v_{k+i} = ui for all i < |u|. The subword of u starting at position i and ending at position j is denoted by u_{[i,j]}.

The distance of two points x, y ∈ A^{IN} is d(x, y) = 2^{−n} where n = min{i ∈ IN : xi ≠ yi}. With this metric A^{IN} is a compact metric space which is totally disconnected and perfect. The cylinder [u]m = {x ∈ A^{IN} : x_{[m,m+n−1]} = u} of a word u ∈ A^n is a clopen (closed and open) set. In particular, [λ]m = A^{IN} . The cylinders form a base of the topology of A^{IN} , so a Borel probability measure is determined by its value on cylinders.

In the space A^{ZZ} of doubly infinite sequences we have the metric d(x, y) = 2^{−n} where n = min{i ≥ 0 : xi ≠ yi or x−i ≠ y−i}.

The cylinder [u]_l = {x ∈ A^{ZZ} : x_{[l,l+n−1]} = u} of a word u ∈ A^n starting at position l ∈ ZZ is a clopen set. On point measures, dM is equivalent to d.

In this paper we consider mainly two classes of mixing measures in M(A^{ZZ} ): Bernoulli measures and probability measures with complete connections. A Bernoulli measure on A^{ZZ} is determined by a positive probability vector π = (π(a))a∈A, where π(a) > 0 and ∑ a∈A π(a) = 1. The probability of a cylinder is the product of the probabilities of its letters. If u ∈ A^n, then for every k, μ([u]_k ) = π(u0)π(u1) · · · π(un−1). A measure μ ∈ M(A^{ZZ} ) has complete connections if it satisfies: (1) ∀u ∈ A^∗, ∀w ∈ A^{IN} , ∀j ∈ ZZ the limit μ(u|w) = limm→∞ μ([u]j |[w−m...w0 ]_{j−(m+1)}) exists and is positive, and (2) if for k ≥ 0 we define

γ_k = sup {| | | μ(a|w) μ(a|w^′) − 1 | | | | : a ∈ A, w, w^′ ∈ A^{IN} , w^{[0,k]} = w^{′[0,k]} }

then γ_k → 0 as k → ∞. We will use the following property of measures with complete connections: for any m ≥ 0 there is a constant c > 0 such that μ(u|w) ≥ c for any u ∈ A^m and w ∈ A^{IN} .

A cellular automaton (CA) is a dynamical system (A^{ZZ} , F ) given by F (x)i = f(x_{i−r(F )}, · · · , x_{i+r(F )}) where r(F ) ≥ 0 is the radius and f : A^{2r(F )+1} → A is a local rule. A cellular automaton is continuous and commutes with the shift σ : A^{ZZ} → A^{ZZ} defined by σ(x)i = xi+1.

A subshift is any subset Σ ⊆ A^{ZZ} , which is σ-invariant (i.e., σ(Σ) ⊆ Σ), and closed. The language L(Σ) = {u ∈ A^∗ : ∃x ∈ Σ, u ⊑ x} of a subshift Σ ⊆ A^{ZZ} , is the set of words occurring in the points of Σ. Define the set of defects (minimal excluded words) of a subshift by

u ∈ D(Σ) iff u ∈ A^∗ \ L(Σ) and v ∈ L(Σ) for all proper subwords v of u.

A subshift Σ is of finite type, if D(Σ) is finite. In this case there exists a positive integer p called order, such that for x ∈ A^{ZZ} , x ∈ Σ iff ∀i ∈ ZZ, x_{[i,i+p−1]} ∈ L(Σ). If Σ ⊆ A^{ZZ} is a subshift, M(Σ) ⊆ M(A^{ZZ} ) is the subspace of measures concentrated on Σ. We have μ ∈ M(Σ) ⇔ μ(Σ) = 1 ⇔ ∀k ∈ ZZ, ∀u ∉ L(Σ), μ([u]_k ) = 0. Since CA commute with the shift it is natural to suppose that the initial probability measure is σ-invariant. Every Bernoulli measure is σ-invariant. If μ is σ-invariant and F is a CA, then F μ is also σ-invariant. If μ is a σ-invariant measure, then for every u ∈ A^∗ and every k, l ∈ ZZ, μ([u]_k ) = μ([u]_l), so we write μ([u]) omitting the subscript.

We say that a point x ∈ A^{ZZ} is generic for a σ-invariant measure μ, if for every u ∈ A^∗, the density of u in x is exactly μ([u]), i.e., if, lim_{n→∞} #{i ∈ [−n, n] : x_{[i,i+|u|−1]} = u} 2n + 1

= μ([u])

If μ is ergodic, the set of μ-generic points has μ-measure 1. For a σ-invariant measure μ we have μ ∈ M(Σ) if and only if μ([u]) = 0 for all u ∈ D(Σ). Similarly, a sequence of measures converges to M(Σ) if and only if the measure of every defect converges to zero.

3. Attractors and limit sets

We recall the definitions and some properties of attractors and μ-attractors from Hurley [13, 14]. We apply it, however only to subshifts, and introduce a third, weaker concept of μ-limit set.

Definition 1 Let (A^{ZZ} , F ) be a CA, Σ ⊆ A^{ZZ} an F -invariant subshift and μ a σinvariant probability measure on A^{ZZ} . Then 1. Σ is an attractor if there exists an F -invariant clopen set V ⊆ A^{ZZ} with

Σ = Λ(V ) = ⋂ n≥0 F^n(V ).

2. Σ is μ-attractor, if μ{x ∈ A^{ZZ} : lim_{n→∞} d(F^n(x), Σ) = 0} > 0. 3. Σ = Λμ(F ) is the μ-limit of F , if for every u ∈ A^∗,

u ∉ L(Σ) ⇔ lim_{n→∞} F^nμ([u]0) = 0.

Clearly, the μ-limit Λμ(F ) is a well defined subshift. The omega limit set is the largest attractor Λ(F ) = ⋂ n≥0 F^n(A^{ZZ} ). If Σ is an attractor, it has a clopen invariant neighbourhood, V ⊇ Σ, whose forward images tend to Σ, so all the configurations from V are attracted to Σ. This means that defects appear only finitely many times in every central interval [−k, k]. Since μ(V ) is positive, every attractor is μ-attractor (see Hurley [13]). If μ is σ-ergodic, then {x : limn→∞ d(F^n(x), Σ) = 0} is σ-invariant, so its measure is either 0 or 1. Thus a subshift which is μ-attractor attracts actually a set of full measure. On the other hand, the μ-limit set does not need to attract any configuration at all. In every configuration, the probability (or density) of defects decreases to zero as time goes to infinity, but the defects keep visiting any interval [−k, k].

Proposition 1 If (A^{ZZ} , F ) is a CA, μ ∈ M(A^{ZZ} ) a σ-ergodic measure, and Σ ⊆ A^{ZZ} a μ-attractor, then Λμ(F ) ⊆ Σ. In particular, Λμ(F ) ⊆ Λ(F ).

Proof: By the assumption μ{x ∈ A^{ZZ} : ∀ε, ∃n0, ∀n ≥ n0, d(F^n(x), Σ) < ε} > 0. Since this is a σ-invariant set, its measure is 1. Given u ∉ L(Σ) with |u| = 2m + 1, then for ε = 2^{−m} we have μ{x ∈ A^{ZZ} : ∃n0, ∀n ≥ n0, d(F^n(x), Σ) < 2^{−m}} = 1, μ{x ∈ A^{ZZ} : ∃n0, ∀n ≥ n0, F^n(x)_{[−m,m]} ≠ u} = 1. Thus for every δ > 0 there exists n0 such that for every n ≥ n0, F^nμ([u]−m ) = μ{x ∈ A^{ZZ} : F^n(x)_{[−m,m]} = u} < δ, so limn→∞ F^nμ([u]−m ) = 0. △ The proof of the next proposition is left to the reader. Proposition 2 If limn→∞ F^nμ = ν in M(X), then Λμ(F ) = supp(ν). The following examples show that the inclusions between the three concepts of attraction are strict. We denote by 2 = {0, 1} and for a ∈ A we denote by a^∞ the shift periodic point in A^{ZZ} , all coordinates of which are a. Example 1 A = 2, F (x)i = xi−1xixi+1.

The subshift {0^∞} is an attractor, since the cylinder V = [0]0 = {x : x0 = 0} is invariant and ω(V ) = {0^∞}. The omega limit is larger, Λ(F ) = {x ∈ 2^{ZZ} : ∀n > 0, 10^n1 ⋢ x}, so it contains another fixed point 1^∞. For every σ-invariant measure μ, such that supp(μ) ≠ {1^∞}, we have Λμ(F ) = {0^∞} ≠ Λ(F ). Example 2 A = 2, F (x)i = xi+1xi+2, for x ∈ A^{ZZ} , i ∈ ZZ.

The fixed point 0^∞ is not an attractor, so the only attractor is Λ(F ) which is the same as in Example 1. Nevertheless, for any σ-ergodic measure μ, (in particular for every Bernoulli measure), {0^∞} is a μ-attractor, so Λμ(F ) = {0^∞} ≠ Λ(F ). In the next example we consider some random walks and Markov chains. Let I be a countable set of states. A sequence (Xi)_{i≥0} of I-valued random variables is a stationary Markov chain, if Pr[Xn+1 = j|Xn = i, Xn−1 = in−1, . . . , X0 = i0] = Pr[Xn+1 = j|Xn = i] = Pij ; Pij is the transition probability from i to j in one step and P^n_{ij} = ∑ k∈I P^{n−1}_{ik} P_{kj} is the probability of transition from i to j in n steps. A Markov chain is aperiodic and irreducible, if there exists n0 such that for every i, j ∈ I, for all n ≥ n0, P^n_{ij} > 0. A state i ∈ I is recurrent, if Pr[∃n > 0, Xn = i|X0 = i] = 1 and this happens iff ∑ n≥0 P^n_{ii} = ∞. A ZZ^n -valued Markov chain is a random walk, if (Xn+1 − Xn)_{n≥0} are independent, identically distributed random variables. An irreducible and aperiodic random walk in ZZ and ZZ^2 is recurrent iff E(Xn+1 − Xn) = 0 (see Karlin [15]).

Example 3 (Just gliders) A = {−1, 0, 1}, for x ∈ A^{ZZ} , i ∈ ZZ, F (x)i = 1 if xi−1 = 1, xi ≠ −1, xi+1 ≠ −1 F (x)i = −1 if xi+1 = −1, xi ≠ 1, xi−1 ≠ 1 F (x)i = 0 otherwise

Thus 1 is a particle (glider) which moves to the right with velocity 1 and −1 moves to the left with velocity -1. When two particles cross, they both annihilate. Gilman [10] shows, that if μ is a Bernoulli measure and μ([1]) > μ([−1]), then 2^{ZZ} is a μ-attractor. For any Bernoulli measure with μ([1]) = μ([−1]), we have shown in [18], that {0^∞} is not a μ-attractor but the probability of defects decreases to zero, i.e., Λμ(F ) = {0^∞}.

Example 4 (Random walk) A = 2 × 2 × 2, F (x, y, z)i = (xi−2, yi+2, 1) if zi+1 = 1, xi+1 + yi+1 = 1, zi · (xi + yi) = 0, zi−1 · (xi−1 + yi−1) = 0 or zi−1 = 1, xi−1 + yi−1 = 0, zi · (xi + yi + 1) = 0, zi+1 · (xi+1 + yi+1 + 1) = 0 F (x, y, z)i = (xi−2, yi+2, 0) otherwise All additions are modulo 2. Denote by πi : A^{ZZ} → 2^{ZZ} , i = 1, 2, 3, the projections in each coordinate, so π1 : (A^{ZZ} , F ) → (2^{ZZ} , σ^{−2}), π2 : (A^{ZZ} , F ) → (2^{ZZ} , σ^2) are factor maps. Ones in the third coordinate act as particles which move to the left when the sum (modulo 2) of the first two coordinates is zero, and to the right when this sum is one. When two particles intend to cross or to go to the same site, they are both annihilated. Suppose that μ is a Bernoulli measure on A^{ZZ} . Since, for i = 1, 2, πiμ are Bernoulli measures which are invariant for both σ^2 and σ^{−2} respectively, every particle performs a random walk with independent increments from {−1, 1} until it collides with a neighboring particle. In general, these random walks are not symmetric, the probability of going to the right may differ from the probability of going to the left. Nevertheless, the distance of two neighboring particles performs a symmetric random walk with absorbing states 0 and −1 (which represent annihilation) - unless one of these particles annihilates with its other neighbour. Thus the “Random walk” CA implements the behaviour which has been observed and conjectured in elementary CA with rules 18, 54, etc.

Proposition 3 Let (A^{ZZ} , F ) be the “Random walk” CA from Example 4. For any Bernoulli measure μ, Λμ(F ) = 2^{ZZ} × 2^{ZZ} × {0^∞}, but Λμ(F ) is not a μ-attractor.

Proof: Using generic points we show that the density of particles decreases to some limit. If the limit were positive, there would exist an invariant measure with this density of particles, but the probability of annihilation would still be positive. Define a particle of a state (x, y, z) ∈ A^{ZZ} as a finite or infinite sequence of integers t = (t0, . . . , tN−1) or t = (t0, t1, . . .) respectively, such that π3(F^n(x, y, z))t_n = 1, |tn+1 − tn| = 1, whenever tn and tn+1 are defined. Also, if a particle t = (t0, . . . , tN−1) cannot be prolonged, we say that it is annihilated at time N. We have tn+1 = tn − 1 if xt_n+2n + yt_n−2n = 0, tn+1 = tn + 1 if xt_n+2n + yt_n−2n = 1.

Since (tn + 2n)n is increasing and (tn − 2n)n is decreasing, (xt_n+2n + yt_n−2n)n is a sequence of independent random variables, so (tn)n is a random walk. If (tn)_{n≤N} is a finite sequence, this is a truncated random walk, which ends when a particle is annihilated. If t, s are neighboring particles and, say, tn < sn, then xt_n+2n + yt_n−2n, xs_n+2n + ys_n−2n are independent. Thus un = sn − tn is a truncated random walk in {−1, 0, 1, . . .}. The length of u is the minimum of the lengths of s and t. If these lengths are not equal, one of the particles is annihilated with another particle. If the lengths of s and t are equal and finite, the two particles annihilate when u enters one of the absorbing states −1 or 0. Moreover u is symmetric:

Prob[un+1 − un = 2] = Prob[un+1 − un = −2] for un > 0.

We show now that the density of particles tends to zero. Denote by Y = {(x, y, z) ∈ A^{ZZ} : z0 = 1} the cylinder of configurations containing a particle at site 0. Let (x, y, z) be a generic point for a Bernoulli measure μ ∈ M(A^{ZZ} ) and put an = lim_{k→∞} #{i ∈ [−k, k] : σ^iF^n(x, y, z) ∈ Y } 2k + 1 = F^nμ(Y ). Since F^n(x, y, z) is a generic point for F^nμ, and the number of particles at time n + 1 in interval [−k, k] is at most the number of particles in interval [−k − 1, k + 1] at time n, we get an+1 ≤ lim_{k→∞} #{i ∈ [−k − 1, k + 1] : σ^iF^n(x, y, z) ∈ Y } 2k + 1 = an, so the limit limn→∞ an = a exists. Suppose that a > 0. Since M(A^{ZZ} ) is a compact space, there exists an increasing sequence (ni)i∈IN for which the Cesàro mean of μ converges, i.e., there exists a limit ν = lim_{i→∞} 1 ni ni −1∑

j=0 F^j μ.

Then ν is σ-invariant, F ν = ν, ν(Y ) = a, and the projections π1ν, π2ν are Bernoulli. Since ν(Y ) > 0, there exists j > 0 such that ν{(x, y, z) ∈ A^{ZZ} : z0 = zj = 1} > 0. If the particles at sites 0 and j were the only particles in the configuration, there would exist time p > 0, such that these particles would annihilate by time p with some positive probability ε. This is an event which depends only on the central cylinder of length 2p + 1. Using a generic point for the measure ν, we get F^pν(Y ) ≤ ν(Y ) − ε and this is a contradiction. Thus we have proved limn→∞ F^nμ(Y ) = a = 0, so for every u ∈ A^∗ which contains a particle, limn→∞ F^nμ([u]) = 0, and Λμ(F ) = 2^{ZZ} × 2^{ZZ} × {0^∞}. As proved by Adelman [1], the site zero is visited by a particle with probability one and it follows that it is visited infinitely many times with probability one. This means that Λμ(F ) is not a μ-attractor. △

4. Limit sets and dynamics of CA

In this section we state some relations between the μ–limit set, the limit set and the dynamics of one-dimensional cellular automata. We state the equality Λμ(F ) = Λ(F ) in different dynamical situations and for different shift invariant probability measures of full topological support.

To make our study we follow the classification of one dimensional cellular automata which is based on the existence of equicontinuity points [17]. We will state this classification after recalling some concepts.

Let F : A^{ZZ} → A^{ZZ} be a CA. It is said to be (topologically) transitive if for any non empty open sets U and V in A^ZZ there exists n > 0 such that F^{−n}(U) ∩ V ≠ ∅. It is (topologically) mixing if F^{−n}(U) ∩ V ≠ ∅ for all sufficiently large n. Mixing implies transitivity and every transitive system is surjective.

The CA F has equicontinuous points if and only if there exist words called markers, that is: there is w ∈ A^∗ such that |w| = 2a + r(F ) for some a ∈ IN, and ∀j ∈ ZZ, ∀x, y ∈ [w]−a+j , ∀n ≥ 0, F^n(x)_{[j,j+r(F )−1]} = F^n(y)_{[j,j+r(F )−1]}. Put E(F ) to be the set of equicontinuous points. In words, a marker is a block in A^{2a+r(F )} for some a ∈ IN such that whenever it appears in position j − a of a point of x ∈ A^{ZZ} , then it determines the value of F^n(x)_{[j,j+r(F )−1]} for any n ∈ IN independently of the values in coordinates outside the marker. A proof of this fact can be found in Kůrka [17]. In the multiplication CA of Example 1, every point except the shift periodic point 1^∞ is equicontinuous, and 0 is a marker: if x0 = 0, then F^n(x)0 = 0 for all n ≥ 0. In contrast, the CA from Example 2 does not have equicontinuous points.

A cellular automaton is sensitive if and only if it does not have equicontinuous points, and every transitive CA is sensitive (see Kůrka [17] for a proof). Among sensitive CA we distinguish positive expansive ones, that is, for any x, y ∈ A^{ZZ} , x ≠ y, there is n ∈ IN such that the iterates F^n(x)_{[−r(F ),r(F )−1]} ≠ F^n(y)_{[−r(F ),r(F )−1]}. The dynamics of positively expansive CA has been completely described in [6], [3], and [24]. The CA from Example 2 is sensitive but not positively expansive, so the class of positively expansive CA and the class of sensitive CA do not coincide. A classical example of positively expansive CA is

Example 5 (Addition CA) A = 2, F (x)i = xi−1 + xi + xi+1 mod 2, for x ∈ A^{ZZ} , i ∈ ZZ. Thus we classify CA in four classes: (1) E(F ) = A^{ZZ} , (2) E(F ) ≠ ∅ but it is not equal to A^{ZZ} , (3) F is sensitive to initial conditions but it is not positively expansive and (4) F is positively expansive.

Fundamental classes of maps in symbolic dynamics are the family of right closing CA and the family of left closing CA. These maps have been exhaustively used in symbolic dynamics for coding purposes. A CA (A^{ZZ} , F ) is right closing if and only if ∀x, y ∈ A^{ZZ} , x ≠ y, (∃i ∈ ZZ, x_{[−∞,i]} = y_{[−∞,i]} ⇒ F (x) ≠ F (y)). Analogously we can define left closing property. In particular, any positively expansive CA in A^{ZZ} is right and left closing. Also, left and right closing CA are surjective (see [16]). Right and left closing properties can be characterized combinatorially: F is right closing if and only if there is a constant M ≥ 0 such that if a ∈ A^{r(F )} and u ∈ A^M with [a]0 ∩ F^{−1}([u]0) ≠ ∅, then for any β ∈ A there is a unique α ∈ A such that [aα]0 ∩ F^{−1}([uβ]0 ) ≠ ∅ (see [16]). Another useful property of right (resp. left) closing cellular automata is that for any m ∈ ZZ, F ∘σ^m is also right (resp. left) closing.

Given a word w ∈ A^∗ and two non-negative integers s ≤ m, we define (as in [4]) the set D(w, m, s) = −s⋃ i=−m m⋃ j=s ([w]_{i−|w|+1} ∩ [w]j ). Thus D(w, m, s) consists of all configurations which contain at least one occurrence of w finishing at [−m, −s] and also at least one occurrence of w starting at [s, m]. Clearly D(w, m, s) ⊆ D(w, m + 1, s). If F has equicontinuous points and w is a marker for F , then there are integers t(w, m, s) and p(w, m, s) such that any point x ∈ D(w, m, s) satisfies F^{t(w,m,s)+ip(w,m,s)} (x)_{[−s,s]} = F^{t(w,m,s)}(x)_{[−s,s]} for any i ≥ 0. The following lemma strengthens this property for surjective cellular automata. A related result can be found in [4].

We begin our study with CA having equicontinuous points (classes 1) and 2) in the classification given above). Let us remark that if F is equicontinuous (E(F ) = A^{ZZ} ) then for any shift invariant probability measure μ ∈ M(A^{ZZ} ) of full topological support there are p, T ∈ IN such that lim N→∞ 1 N N−1∑ i=0 F^iμ = 1 p p−1∑ i=0 F^i(F^T μ)

[4]. Therefore we get the equality Λ(F ) = Λμ(F ). In fact, if u /∈ Λμ(F ) then 1 p ∑_{p−1} i=0 F^i(F^T μ[u]0 ) = 0, which implies that u /∈ Λ(F ).

Lemma 1 Let (A^{ZZ} , F ) be a surjective CA having equicontinuous points and let w ∈ A^∗ be a marker for F . Then any σ–periodic point x ∈ A^{ZZ} containing w satisfies F^{iM} (x) = x for any i ≥ 0 and some M ≥ 0.

Proof: By hypothesis we have that Λ(F ) = A^{ZZ} . Let x be a σ–periodic point containing w. Let T be the period of x and v = x_{[0,T −1]}, that is, xi+jT = vi for j ∈ ZZ and i ∈ {0, ..., T − 1}. Moreover, we assume v has the subword w. We put C = [v^′v^′v^′]−T . Since F is surjective, the uniform Bernoulli measure of A^{ZZ} is invariant with respect to F (and has full support). Therefore, by using Poincaré recurrence Theorem we deduce the existence of y ∈ C and M > 0 such that F^M (y) ∈ C. Finally, since v contains the marker w we get that F^n(x)_{[0,T −1]} = F^n(y)_{[0,T −1]}.

Therefore F^M (x) = x because x is σ-periodic. △

Proposition 4 Let (A^{ZZ} , F ) be a surjective CA having equicontinuous points and let μ ∈ M(A^{ZZ} ) be a σ–ergodic probability measure of full topological support. Then Λμ(F ) = Λ(F ).

Proof: Since F is surjective we have A^{ZZ} = Λ(F ). Let u be a word in the limit set of F and let us suppose that u is not in L(Λμ(F )), that is, lim_{n→∞} F^nμ([u]0) = 0. Put s = |u|. First we show the following assertion.

claim: for m ≥ s there is M ≥ 1 such that F^{−iM} ([u]0)∩D(w, m, s) = [u]0 ∩D(w, m, s) for any i ≥ 0, where w ∈ A^∗ is any fixed marker for F .

Fix j ≥ 0. If y ∈ F^{−j} ([u]0 )∩D(w, m, s) then there is a σ–periodic point x ∈ F^{−j} ([u]0)∩ D(w, m, s) such that F^k(x)_{[0,|u|−1]} = F^k(y)_{[0,|u|−1]} for any k ≥ 0 and whose period is less than 2m + 1 + 2|w|. By Lemma 1, there is M such that F^{kM} (x) = x for any k ≥ 0. Therefore, y ∈ F^{−((j mod M)+kM)}([u]0) ∩ D(w, m, s) for any k ≥ 0. Since there is a finite number of σ–periodic points of period 2m+1+2|w| in D(w, m, s) we can assume that M is a constant independent of the periodic point. Then we have that for any j ≥ 0 F^{−j} ([u]0 ) ∩ D(w, m, s) ⊆ F^{−((j mod M)+kM)}([u]0 ) ∩ D(w, m, s). This inclusion proves the claim.

Since μ is ergodic for the shift and has full topological support we get that lim m→∞ μ(D(w, m, s)) = μ(∪m∈IN D(w, m, s)) = 1 and F^nμ([u]0) = lim_{m→∞} μ(F^{−n}([u]0) ∩ D(w, m, s))

(the limit in m is non decreasing).

Fix ϵ > 0 and m ≥ s. By our assumption, if i is large enough then μ(F^{−iM} ([u]0 ) ∩ D(w, m, s)) ≤ ϵ. Therefore, using the claim we deduce that μ([u]0 ∩ D(w, m, s)) ≤ ϵ. Taking first the limit when m tends to infinity and then the limit when ϵ tends to zero we conclude that μ([u]0 ) = 0. This is a contradiction because μ has full topological support and u ∈ L(Λ(F )) = A^∗. △

The dynamics of sensitive cellular automata (class (3)) is quite unknown. In what follows we consider the class of transitive CA, therefore surjective and sensitive, which are left or right closing. Also we consider natural measures in statistical mechanics: Gibbs measures, Markov measures and Bernoulli measures.

Proposition 5 Let (A^{ZZ} , F ) be a right (resp. left) closing CA and let μ ∈ M(A^{ZZ} ) be a shift invariant probability measure with complete connections. If μ has full topological support and F is topologically transitive then Λμ(F ) = Λ(F ).

Proof: There exists m ∈ ZZ such that G = F ∘ σ^m is one-sided, i.e., G(x)i = g(xi...x_{i+r(G)}) for some local rule g : A^{r(G)+1} → A and some integer r(G) ≥ 0. Since μ is shift invariant and F is right closing, G is also right-closing and G^nμ = F^nμ for all n ∈ IN. Thus we can assume that F is one-sided. Let M be a constant arising from the right closing property and take u ∈ A^∗, |u| ≥ M. Then, for n > 1 F^nμ([u]0 ) = μ(F^{−n}([u]0)) = ∑ a∈k(u) ∑ v∈p(a,n−1) ∑ w∈c(v,u,n) μ([vw]0 ) = ∑ a∈k(u) ∑ v∈p(a,n−1) ∑ w∈c(v,u,n) μ([w]0 |[v]_{−|v|})μ([v]0 )

where k(u) = {a ∈ A^r : F^{−1}([u]0) ∩ [a]0 ≠ ∅}, p(a, n − 1) = {v ∈ A^{nr} : F^{−(n−1)}([a]0) ∩ [v]0 ≠ ∅}, c(v, u, n) = {w ∈ A^{|u|} : F^n(vw) = u}. Since μ has complete connections there is a positive constant c, independent of w, v and the length of v such that μ([w]0|[v]_{−|v|}) ≥ c. Therefore,

F^nμ([u]0) ≥ ∑ a∈k(u) ∑ v∈p(a,n−1) ∑ w∈c(v,u,n) c · μ([v]0 ) ≥ c · ∑ a∈k(u) ∑ v∈p(a,n−1) μ([v]0) · #c(v, u, n) ≥ c · ∑ a∈k(u) F^{n−1}μ([a]0) ≥ 0.

In the last series of inequalities we use the fact that #c(v, u, n) ≥ 1 for any right closing CA. We conclude that if u /∈ L(Λμ(F )) then for any a ∈ k(u), lim_{n→∞} F^nμ([u]0) = 0 and lim_{n→∞} F^nμ([a]0) = 0.

Finally, since F is transitive, we get that for any a ∈ A^r, limn→∞ F^nμ([a]0) = 0. This is a contradiction since ∑ a∈Ar F nμ([a]0) = 1 for any n ∈ IN. △ The last proposition can be strengthened for some classes of positively expansive linear CA (which in particular are right and left closing).

Proposition 6 Let (A, +) be a finite Abelian group such that |A| = p for some prime number p. Let (A^{ZZ} , F ) be the addition cellular automaton defined for each x ∈ A^{ZZ} and i ∈ ZZ by F (x)i = r(F )∑

j=0 αi(xi+j ), where {αi : i = 0, ..., r(F )} is a family of commuting isomorphisms of (A, +). If μ ∈ M(A^{ZZ} ) is a shift invariant probability measure r(F )-mixing with respect to the shift and with full topological support then Λμ(F ) = Λ(F ).

Proof: Set r(F ) = r. Let u be a word in the limit set of F . If u is not in Λμ(F ) then lim_{n→∞} F^nμ([u]0 ) = 0. A simple computation yields to the following formula: for x ∈ A^{ZZ} , F^m(x)0 = m∑ ir =0 ... i2∑ i1 =0 ( i2 i1 ) p ... ( m ir ) p α^{i1}_0 ∘ ... ∘ α^{ir−1 −ir} r−1 ∘ α^{m−ir}_r (x∑r_{j=1 j(ij+1 −ij )})

where ir+1 = m and (_a b ) p is the binomial coefficient modulo p. Using Lucas’ formula (see [20]) for combinatorial numbers we deduce that for any m ≥ 0 and x ∈ A^{ZZ} ,

F^{pm} (x)0 = r∑ j=0 xjpm . Then for m large enough we get

F^{pm} μ([u]0) = ∑ v0 ,...,vr−1∈A|u| μ([v0]0 ∩ [v1]0 ∩ ... ∩ [vr ]rpm )

where for each v0, ..., vr−1 ∈ A^{|u|} the word vr is the unique word in A^{|u|} such that F^{pm} (v0w0v1w1...wr−1vr ) = u for any w0, ..., wr−1 ∈ A^{pm−|u|}. Then, by taking the limit when m tends to ∞ and using the r–mixing property of μ we get ∑ v0 ,...,vr−1∈A|u| μ([v0]0) · μ([v1]0) · ... · μ([vr ]0) = 0,

which contradicts the fact that μ has full topological support. △

To finish let us observe that since the measures μ we are considering are invariant for the shift map then for any m ∈ ZZ we have Λμ(F ) = Λμ(F ∘ σ^m). Then all of our results apply to all the CA considered in this paper composed with powers of the shift.

Acknowledgment: We thank an anonymous referee for many helpfull suggestions, especially for the Example 3. Both authors thank the support of Fondap program in Applied Mathematics – Stochastic Modeling, and Alejandro Maass thanks Cátedra Presidencial fellowship.

References

[1] O.Adelman: Some use of some “symmetries” of some random process. Ann. Inst.

Henri Poincaré XII, (1976) 193-197.

[2] F. Blanchard, P. Kůrka, A.Maass: Topological and measure-theoretical properties of one-dimensional cellular automata. Physica D 103 (1997) 86–99.

[3] F. Blanchard, A. Maass: Dynamical properties of expansive one–sided cellular automata. Israel Journal of Mathematics 99 (1997) 149–174.

[4] F. Blanchard, P. Tisseur: Some properties of cellular automata with equicotinuous points. To appear in Ann. Inst. Henri Poincaré, (série de Probabilités etr Statistiques) (1999).

[5] N.Boccara, J.Naser, M.Roger: Particle like structures and their interactions in spatiotemporal patterns generated by one-dimensional deterministic cellularautomaton rules. Physical Review A vol. 44, No 2 (1991) 866–875.

[6] M. Boyle, D. Fiebig, U. Fiebig: A dimension group for local homeomorphisms and endomorphisms of onesided shifts of finite type. J. reine angew. Math. 487 (1997) 27–59.

[7] M.Denker, Ch.Grillenberger, K.Sigmund: Ergodic Theory on Compact Spaces.

Lecture Notes in Mathematics vol. 527, Springer, Berlin 1976.

[8] P.Erdös, P.Ney: Some problems on random intervals and annihilating of particles.

Ann. of Probability 2 (1974) 828–839.

[9] P. Ferrari, A. Maass, S. Martínez, P. Ney: Cesàro mean distribution of group automata starting from measures with summable decay. To appear in Ergodic Theory and Dynamical Systems.

[10] R.H. Gilman: Classes of linear automata. Ergod. Th. & Dynam. Sys. 7 (1987) 105–118.

[11] P.Grassberger: New mechanism for deterministic diffusion. Physical Review A vol. 28, No. 6 (1983) 3666–3667.

[12] J.E.Hanson, J.P.Crutchfield: The attractor-basin portrait of a cellular automaton.

J.Stat.Phys. 66 (1992) 1415–1462.

[13] M. Hurley: Ergodic aspects of cellular automata. Ergod. Th. & Dynam. Sys. 10 (1990) 671–685.

[14] M.Hurley: Varieties of periodic attractor in cellular automata. Transactions of the AMS vol 326, no. 2, (1991) 701–726.

[15] S.Karlin: A First Course in Stochastic Processes. Academic Press, New York 1966.

[16] B. Kitchens: Symbolic Dynamics, one–sided, two–sided and countable state Markov shifts, Universitext, Springer (1997).

[17] P. Kůrka: Languages, equicontinuity and attractors in cellular automata, Ergod.

Th. & Dynam. Sys. 17 (1997) 417–433.

[18] P.Kůrka, A.Maass: Stability of subshifts in cellular automata. Fundamenta Informaticae, to appear (2000).

[19] D.A.Lind: Applications of ergodic theory and sofic systems to cellular automata.

Physica D 10 (1984) 36–44.

[20] E. Lucas: Sur les congruences des nombres eulériens et des coefficients différentiels des fonctions trigonométriques, suivant un module premier. Bull. Soc. Math. France 6 (1878) 49–54.

[21] A. Maass: On the sofic limit sets of cellular automata. Ergod. Th. & Dynam. Sys.

15 (1995) 663–684.

[22] A. Maass, S. Martínez: On Cesàro limit distribution of a class of permutative cellular automata. Journal of Statistical Physics 90 (1998) 435–452.

[23] J. Milnor: On the entropy geometry of cellular automata. Complex Systems 2 (1988) 357–386 [24] M. Nasu: Textile systems for endomorphisms and automorphisms of the shift.

Memoirs of the AMS 546 (1995).

[25] S. Wolfram: Theory and application of Cellular Automata. World Scientific, Singapore 1986.

Faculty of Mathematics and Physics, Charles University in Prague, Malostranské nám. 25, CZ-11800 Praha 1, Czechia kurka@mbox.ms.mff.cuni.cz Departamento de Ingeniería Matemática, Universidad de Chile, casilla 170/3 correo 3, Santiago, Chile. amaass@dim.uchile.cl