PROCEEDINGS OF THE FIFTH INTERNATIONAL CONFERENCE ON DYNAMICAL SYSTEMS AND DIFFERENTIAL EQUATIONS June 16 – 19, 2004, Pomona, CA, USA pp. 1–12

ON THE MEASURE ATTRACTOR OF A CELLULAR AUTOMATON

Petr Kůrka

Faculty of Mathematics and Physics, Charles University in Prague, Malostranské náměstí 25, CZ-11800 Praha 1, Czechia

Abstract. Given a cellular automaton F : AZ → AZ, we define its small quasiattractor Q_F as the nonempty intersection of all shift-invariant attractors of all F^q σ^p, where q > 0 and p ∈ Z. The measure attractor M_F is the closure of the supports of the members of the unique attractor of F : M_σ(AZ) → M_σ(AZ) in the space of shift-invariant Borel probability measures.

1. Introduction. The dynamics of some cellular automata can be intuitively described as that of particles or signals moving in a neutral medium. When two or more signals meet they interact: some of them may disappear, some may be changed to signals of different kinds and new signals may be created (see e.g., Boccara, Naser and Roger [3]). Alternatively, the cellular space is regarded as decomposed into regular domains where the dynamics is simple, while the dynamics of boundaries between these domains is more complex (see e.g., Hanson and Crutchfield [5] or Wolfram [12]).

To describe these phenomena, the usual treatment of cellular automata as dynamical systems in the Cantor space is not very convenient. This approach captures well the point of view of an observer who sees a finite region of the cellular space. Accordingly, the dynamical properties of a cellular automaton change substantially when we compose a cellular automaton with a power of the shift map.

If we pretend to observe the whole cellular space, we do not see great difference between configurations which can be obtained from each other by applying the shift map. This point of view is adopted when we equip the configuration space with the Besicovitch or Weyl topologies as in Blanchard, Formenti and Kůrka [2]. This invariance with respect to the shift map is shared also by the dynamics of cellular automata in the space of shift-invariant Borel probability measures equipped with the weak^∗ topology (see e.g., Kůrka and Maass [9], Pivato [11] or Kůrka [7]).

In the present paper we study two attracting constructs which are invariant under the composition with a power of the shift map. In the Cantor space we disregard attractors which are not subshifts. Given a cellular automaton F : A^Z → A^Z, we show that the intersection of all shift-invariant attractors of all F^qσ^p, where q > 0 and p ∈ Z, is nonempty. We call this intersection the small quasi-attractor and denote it by Q_F .

2000 Mathematics Subject Classification. Primary: 58F11, 58F12; Secondary: 68Q80. Key words and phrases. Borel measures, signals, invariant subshifts, attractors. A part of this paper was written during my stay at the Centre de Physique Théorique de CNRS in Marseille. I thank François Blanchard and Tomasz Downarowicz for valulable comments and discussions. I thank the referees for many suggestions and improvemnts.

1

2 PETR KŮRKA

When a cellular automaton is initialized on a random configuration, we see sometimes even smaller limiting subset. This happens e.g., in the well-known elementary cellular automaton 184 which models the car traffic on a highway. In this case the small quasi-attractor coincides with the omega-limit set, and it consists in configurations containing both holes and jams. However, the limiting configurations usually contain only one kind of these signals: either holes or jams, depending on the initial probability distribution. This limiting behaviour is adequately described by the measure attractor. We consider a cellular automaton F : Σ → Σ on a subshift Σ ⊆ A^Z as a dynamical system in the space M_σ(Σ) of shift-invariant Borel probability measures and show that this dynamical system has always a unique attractor, whose support is a subshift M_F . The measure quasi-attractor MQ_F of F : A^Z → A^Z is the support of the unique attractor of F : M_σ(Q_F ) → M_σ (Q_F ). While the measure attractor attracts all measures, the measure quasi-attractor attracts only ergodic measures from its neighbourhood.

In describing the measure attractor we use weakly periodic configurations which are fixed points of some F^qσ^p, where q > 0 and p ∈ Z. A signal subshift is an infinite subshift consisting of all (p, q)-weakly periodic configurations. Some cellular automata have no signal subshifts at all, some have a finite number of them and some have an infinite number of them. The measure attractor can sometimes be constructed as a union of finitely many signal subshifts.

As pointed out by a referee, some of our theorems hold in a more general setting. Proposition 2 holds for any surjective map on a compact space. Proposition 12 holds for commuting maps F, σ : X → X, where σ is a homeomorphism. Proposition 13 holds for any affine map on a compact convex space.

2. Dynamical systems. A dynamical system is a continuous map F : X → X, where X is a compact metric space. It is transitive if for every nonempty open sets U, V ⊆ X there exists n > 0 such that F^n(U) ∩ V ≠ ∅. Here, F^n is the n-th iteration of F . A set Y ⊆ X is invariant if F (Y ) ⊆ Y , inversely invariant if F^{−1}(Y ) ⊆ Y , and strongly invariant if F (Y ) = Y . The omega-limit of a closed invariant set Y is Ω_F (Y ) := ⋂ n≥0 F^n(Y ). A set V ⊆ X is inward if F maps its closure into its interior, i.e., F (cl(V )) ⊆ V^∘. A set Y ⊆ X is an attractor if there exists a closed inward set V , such that Ω_F (V ) = Y . In every dynamical system, Ω_F (X) is the largest attractor. The basin of an attractor Y ⊆ X is

B_F (Y ) := {x ∈ X : lim_{n→∞} d(F^n(x), Y ) = 0}.

The chain relation C_F ⊆ X × X of F : X → X is defined by (x, y) ∈ C_F iff for every ε > 0 there exists an ε-chain from x to y, i.e., a sequence of states x = x_0, . . . , x_n = y, such that d(F (x_i), x_{i+1}) < ε for i < n. Then C_F ∩ C^{−1}_F is an equivalence on the set |C_F | = {x ∈ X : (x, x) ∈ C_F } of the chain-recurrent points. The equivalence classes are called chain components. They are closed and invariant.

3. Subshifts. For a finite alphabet A, denote by A^∗ := ⋃ n≥0 A^n the set of words over A. The length of a word u = u_0 . . . u_{n−1} ∈ A^n is denoted by |u| := n. The word of zero length is λ. We say that u ∈ A^∗ is a subword of v ∈ A^∗ (u ⊑ v) if there exists k such that v_{k+i} = u_i for all i < |u|. We denote by u_{[i,j)} = u_i . . . u_{j−1} and u_{[i,j]} = u_i . . . u_j subwords of u associated to intervals. We denote by A^Z the

ON THE MEASURE ATTRACTOR OF A CELLULAR AUTOMATON 3

space of A-configurations, or doubly-infinite sequences of letters of A equipped with the metric d(x, y) := 2^{−n}, where n = min{i ≥ 0 : x_i ≠ y_i or x_{−i} ≠ y_{−i}}.

The cylinder [u]_l = {x ∈ A^Z : x_{[l,l+|u|)} = u} of a word u ∈ A^∗ located at l ∈ Z is a clopen set (closed and open). The shift map σ : A^Z → A^Z is defined by σ(x)_i := x_{i+1}. For any nonzero u ∈ A^∗ we have a σ-periodic configuration u^∞ ∈ A^Z defined by (u^∞)_{k|u|+i} = u_i for k ∈ Z and 0 ≤ i < |u|. A subshift is a nonempty subset Σ ⊆ A^Z, which is strongly σ-invariant and closed. For a subshift Σ there exists a set D ⊆ A^∗ of forbidden words such that Σ = Σ_D := {x ∈ A^Z : ∀u ⊑ x, u ∉ D}. A subshift Σ is of finite type (SFT), if Σ = Σ_D for some finite set D ⊆ A^∗ of forbidden words. A subshift is uniquely determined by its language

L(Σ) := ⋃ n≥0 L^n(Σ), where L^n(Σ) := {u ∈ A^n : ∃x ∈ Σ, u ⊑ x}.

A labelled graph over an alphabet A is a structure G = (V, E, s, t, l), where V is a finite set of vertices, E is a finite set of edges, s, t : E → V are the source and target maps, and l : E → A is a labelling function. A finite or infinite word w ∈ E^∗ ∪ E^Z is a path in G if t(w_i) = s(w_{i+1}) for all i. The source and target of a finite path w ∈ E^n are s(w) = s(w_0), t(w) = t(w_{n−1}). The label of a path is defined by l(w)_i = l(w_i). A subshift Σ is sofic if there exists a labelled graph G and Σ = Σ_G is the set of labels of all doubly infinite paths in G (see e.g. Lind and Marcus [10], or Kitchens [6]). A word u ∈ A^∗ is synchronizing, if every path w ∈ E^∗ with label l(w) = u has the same target t(u) := t(w). If Σ is a subshift of finite type, then there exists a labelled synchronizing graph G, such that Σ = Σ_G, and all sufficiently long words u ∈ L(Σ) are synchronizing (Lind and Marcus [10], page 85).

4. Measures. By a measure we mean a Borel probability measure on a Cantor space A^Z. This is a countably additive function on the Borel sets of A^Z which assigns 1 to the full space. The (topological) support of a measure μ is

S_μ := ⋂ {V ⊆ A^Z : μ(V ) = 1 and V is closed}.

If S_μ = A^Z, we say that μ has full support. A measure on A^Z is determined by its values on centered cylinders μ(u) := μ([u]_{−n}) for u ∈ A^{2n} ∪ A^{2n+1}. Thus a measure can be identified with a map μ : A^∗ → [0, 1] subject to Kolmogorov compatibility conditions μ(λ) = 1, ∑ a∈A μ(ua) = μ(u) for |u| odd, and ∑ a∈A μ(au) = μ(u) for |u| even. The distance of two measures is ϱ(μ, ν) := ∞∑ n=0 max{|μ(u) − ν(u)| : u ∈ A^n} · 2^{−n}. This metric gives the topology of weak^∗ convergence on the compact space M(A^Z) of Borel probability measures. If F : A^Z → A^Z is a continuous map and μ ∈ M(A^Z), then F μ is a Borel probability measure defined by (F μ)(U) = μ(F^{−1}(U)) for any Borel set U. A measure μ is F -invariant, if F μ = μ. The map μ → F μ is continuous and affine, i.e., it preserves convex combinations. Thus, we obtain a dynamical system F : M(A^Z) → M(A^Z).

If a measure μ is σ-invariant, then the measure of a cylinder does not depend on its location, so μ(u) = μ([u]_i) for every u ∈ A^∗ and i ∈ Z. Thus a σ-invariant measure is determined by a map μ : A^∗ → [0, 1] subject to bilateral compatibility

4 PETR KŮRKA

conditions μ(λ) = 1, ∑ a∈A μ(ua) = ∑ a∈A μ(au) = μ(u), u ∈ A^∗. Denote by M_σ(A^Z) := {μ ∈ M(A^Z) : σμ = μ} the closed subspace of σ-invariant measures. The support S_μ := {x ∈ A^Z : ∀u ⊑ x, μ(u) > 0} of a σ-invariant measure μ is a subshift whose forbidden words are the words of zero measure. If Σ ⊆ A^Z is a subshift, then

M_σ (Σ) := {μ ∈ M_σ (A^Z) : S_μ ⊆ Σ} = {μ ∈ M_σ (A^Z) : ∀u ∈ A^∗ \ L(Σ), μ(u) = 0}

is a closed subspace of M_σ (A^Z). A measure μ ∈ M_σ (Σ) can be identified with a map μ : L(Σ) → [0, 1] which satisfies the bilateral compatibility conditions. We say that μ ∈ M_σ (Σ) is σ-ergodic, if for every strongly σ-invariant set Y ⊆ Σ either μ(Y ) = 0 or μ(Y ) = 1. If μ ∈ M_σ(Σ), then the support of μ is contained in the densely recurrent subshift

D(Σ) := cl{x ∈ Σ : ∀k > 0, lim sup_{n→∞} #{i < n : x_{[i,i+k)} = x_{[0,k)}}/n > 0}

of Σ, i.e., S_μ ⊆ D(Σ) (see Akin [1], Proposition 8.8, page 164). On the other hand, there exists μ ∈ M_σ (Σ) such that S_μ = D(Σ). If we define the support of a set Y ⊆ M(A^Z) as S(Y ) := cl( ⋃ μ∈Y S_μ), we get

Proposition 1. Let Σ ⊆ A^Z be a subshift.

(1) S(M_σ (Σ)) = D(Σ) and therefore, M_σ (Σ) = M_σ(D(Σ)).

(2) Let G be a labelled graph and let G_1, . . . , G_k be all its irreducible components.

Then D(Σ_G) = Σ_{G1} ∪ · · · ∪ Σ_{Gk} .

The proof is straightforward.

5. Cellular automata. A cellular automaton is a continuous map F : Σ → Σ on a subshift Σ ⊆ A^Z which commutes with the shift map, i.e., F σ = σF . For a cellular automaton F there exists a local rule f : L^{d+1}(Σ) → A such that F (x)_i = f(x_{[i−m,i−m+d]}) for some memory m ∈ Z and diameter d ≥ 0. A map f : L^{d+1}(Σ) → A is a local rule of a cellular automaton iff it can be extended to a map f : L(Σ) → L(Σ) by f(u)_i = f(u_{[i,i+d]}) for 0 ≤ i < |u| − d. If F : Σ → Σ is a cellular automaton and Y ⊆ Σ is an attractor, then there exists an F -invariant set U clopen in Σ, such that Y = Ω_F (U). An attractor need not be a subshift. By a subshift attractor we mean an attractor which is a subshift. For example, the maximal attractor Ω_F (Σ), is a subshift attractor. If μ ∈ M_σ (Σ), then (F μ)(u) = ∑ v∈f^{−1}(u) μ(v) is also a σ-invariant measure. Thus we get a dynamical

system F : M_σ (Σ) → M_σ (Σ), which is a subsystem of F : M(Σ) → M(Σ). The properties of this dynamical system do not depend on the memory constant m. Cellular automata F and F σ^p determine the same dynamical system on M_σ (Σ).

Proposition 2. If F : Σ → Σ is a surjective cellular automaton, then both maps F : M(Σ) → M(Σ) and F : M_σ (Σ) → M_σ (Σ) are surjective.

Proof. If F is surjective, then the extension f : L(Σ) → L(Σ) of a local rule for F is surjective too. Given μ ∈ M(Σ) and n > 0, there exists a map ν_n : L^{n+d}(Σ) → [0, 1] such that ∑ v∈f^{−1} (u) νn(v) = μ(u) for every u ∈ L

n(Σ). Then there exists a map ν^′_n : L^{n+d+1}(Σ) → [0, 1] such that ∑ a∈A ν^′_n(ua) = ν_n(u) for u ∈ L^{n+d}(Σ).

ON THE MEASURE ATTRACTOR OF A CELLULAR AUTOMATON 5

Continuing by induction, we extend ν_n to a measure ν_n : A^∗ → [0, 1], and we get ∑ v∈f^{−1} (u) νn(v) = μ(u) whenever |u| ≤ n. Then ϱ(F ν_n, μ) ≤ ∞∑ i=0 max{|F ν_n(u) − μ(u)| : u ∈ A^i} · 2^{−i} ≤ ∞∑ i=n+1 2^{−i} = 2^{−n}.

Since M(Σ) is compact, there exists a converging subsequence ν_{ni} → ν ∈ M(Σ) and F ν = μ, so F : M(Σ) → M(Σ) is surjective. If μ ∈ M_σ(Σ) is σ-invariant, then set ξ_n = (1/n) ∑_{n−1} i=0 σ^iν ∈ M(Σ). We have F ξ_n = μ and there exists a converging subsequence ξ_{ni} → ξ ∈ M_σ(Σ) for which F ξ = μ. Thus F : M_σ (Σ) → M_σ(Σ) is surjective.

6. Signal subshifts.

Definition 1. Let F : A^Z → A^Z be a cellular automaton. A configuration x ∈ A^Z is weakly periodic, if F^q σ^p(x) = x for some q > 0 and p ∈ Z. We call (p, q) the period of x and p/q its speed. Denote by

Σ_{(p,q)} := {x ∈ A^Z : F^q σ^p(x) = x}

the set of all weakly periodic configurations with period (p, q). A signal subshift is any infinite Σ_{(p,q)}.

Observe that Σ_{(p,q)} is closed and σ-invariant, so it is a subshift provided it is nonempty. Moreover, Σ_{(p,q)} is F -invariant and F : Σ_{(p,q)} → Σ_{(p,q)} is bijective. If Σ_{(p,q)} is finite, it consists only of σ-periodic configurations.

Proposition 3. Let F : A^Z → A^Z be a cellular automaton with diameter d and memory m, so F (x)_i = f(x_{[i−m,i−m+d]}).

(1) If Σ_{(p,q)} is nonempty, then it is a subshift of finite type. (2) If Σ_{(p,q)} is infinite, then m − d ≤ p/q ≤ m. (3) Σ_{(p,q)} ⊆ Σ_{(np,nq)} for n > 0.

(4) If p_0/q_0 ≠ p_1/q_1, then Σ_{(p0 ,q0 )} ∩ Σ_{(p1,q1 )} is finite.

Proof. (1) Set D := {u ∈ A^{dq+1} : f^q(u) ≠ u_{mq−p}}. Then Σ_{(p,q)} = Σ_D.

(2) If x ∈ Σ_{(p,q)}, then x_i = f^q (x_{[i+p−mq,i+p−mq+dq]}). If p−mq+dq < 0, then there exists a function g : A^{mq−p} → A^{mq−p} such that x_{[i+p−mq+1,i]} = g(x_{[i+p−mq,i−1]}) for every i ∈ Z. This is possible only if x is σ-periodic. Moreover, the period of x is bounded, so Σ_{(p,q)} is finite. The proof is similar for p > mq.

(3) This is trivial.

(4) Let q be the least common multiple of q_0 and q_1 and set p_2 = qp_0/q_0, p_3 = qp_1/q_1. If x ∈ Σ_{(p0 ,q0 )}∩Σ_{(p1 ,q1)}, then σ^{−p2} (x) = F^q(x) = σ^{−p3} (x), so σ^{p2 −p3} (x) = x. Since p_2 ≠ p_3, there are only a finite number of x which satisfy this equality.

A cellular automaton F : A^Z → A^Z is positively expansive, if there exists ε > 0 such that for any x ≠ y ∈ A^Z there exists k ≥ 0 such that d(F^k(x), F^k (y)) > ε.

Proposition 4. A positively expansive cellular automaton has no signal subshifts.

Proof. Suppose that F has memory m and there exists an infinite Σ_{(p,q)} with p ≤ 0. There exist x, y ∈ Σ_{(p,q)} with x_{(−mq,∞)} = y_{(−mq,∞)} and x_{−mq} ≠ y_{−mq}. Then for all n ≥ 0, F^n(x)_0 = F^n(y)_0 and this is a contradiction. The proof is similar for p ≥ 0.

6 PETR KŮRKA

Example 1. The shift cellular automaton σ : A^Z → A^Z has the unique signal subshift Σ_{(−1,1)} = A^Z.

The uniqueness follows from Proposition 3(4). For every p/q ≠ −1 we have Σ_{(p,q)} ⊆ Σ_{(p,q)} ∩ Σ_{(−1,1)}, so Σ_{(p,q)} is finite. Of course, Σ_{(−q,q)} = Σ_{(−1,1)}.

Figure 1. Infinitely many signal subshifts

Example 2. There exists a cellular automaton with infinitely many signal subshifts.

Consider a cellular automaton with alphabet A = {b, s, r, l}, where b is blank,

s is a stationary particle, r is a right-going particle and l is a left-going particle.

When either of these two particles meets s, it shifts it to the right and changes to the other going particle. If an r collides with an l, one of them annihilates. The transition table f : A^4 → A is given by

xxbl xblx xxry xryx xxsl xslx slxx xxrs xrsx rsxx
  l b b r b s r b l s

                                                          ,

where x ∈ A, y ∈ {b, r, l}, and the first applicable rule is used. We have m = 2 and d = 3, so F (x)_i = f(x_{[i−2,i+1]}). Then, for every n ≥ 0, Σ_{(1,2n+3)} is a signal subshift. In Figure 1 we can see signals with speeds 1/3, 1/5, and 1/7.

Example 3 (ECA 184). The traffic rule F (x)_i = 1 iff x_{[i−1,i]} = 10 or x_{[i,i+1]} = 11.

We have two signal subshifts (see Figure 2) representing holes and jams

Σ_{(1,1)} = {x ∈ A^Z : 11 ⋢ x}, Σ_{(−1,1)} = {x ∈ A^Z : 00 ⋢ x}.

Their intersection is the orbit o((01)^∞) = {(01)^∞, (10)^∞}. There is one more signal subshift Σ_{(0,1)} = {x ∈ A^Z : ∀i < j, x_i ≤ x_j }.

Let F : A^Z → A^Z be a cellular automaton and assume that Σ_{(p1 ,q1)}, . . . , Σ_{(pn,qn)} is a finite sequence of its signal subshifts with decreasing speeds, i.e., p_i/q_i > p_j /q_j for i < j. We construct the join Σ = Σ_{(p1 ,q1)} ∨ · · · ∨ Σ_{(pn,qn)} as follows. A configuration x ∈ A^Z belongs to Σ iff there exist overlapping intervals I_i = [a_i, b_i] ⊆ Z, such that a_i < a_{i+1}, b_i < b_{i+1} and the restrictions x|I_i belong to L(Σ_{(pi ,qi)}). A typical configuration looks like · · · −→−→ u_1u_1u_1 Σ_{(p1,q1 )}

Σ_{(p2 ,q2)}

→→ u_2u_2u_2 ←← u_3u_3u_3

Σ_{(p3 ,q3 )}

Σ_{(p4 ,q4 )} ←−←− . . . where (u_iu_iu_i)^∞ ∈ Σ_{(pi,qi)} ∩ Σ_{(pi+1,qi+1)} and the arrows symbolize the speeds.

More formally, the join is a sofic subshift defined as follows: For each i, let G_i = (V_i, E_i, s_i, t_i, l_i) be a synchronizing graph for Σ_{(pi,qi )}. If u^∞ ∈ Σ_{(pi ,qi)} is a σ-periodic configuration, denote by t_i(u) ∈ V_i the unique target of all sufficiently

ON THE MEASURE ATTRACTOR OF A CELLULAR AUTOMATON 7

Σ_{(1,1)}

Σ_{(1,1)} ∨ Σ_{(−1,1)}

Σ_{(−1,1)}

Figure 2. ECA 184 and its signal subshifts

long u^k in G_i. We take now the disjoint union of all graphs G_i and add some more edges. For each σ-periodic configuration u^∞ ∈ Σ_{(pi ,qi)} ∩ Σ_{(pj ,qj )}, where i < j, and for each labelled edge t_j (u)^a→ z we add an edge t_i(u)^a→ z. We repeat this operation finitely many times until no new edges can be added. The join Σ = Σ_G is the sofic subshift of the resulting graph G.

The construction of the join Σ_{(1,1)} ∨ Σ_{(−1,1)} for ECA 184 is shown in Figure 2. In Σ_{(−1,1)} we have labelled edges c = t_2(01)^0−→ d, c = t_2(01)^1−→ c, and d = t_2(10)^1−→ c. In the join, the following edges are added (Figure 2 center):

a = t_1(01)^0−→ d, a = t_1(01)^1−→ c, b = t_1(10)^1−→ c.

However, if we add to Σ_{(1,1)} ∪ Σ_{(−1,1)} only one edge b = t_1(10)^1−→ c, we obtain a graph which generates the same subshift (Figure 2 bottom).

Proposition 5. If F : A^Z → A^Z is a cellular automaton, then Σ_{(p,q)} ⊆ Ω_F (A^Z) for every p ∈ Z and q > 0. If Σ_1, . . . , Σ_n is a sequence of signal subshifts with decreasing speeds and if Σ = Σ_1 ∨ · · · ∨ Σ_n is their join, then Σ ⊆ F (Σ) ⊆ · · · ⊆ F^k(Σ) ⊆ · · · ⊆ Ω_F (A^Z).

Proof. Since F : Σ_{(p,q)} → Σ_{(p,q)} is bijective, we get Σ_{(p,q)} ⊆ Ω_F (A^Z). For the join Σ it suffices to prove that Σ ⊆ F (Σ). Let x ∈ Σ and let w ∈ E^Z be a path in G with label x. There exists a disjoint union of intervals I_1 ∪ · · · ∪ I_n = Z, such that t(w_n) ∈ V_i for all n ∈ I_i (some I_i may be empty). Suppose that I_i, I_j , I_k are three nonempty consecutive intervals and I_j = [n, m]. There exist σ-periodic

8 PETR KŮRKA

configurations u^∞ ∈ Σ_i ∩ Σ_j and v^∞ ∈ Σ_j ∩ Σ_k, such that t_i(u) = s(w_n) and t_j (v) = t(w_m). . . . −→ ·^u−→ t_i(u) I_i l(w_n) −→ · −→ · · ·^{l(wm)}−→ t_j (v) I_j v−→ · −→ · · · I_k Then x^{(j)} := u^∞l(w_{[n,m]})v^∞ ∈ Σ_j and y^{(j)} := F^{qj −1}σ^{pj} (x^{(j)}) ∈ Σ_j is its preimage with F (y^{(j)}) = x^{(j)}. There exist now consecutive disjoint intervals J_i, for all i ∈ {1, . . . , n} whose union is Z, such that if we define y so that it coincides with y^{(i)} on J_i for all i ∈ {1, . . . , n}, then F (y) = x and y ∈ Σ. Thus x ∈ F (Σ), so Σ ⊆ F (Σ).

In many examples, we can find a join Σ = Σ_1 ∨ · · · ∨ Σ_n of some signal subshifts, such that Ω_F (A^Z) = F^k(Σ) for some k. In this case, Ω_F (A^Z) is a sofic subshift. There do exist cellular automata with non sofic maximal attractors (see e.g., Culik, Hurd and Yu [4]) and our theory does not apply to them. We do not know whether every maximal attractor which is sofic can be represented as an F^k-image of a join of some signal subshifts.

7. The small quasi-attractor.

Proposition 6. Let F : A^Z → A^Z be a cellular automaton and U a clopen F - invariant set such that Ω_F (U) is a subshift attractor. Then for every n > 0 there exists k > 0 such that F^k(U) ⊆ ⋂_n i=−n σ i(U). Proof. We have Ω_F (U) = Ω_F (σ^i(U)) ⊆ σ^i(U), and by compactness there exists k > 0 such that F^k(U) ⊆ σ^i(U).

Proposition 7. Let F : A^Z → A^Z be a cellular automaton. If Σ_1, . . . , Σ_k ⊆ A^Z are subshifts such that each Σ_i is an attractor of some F^{qi} σ^{pi} where q_i > 0 and p_i ∈ Z, then the intersection Σ_1 ∩ · · · ∩ Σ_k is nonempty.

Proof. Let U_i be clopen sets invariant for F^{qi} σ^{pi} , such that Σ_i = Ω_F qi_σpi (U_i). Since a clopen set is a finite union of cylinders, there exists a configuration x ∈ A^Z such that the σ-orbit of x visits each U_i with bounded gaps, i.e., ∃n > 0, ∀i ≤ k, ∀p ∈ Z, ∃j < n, σ^{p+j} (x) ∈ U_i. If q is the least common multiple of all q_i, then, by Proposition 6, there exists m > 0, such that F^{qm}(x) ∈ U := ~Ω_σ (U_1) ∩ · · · ∩ ~Ω_σ (U_k), where ~Ω_σ (U_i) := ⋂ j∈Z σ^j (U_i). Thus U ≠ ∅ is F^q -invariant. The nonempty set Ω_F q (U) is contained in all Σ_i.

Definition 2. Let F : A^Z → A^Z be a cellular automaton. The nonempty intersection of all subshift attractors of all F^qσ^p where q > 0 and p ∈ Z, is called the small quasi-attractor of F and denoted by Q_F .

Proposition 8. If F : A^Z → A^Z is a cellular automaton, then Q_F is F -invariant.

Proof. If U is a clopen F^q σ^p-invariant set and Σ_0 := Ω_F q_σp (U) is a subshift, then F^{−k}(U) is a clopen F^qσ^p-invariant set, and Σ_k := Ω_F q_σp (F^{−k}(U)) = F^{−k}(Σ_0) is a subshift attractor for F^qσ^p. Since Σ_0 is F^q σ^p-invariant, F^q (Σ_0) ⊆ Σ_0, thus Σ_0 ⊆ F^{−q} (Σ_0), and F (Σ_0) ⊆ F^{1−q}(Σ_0) = Σ_{q−1}. Thus Σ = Σ_0 ∩ · · · ∩ Σ_{q−1} is nonempty and F -invariant. It follows that Q_F is F -invariant.

ON THE MEASURE ATTRACTOR OF A CELLULAR AUTOMATON 9

Proposition 9. If F : A^Z → A^Z is a surjective cellular automaton, then the small quasi-attractor is the full space: Q_F = A^Z.

Proof. Assume that U is a clopen F -invariant set and Ω_F (U) is a subshift. By Proposition 6, F^k(U) ⊆ σ^{−1}(U)∩U for some k > 0. For the complement V = A^Z\U we get F^{−k}(V ) ⊆ V ∩ σ(V ). By the Hedlund theorem, the uniform Bernoulli measure μ is F -invariant, so μ(V ) = μ(F^{−k}(V )) ≤ μ(V ∩ σ(V )), and it follows by σ-ergodicity that either μ(V ) = 1 or μ(V ) = 0. Since V is clopen, and S_μ = A^Z, this means that either V = A^Z or V = ∅. But U is nonempty, so we must have V = ∅ and U = A^Z. But then Ω_F (U) = A^Z because F is surjective. Thus the only subshift attractor of F is the full space A^Z. The same argument applies to each F^qσ^p. It follows that Q_F = A^Z.

8. The measure attractor.

Definition 3. Given a cellular automaton F : A^Z → A^Z, we say that an F - invariant subshift Σ ⊆ A^Z attracts ergodic measures if there exists ε > 0, such that for every σ-ergodic measure μ ∈ M_σ (A^Z) such that ϱ(μ, M_σ (Σ)) < ε, we have ϱ(F^nμ, M_σ (Σ)) → 0 as n → ∞.

Proposition 10. Let F : A^Z → A^Z be a cellular automaton and let D ⊆ A^∗ be a set of forbidden words. Then for every μ ∈ M_σ (A^Z) we have

lim_{n→∞} ϱ(F^nμ, M_σ (Σ_D)) = 0 ⇐⇒ ∀u ∈ D, lim_{n→∞}(F^nμ)(u) = 0

The proof is straightforward.

Proposition 11. Let F : A^Z → A^Z be a cellular automaton, and Σ ⊆ A^Z a subshift attractor with basin B_F (Σ). If μ ∈ M_σ (A^Z) and μ(B_F (Σ)) = 1, then ϱ(F^nμ, M_σ (Σ)) → 0 as n → ∞.

In particular, for all μ ∈ M_σ (A^Z), ϱ(F^nμ, M_σ (Ω_F (A^Z))) → 0 as n → ∞.

Proof. Given u ∈ A^∗ \ L(Σ) with |u| = 2m + 1, then μ{x ∈ A^Z : ∃n_0, ∀n ≥ n_0, d(F^n(x), Σ) < 2^{−m}} = 1, so μ{x ∈ A^Z : ∃n_0, ∀n ≥ n_0, F^n(x)_{[−m,m]} ≠ u} = 1. Thus for every δ > 0 there exists n_0 such that μ{x ∈ A^Z : ∀n ≥ n_0, F^n(x)_{[−m,m]} ≠ u} > 1 − δ. It follows that for every δ > 0 there exists n_0 such that for every n ≥ n_0, (F^nμ)(u) = μ{x ∈ A^Z : F^n(x)_{[−m,m]} = u} < δ, so lim_{n→∞} F^nμ(u) = 0. By Proposition 10, ϱ(F^nμ, M_σ (Σ)) → 0 as n → ∞.

Proposition 12. A subshift attractor for F attracts ergodic measures.

Proof. Let F : A^Z → A^Z be a cellular automaton and U ⊆ A^Z a clopen F - invariant set such that Σ = Ω_F (U) is a subshift attractor. Then Σ ⊆ U ⊆ B_F (Σ), and there exist m ≥ 0, k > 0 and u^{(1)}, . . . , u^{(k)} ∈ A^{2m+1} such that A^Z \ U = [u^{(1)}]_{−m} ∪ · · · ∪ [u^{(k)}]_{−m}. Assume that ε < 1/k2^{2m+1}. If μ is a σ-ergodic measure and ϱ(μ, M_σ (Σ)) < ε, then there exists ν ∈ M_σ (Σ) such that ϱ(ν, μ) < ε. Thus ν(U) = 1, so ν(u^{(i)}) = 0 and hence μ(u^{(i)}) < ε·2^{2m+1} < 1/k for 1 ≤ i ≤ k. It follows that μ(A^Z \ U) < 1, so μ(B_F (Σ)) > 0. Since B_F (Σ) is σ-invariant, μ(B_F (Σ)) = 1. By Proposition 11, ϱ(F^nμ, M_σ (A^Z)) → 0 as n → ∞.

10 PETR KŮRKA

Proposition 13. If F : Σ → Σ is a cellular automaton, then F : M_σ (Σ) → M_σ (Σ) has a unique attractor Ω_F (M_σ (Σ)) = M_σ (D(Ω_F (Σ))).

Proof. Suppose that there exists an attractor Y which is strictly smaller than the maximal attractor Ω_F (M_σ (Σ)). Then there exists a chain component W ⊆ Ω_F (M_σ (Σ)) \ Y and W is closed and invariant (see Akin [1] or Kůrka [8]). Choose μ ∈ Y , ν ∈ W , and consider μ_a = (1 − a)μ + aν, where 0 ≤ a ≤ 1. Set c := inf{a > 0 : ∀n ≥ 0, F^nμ_a ∉ Y }. Since the distance ϱ(W, Y ) is positive, c < 1 and F^nμ_c gets arbitrarily close to Y . It follows that for every ε > 0 there exist a > c and n > 0 such that ϱ(F^nμ_a, Y ) < ε, but F^nμ_a is never attracted to Y . This is a contradiction. Thus, Ω_F (M_σ (Σ)) is the unique attractor. By Proposition 2, M_σ (Ω_F (Σ)) ⊆ Ω_F (M_σ(Σ)), while the inverse inclusion is trivial. By Proposition 1 we get M_σ (Ω_F (Σ)) = M_σ(D(Ω_F (Σ))).

Definition 4. Let F : A^Z → A^Z be a cellular automaton.

(1) The measure attractor of F is M_F := S(Ω_F (M_σ (A^Z))) = D(Ω_F (A^Z)), where the second equality is by Proposition 13.

(2) The measure quasi-attractor of F is MQ_F := D(Ω_F (Q_F )).

Given a shift-invariant measure μ, the μ-limit Λ_μ(F ) of F has been defined in Kůrka and Maass [9] as the subshift whose forbidden words u ∈ A^∗ are those for which F^nμ(u) → 0 as n → ∞. Proposition 13 implies that Λ_μ(F ) ⊆ M_F for every μ ∈ M_F .

Corollary 1. Let F : A^Z → A^Z be a cellular automaton. (1) If μ ∈ M_σ (A^Z), then ϱ(F^nμ, M_σ (M_F )) → 0 as n → ∞. (2) MQ_F attracts ergodic measures.

Proof. (1) This follows from Proposition 11 and Proposition 1(1).

(2) Assume that U is a clopen F^q σ^p-invariant set. As in the proof of Proposition 8, we get subshift attractors Σ_k = Ω_F q_σp (F^{−k}(U)) which, by Proposition 12, attract ergodic measures under F^q . Then Σ = Σ_0 ∩ · · · ∩ Σ_{q−1} is an F -invariant subshift which attracts ergodic measures under F . It follows that MQ_F attracts ergodic measures.

9. Examples.

Example 4 (ECA 136). The product rule F (x)_i = x_ix_{i+1} in the binary alphabet.

Every [0]_i is a clopen invariant set but its omega-limit is not a subshift. The only signal subshifts are Σ_{(0,1)} = {x ∈ A^Z : ∀i < j, x_i ≤ x_j }, Σ_{(−1,1)} = {x ∈ A^Z : ∀i < j, x_i ≥ x_j }. The unique subshift attractor

Ω_F (A^Z) = {x ∈ A^Z : ∀k > 0, 10^k1 ⋢ x} = Σ_{(0,1)} ∨ Σ_{(−1,1)}

is their join (Figure 3). This is a sofic subshift and M_F = {0^∞, 1^∞}. Each F σ^n has the same unique subshift attractor Ω_{F σ}n (A^Z) = Ω_F (A^Z). However, G = F^2σ^{−1} is the ECA 128 defined by G(x)_i = x_{i−1}x_ix_{i+1}, and it has the minimal subshift attractor {0^∞}. Thus the small quasi-attractor is Q_F = {0^∞} and the measure quasi-attractor is also MQ_F = {0^∞}.

Example 5 (ECA 184). The traffic rule F (x)_i = 1 iff x_{[i−1,i]} = 10 or x_{[i,i+1]} = 11.

ON THE MEASURE ATTRACTOR OF A CELLULAR AUTOMATON 11

Σ_{(0,1)} Σ_{(−1,1)} Σ_{(0,1)} ∨ Σ_{(−1,1)}

Figure 3. ECA 136 and its signal subshifts

The omega-limit is the join (Figure 2)

Ω_F (A^Z) = {x ∈ A^Z : ∀k > 0, 1(10)^k0 ⋢ x} = Σ_{(1,1)} ∨ Σ_{(−1,1)}.

If k ∉ {−1, 1}, then Ω_F (A^Z) is chain-transitive for F σ^k , so it is the unique attractor. For k = 1, F σ has a clopen invariant set U = A^Z\[00]_0, but Ω_{F σ} (U) is not a subshift. All attractors for F σ can be obtained from the set of chain-recurrent configurations

|C_{F σ} | = Σ_{(0,1)}(F σ) ∪ Σ_{(−2,1)}(F σ) = Σ_{(1,1)}(F ) ∪ Σ_{(−1,1)}(F ).

For x, y ∈ |C_{F σ} | we have (x, y) ∈ C_{F σ} iff either x = y ∈ Σ_{(0,1)}(F σ) or y ∈ Σ_{(−2,1)}(F σ). Thus every configuration of Σ_{(0,1)}(F σ) is a single chain-component and the only other chain component is all of Σ_{(−2,1)}(F σ).

We show that the only subshift attractor of F σ is Ω_F (A^Z). Assume that U is a clopen F σ-invariant set and Ω_{F σ} (U) is a subshift. Since each x ∈ Σ_{(0,1)}(F σ) is a fixed point for F σ, Ω_{F σ} (U)∩Σ_{(0,1)}(F σ) = U ∩Σ_{(0,1)}(F σ) = U_0 is a clopen invariant set in Σ_{(0,1)}(F σ). Since Σ_{(0,1)}(F σ) is σ-transitive, U_0 = Σ_{(0,1)}(F σ). Since distinct attractors have distinct chain-recurrent points, the only subshift attractor of F σ is Ω_F (A^Z). A similar analysis applies to F σ^{−1} and to all F^qσ^{±q} . Thus the small quasi-attractor and the measure attractor are

Q_F = Ω_F (A^Z), M_F = MQ_F = Σ_{(1,1)} ∪ Σ_{(−1,1)}.

Example 6 (ECA 62). The rule is F (x)_i = 0 iff x_{[i−1,i+1]} ∈ {000, 110, 111}.

The only preimages of 0^6 are 0^8, 01^7 and 1^8. However 1^7 is not in L(Ω_F (A^Z)), so the only preimage of 0^6 in the omega-limit is 0^8. Thus there exists an attractor which does not contain 0^∞. Indeed, the set V = [0^6]_2 ∪ [1^7]_1 ∪ ⋃ v∈f^{−1}(1^7 )[v]0

is inversely invariant, so U = A^Z \ V is a clopen invariant set and Ω_F (U) is a subshift attractor. It contains σ-transitive signal subshifts Σ_{(1,2)} and Σ_{(0,3)}, whose intersection is o((110)^∞), as well as their join. Similarly as in Example 5 we show

Q_F = Ω_F (U) = F^2(Σ_{(1,2)} ∨ Σ_{(0,3)}), MQ_F = Σ_{(1,2)} ∪ Σ_{(0,3)}.

The only other signal subshifts are Σ_{(4,4)} and Σ_{(−1,1)} with intersections Σ_{(4,4)} ∩ Σ_{(0,3)} = o((111010110001)^∞), Σ_{(4,4)} ∩Σ_{(−1,1)} = {0^∞}, and Σ_{(1,2)} ∩Σ_{(0,3)} ∩Σ_{(−1,1)} = o((110)^∞). We get

Ω_F (A^Z) = F^2(Σ_{(4,4)} ∨ Σ_{(1,2)} ∨ Σ_{(0,3)} ∨ Σ_{(−1,1)}), M_F = {0^∞} ∪ Σ_{(1,2)} ∪ Σ_{(0,3)}.

In Figure 4 we can see a configuration whose left part belongs to Σ_{(4,4)} ∨ Σ_{(−1,1)} and whose right part belongs to Σ_{(1,2)} ∨ Σ_{(0,3)} In the space-time diagram, the words 00, 111 and 010, which do not occur in (110)^∞, are displayed in grey.

12 PETR KŮRKA

Σ_{(4,4)} Σ_{(1,2)} Σ_{(0,3)} Σ_{(−1,1)}

Figure 4. ECA 62 and its signal subshifts

REFERENCES

[1] E. Akin, “The General Topology of Dynamical Systems”, American Mathematical Society, Rhode Island 1991.

[2] F. Blanchard and E. Formenti and P. Kůrka, Cellular automata in the Cantor, Besicovitch and Weyl topological spaces, Complex systems 11 (1999), 107–123.

[3] N. Boccara, J. Naser and M. Roger, Particle like structures and their interactions in spatiotempotral patterns generated by one-dimensional deterministic cellular-automaton rules. Physical Rewiev A vol. 44, No 2 (1991) 866–875 [4] K. Culik, L. P. Hurd and S. Yu, Computation theoretic aspects of cellular automata. Physica D 45 (1990), 357–378.

[5] J. E. Hanson and J. P. Crutchfield, The attractor-basin portrait of a cellular automaton. J.

Statistical Physics 66(5/6) (1992) 1415–1462 [6] B. P. Kitchens, ”Symbolic Dynamics”, Springer-Verlag, Berlin 1998.

[7] P. Kůrka, Cellular automata with vanishing particles, Fundamenta Informaticae 58 (2003), 203–221.

[8] P. Kůrka, “Topological and Symbolic Dynamics,” Société Mathématique de France, Paris, 2003.

[9] P. Kůrka and A. Maass, Limit sets of cellular automata associated to probability measures, J. Stat. Physics (5/6) 100 (2000), 1031–1047.

[10] D. Lind and B. Marcus, “An Introduction to Symbolic Dynamics and Coding”, Cambridge University Press, Cambridge, 1995.

[11] M. Pivato, Conservation laws in cellular automata, Nonlinearity 15(2002), 1781–1794. [12] S. Wolfram, ”A New Kind of Science”, Wolfram Media, Inc., Champaign, IL, 2002.

E-mail address: kurka@ms.mff.cuni.cz