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MINIMALITY IN ITERATIVE SYSTEMS
OF MOBIUS TRANSFORMATIONS

ABSTRACT. We study the parameter space of an iterative system consisting
of two hyperbolic disc Mobius transformations. We identify several classes of
parameters which yield discrete groups whose fundamental polygons have sides
at the Euclidean boundary. It follows that these system are not minimal.
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1. Introduction. Iterative systems consisiting of contractions have been used in
Barnsley [1] or Edgar [3] to generate self-similar fractal sets. In Kurka [5] we
have investigated topological dynamics of iterative systems regarded as actions of
a free semigroup. In particular we have studied iterative systems consisting of real
Mobius transformations and we have characterized those which have non-trivial
attractors. We have studied in detail the parameter space of an alternating iterative
system consisting of two hyperbolic transformations whose stable fixed points are
separated by their unstable fixed points. The eliptical region consists of parameters
for which there exists an elliptic transformation. We have shown that outside of
the elliptic region the systems have nontrivial attractors (and therefore are not
minimal), while inside the elliptic region, the minimal systems are dense. In the
present paper we show that the elliptic region contains many non-minimal systems
as well. These systems are discrete groups whose fundamental polygons contain a
side at the Euclidean boundary of the hyperbolic space.

2. Topological dynamics. Given a finite alphabet A, we denote by AT = U,,>1 A"
the set of words with letters from A. The length of a word v = ug...u,—1 € A"
is denoted by |u| := n. Its prefix of length m < n is denoted by wujg,,). With
the binary operation of concatenation, AT is the free semigroup over A. An
iterative system over AT is a pair (X, F), where X is a compact metric space
and F' : AT x X — X is a map such that for each u € AT, F, : X — X is
continuous, and F,,(z) = F,(F,(x)). The system is generated by continuous maps
(Fo: X — X)aca. A morphism @ : (X, F) — (Y, G) of two iterative systems over
AT is a continuous map ® : X — Y such that ®F, = G,® for each a € A. A factor
is a surjective morphism, a subsystem is an injective morphism, and a conjugacy
is a bijective morphism. The orbit of x € X is O(z) := {F,(z) : uw € At}. The
system (X, F') is minimal if O(x) is dense in X for every x € X. The system
(X, F) is transitive if for each nonempty open sets U,V C X there exists u € AT
with F,,(U)NV #£ 0. A subset Y C X is invariant, if F,(Y) C Y foralla € A. Y
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is invariant and closed, then (Y, F) is a subsystem of (X, F'). A closed set W C X

is inward if F,(W) C int(W) for each a € A. A set Y C X is an attractor, if
there exists an inward set W such that Y is its omega-limit

v=om=N U U Fm).

n>0m>nucAm

3. Mobius transformations. A real orientation-preserving Mdobius trans-
formation (MT) is a self-map of the extended real line R = R U {oco} of the form
J\/Z(mb,qd)(x) = (ax + b)/(cx + d), where a,b,c,d € R and ad — bc > 0. A real
MT acts also on the complex sphere C = C U {oo} and on the upper half-plane
U={ze€C: 3(z) >0}: if z € U then J\//.T(z) € U. The map d(z) = (iz+1)/(z+1)
maps U conformally to the unit disc D = {z € C: |z| < 1} and R to the unit
circle 9D = {z € C: |z| = 1}. On the closed disc D := DUJD we get disc Mobius
transformations M : D — D defined by

— _ az +
Ma,5)(2) = do Mg eay0d™" (2) = Bz + g
where o = (a+d) + (b—c¢)i, 8 = (b+¢)+ (a — d)i. Conversely, each transformation
M(a,5)(2) = (az + 8)/(Bz + @) with |a| > |3] is d-conjugated to a real MT. Disc
MT preserve the hyperbolic metric ds = 2|dz|/(1 — |z|?). The geodesics are arcs
which are perpendicular to the unit circle.

Any disc MT can be expressed as a product of two reflections (see Beardon [2]).
Given w € C, r > 0, the reflection in the circle S(w,r) ={z€ C: |z —w| =71}
is p(2) = w+1r?/Zz—w. Given w € C and o € JD, the reflection in the line
Pw,a) = {w+ta: t € R} is ¢(z) = w+ o? - 2 — w. Define the contracting
region, expansing region and the isometric circle of a disc MT M by

UM) = {z€C: |M(z)| <1}
VM) = {zeC: (MY ()] > 1)
I(M) = {zeC: |[M'(2)| =1}

If M is a rotation, i.e., if M(z) = az for some a € dD, then U(M) and V(M) are
empty and I(M) = C. Otherwise I(M) is the circle S(—a/B,|a/B]? — 1), U(M) is
its exterior, and V(M) is the interior of the circle S(a/f3, |a/B3|> — 1). Moreover,
we have V(M) =C\UM), M) =UM)NV(M~-1), M(U(M)) =V (M) and
M(I(M)) = I(M~1). For each disc MT M there exists a reflection ¢(z) = o? -2
in a diameter of the unit circle, such that @My = M ~!. If M is a rotation, then ¢
can be the reflection in any diameter of the unit circle. Otherwise ¢ is the unique
reflection which maps the center o/ of V(M) to the center —a/3 of V(M ~1). In
particular, M(z) = ¢(z) for any z € I(M).

The square of the trace is defined by trz(]/\/[\(ayb,cyd)) = (a + d)?/(ad — be),
tr? (M, g) := (a+a)?/(Ja|?>—|B]?). If tr*(M) < 4 then M is elliptic, if tr*(M) > 4
then M is hyperbolic and if tr?>(M) = 4 then M is parabolic unless it is the
identity. A hyperbolic transformation has two fixed points sy, upy € 9D with
IM'(sar)| < 1, [M'(spr)| - |M'(ups)| = 1. A parabolic transformation has a unique
fixed point sy € D with |M'(sa)] = 1. An elliptic transformation has no fixed
point in O but it has a unique fixed point sy; € I with M’(sy7) = €™M where
the rotation angle rot(M) € (0,27) satisfies tr*(M) = 4cos?(rot(M)/2). This
formula does not determine the rotation angle uniquely. Such a formula can be
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obtained for a real MT. The rotation R,(z) = €' - z is conjugated to the real MT
Ro(z) = (z cos S +sin §)/(—xsin § + cos §) whose matrix has positive upper-right
entry sin 5. For any real orientation-preserving matrix M , the matrix M ﬁa]\/i -1
has positive upper-right entry as well. Thus the rotation angle of a real elliptic
MT is

sgu(b) - (a + d)

2v/ad — be

The rotation angle of a disc MT is the rotation angle of the d-conjugated real MT.
We say that M has irrational rotation angle, if rot(M)/27 is an irrational number.
A disc MT M is elliptic iff I(M)NI(M~1) # 0.

Lemma 1. If F,G are disc MT and I(F)NI(G~Y) = [(F"Y)NI(G) =0, then FG
is not elliptic.

Proof. The condition implies V(F) NV (G™1) = V(F~1)NV(G) = 0. Assume by
contradiction that F'G is elliptic and s € D is its fixed point, so |F'(G(s))-G'(s)| = 1.
We distinguish three cases. 1. If s € V(G™1), then |G'(s))| > 1 and |F'(G(s))] < 1.
Thus G(s) € U(F), and s = FG(s) € V(F) which is disjoint with V(G~!) and
this is a contradiction. 2. If s € U(G), then G(s) € V(G), so G(s) € V(F™1)
and |G'(s)] < 1, so |F'(G(s))| < 1, which is a contradiction. 3. If s € I(G)
then |G/(s)| = 1, G(s) € I(G™1), so G(s) € I(F) and |F'(G(s))| # 1, which is a
contradiction. O

rot(]\/I\(aybyc,d)) = 2arccos € (0,2m)

Lemma 2. If F,G are disc MT with the same symmetry ¢(z) = oz (i.e., pFp =
FY 0Go=G™1), and if [([F)NI(G™Y) # 0, then FG is elliptic.

Proof. If I(F) N I(G™1) is nonempty, then there exists s € I[(F)NI(G~1)ND, and
t = F(s) = p(s) = G1(s) € D, so s is a fixed point of GF, and GF is elliptic.
Since tr(FG) = tr(GF), FG is elliptic as well. O

Lemma 3. If M, F are disc MT, F is elliptic with rot(F) = a € (0,27) and
sp € I(M), then sp € I(MF) and the angle between I(MF) and I(M) at sp is
—a/2. It follows that the inner angle of UMM)NU(MF) at sp is either a/2 or
T —af2.

Proof. Let L be the geodesic which passes through s and whose angle with I (M) is
—a/2. Let o1 be the reflection in L and let o9 be the reflection in I(M). Then o901
turns L by «, so F' = 0901, and M = 0305, where o3 is the reflection in a diameter
of the unit circle. Since M F' = 0307 and o3 is an isometry, we get I(MF) =L, O

4. Mobius iterative systems.

Definition 1. We say that F:A* xR — R, is a Mobius iterative system
(MIS), if all F, : R — R are real orientation-preserving Mébius transformations.

F is conjugated to a disc MIS F : AT x 0D — 0D by the stereographic projection
d. The limit set Ap of F is defined by Ap = {F,(0) : u€ At} NoD.

If G(F) ={F,: ue A*} is a discrete group, then Ay coincides with the classical
concept (see Beardon [2] or Katok [4]).

Theorem 2 (Kurka and Kazda [6]). If {V(F,): u € At} is a cover of 0D then
Ap = 0D,
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The proof is based on the expansion graph whose vertices are numbers x € 0D
and whose labelled edges are = % F;'(x) where x € V(F,). If u € AV is the label
of an infinite path with source z, then x = limy, o0 Fly, ,,, (0). The limit set Ag is
closed and F-invariant, so if Ap # 0D then (9D, F') is not minimal. Conversely we

have

Proposition 3. If Ap = 0D and if no x € 9D is fized by all F,, then (0D, F) is
minimal.

Proof. Given z,y € 0D, we show that y € O(z). By the assumption there exists
a sequence u(™ € A1 with lim, . F,»(0) =y, so lim,, diam(V(FJi))) =
lim,, oo diam(V (F,,n))) = 0. We have F,(z) # = for some a € A, so there exists
ng such that for all n > ng either & € U(F, ) or Fy(z) € U(F,m)). Set () = (")
in the former case and v(™ = 4(q in the latter case. Then F, ) (z) € V(F,m)) for

each n > ng, so lim,_, Fym) (z) = v. |
Example 1. There exists a MIS F with Ap = 0D which is not minimal.
Proof. Consider the alphabet A = {1,0,1,0} and transformations ﬁf(x) =z -1,

ﬁo(x) =1x/2, F\l () =ax+1, F%(x) =2z. All ﬁa fix the point {c0}, so all F, fix the
point 4, but Ap = 9D since V(F,) cover D. O

Proposition 4. Let (0D, F) be an iterative Mobius system. If some F, is elliptic
with irrational rotation angle, then (0D, F) is minimal.

" a

FIGURE 1. Parameter space of the standard alternating Mobius
system: Eg1, Ro1(n,n — 1), Roi(n,1) for n = 2,...,5 (left), Fo1,
FEoo1, Eoi1 (right).

5. Alternating Mobius systems. In Kurka[5] we have shown that if (9D, F') is
a Mobius iterative system with hyperbolic transformations Fj, and if there exists
a closed interval W C 9D which contains in its interior stable fixed points of all
F, and does not contain the unstable fixed point of any Fj,, then (0D, F) has a
nontrivial attractor and therefore is not minimal. We have then considered alter-
nating Mobius iterative system (9D, Fy, Fy), whose fixed points s, 79, 81,71, So are
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arranged counterclockwise on the circle. In this case the existence of a nontrivial
attractor depends on the quotients of Fy, F}.

Definition 5. The standard alternating system with parameters 0 < a,b < 1
is defined by

~ ~ €T
F = 1-— F =
o(z) = ax + a, Fi(x) g —7

We have s(Fp) = 1, r(Fo) = i, s(F1) = —1, r(Fy) = —i. Both Fy and F} have

the same symmetry ¢(z) = iz 1th ok = F 1 so (8]1]) Fo,Fl) is conjugated to
(0D, Fy ', FY) by ¢. If a = b, we have addltlonal symmetry ¥(z) = —iz with
YFyp = FTY Y Fy = Fo_l, so (0D, Fy, Fy) is conjugated to (BD,Fl_l,FO_l) by ¥
and to (0D, Fy, F1) by the rotation ¢ (z) = —=z.

Denote by P = {(a,b) : 0 < a,b < 1} the parameter space of the standard
alternating system. We have tr(Fp;) = (a + b — (1 — a)(1 — b))/Vab, and the
upper-right entry (1 — b) of Fyy is positive. For v € AT denote by

E, = {(a,b) € P: |tr(F,)| <2}
E = U(EOH U Eo1n)
n>0
Ru(mk) = {(a,b) € Ey: rot(F,) = 2’”}

Roy(n,k) = {(mb)za+b—<1—a><1—b)=z@cosk§}

We call E the elliptic set (see Figure 1 and Figure 5). In [5] we have proved that
each system in P\ E has a non-trivial attractor and the systems at the boundary of
E are not transitive. It follows that £ = [ J . 4+ £, and that each minimal system is
in the elliptic set. If there exists an irrational rotation Fy, then (0D, F') is minimal,
so minimal systems are dense in . We show that there exist non-minimal systems
in E as well, disproving a conjecture in [5].

6. Rational rotation angle. We investigate alternating systems in which Fjy; is
elliptic with rotation angle rot(Fp;) = £27/m. Then Fg;yn = Id and G(F') =
{F,: ue A*} is a group. G(F) is a discrete group if Id is its isolated element. For
a discrete group acting on D there exists a fundamental region, which is an open
connected set P, such that {F,(P): u € AT} tesselate D. If G(F') is discrete and
0 is not fixed by any F,, then the Ford region defined by P = (1, .+ U(F,) is a
fundamental region. For u € A" denote by I, = I(F,) and I;' = I(F;!). In
Figures 2, 3 we show the Ford fundamental polygons of various alternating systems
whose locations in the parameter space are indicated in Figure 5 right. We write
words u in the images F,,(P) of the fundamental polygon around the fixed points
sp1 and s19. The words u of the isometric circles I,, are written at their intersections
with the unit circle.

Proposition 6. If G(F) is a discrete group and there exits a fundamental polygon
with a side at the Euclidean boundary (i.e., at the unit circle), then (0D, F) is not
transitive.

Proof. If U,V C 0D are disjoint open intervals both at the Euclidean boundary of
a fundamental polygon P, then F,(U) NV = for every u € A™. O
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FIGURE 2. Isometric circles and Ford regions.  1(top left):
rot(Fp1) = m, 2(top right): rot(Fu;) = 27 - 2/3, 3(bottom left):
rot(Fp;) = 27/3, 4(bottom right): rot(Fy;) = 27/3, rot(Foi) =
27 - 4/5.

Proposition 7. If rot(Fo1) = 2n(m — 1)/m for some m > 2, then G(F) is a
discrete group whose fundamental region has a side at the Fuclidean boundary, so

(0D, F) is not minimal (see Figure 2(1,2) and Figure 3(7)).

Proof. The isometric circles Io, lo1o, - - -, [(o1)ym-10 = Il_1 all pas through the fixed
point s1g of F1g. By Lemma 3, the angle between I(Ol)ko and I(Ol)k+10 is —2m(m —
1)/2m = m/m, so the inner angle of U(F(g1yx) N U (F(o1)k+10) at s1o is either w/m
or m — w/m. Consider first the case with a = b, when we have the symmetry
() = —iz with YFpnp = Fy_; (see Figure 2(1) with m = 2 and a = b = 2 — V/3).
Then (U (Fp)) = U(F; ") and this implies that the inner angle of U (Fy)NU (F; ') is
7/m. As the system moves along the curve {(a,b) € P : rot(Fp) = 2w(m—1)/m},
this angle cannot change, because both Fj and Ffl are hyperbolic, so Iy, I} ! cannot
cross 0. Thus for all parameters a,b with rot(Fp;) = 27(m — 1)/m the inner angle
of U(Fo) NU(F 1) is m/m. Denote by P = U(Fy) NU(Fy HYNU(F)NU(F; ') and
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FIGURE 3. Isometric circles and Ford regions.  5(top left):
rot(Fy1) = 27/3, rot(Foi9) = 27 - 2/3, 6(top right): rot(Fp,) =
27 /3, rot(Fp10) = 7, 7(bottom left): rot(Fo1) = 27-3/4, 8(bottom
right): rot(Fy1) = 27/4, rot(Fio1) = 27 - 3/4.

by P its Euclidean closure. Then P is a hexagon with two sides at the Euclidean
boundary. We have fixed points sg; € Io_l N1, sig € Il_1 N Iy with s19 = p(s01) =
Fi(s01) = Fy *(s01), which are the only vertices of P and form a cycle of length 2
and order m. We get

PNnFy(P) C I;Y, PnF(P) c It
Fy(P)NFou(P) € Fo(I7)), F(P)nFio(P) < Fi(lyh),
Fo1(P)N Fo1o(P) € Fou(Iyh), Fio(P)NFio1(P) € Fio(I;h),

|m ces
|m e

F(Ol)m—lo(ﬁ) ﬁ F }7(01)m—10(11_1)7 F(lo)m—ll(P) ﬁ ? F(lo)m—ll(lo_l).

Since the inner angles of P, Fy(P), Fo1(P), Foio(P),. .., Foiym-10(P) at so1 are
m/m, these sets are arranged clockwise around sg; without intersections and their
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closures fill out a neighborhood of sg1. Similarly, P, Fy(P), Fio(P), Fi01(P), ...,
Figym-11(P) are arranged clockwise around sjp without intersections and their
closures fill out a neighborhood of s1g9. Thus the conditions of Poincaré theorem
(see Beardon [2]) are met, so G(F) is a discrete group with a side at the Euclidean
boundary. O

a=0. 390, b=0. 050 a=0. 400, b=0. 050 a=0. 485, b=0. 050 a=0. 546, b=0. 050
2
o
2 N 2 Q Q A
o o
0y 2, 2, ‘\‘Q'\'
0,
0 Ot
0T0
0T0 0 0
o'
Q
“ K
[eprsg % ey S Sas v
oQ © o Y oo
= g\ = > =P
= S 2

FIGURE 4. Rotation of isometric circles

Proposition 8. If rot(Fy;) = 27/m for some m > 3 and Fy1, Fip are the only
elliptic transformations, then G(F) is a discrete group whose fundamental region
has a side at the Euclidean boundary, and (0D, F') is not minimal (see Figure 2(3)).

Proof. Assume a > b. The isometric circles I, lo1o, - -, [(o1yn-10 = 11_1 all pas
through the fixed point sjp of Fig. The angle between [g1yxg and [gyyk+1q is
—2m/2m = —m/m, so the inner angle of U(Fg1yro) N U(Fg1yr+10) is either m/m
or m — w/m. Consider a path in the parameter space with small constant b and
increasing a passing from rot(Fp;) = 27(m—1)/m to rot(Fy;) = 27/m (see Figure
4). The angle of Iy1g with Iy goes from 7/m through 7/2 to —7/m and the inner
angle of U(Fy) N U(Fpio) goes from 7w — w/m through 71'/2 to m/m. From the
symmetry ¢ we get that the inner angle of U(Fy ) NU(Fy5) is ©/m as well. We
show that P = U(Fy) NU(Fy ') NU(F10) NU(Fy;p) is a fundamental region. For

=3 and a > b we have Fm%) = Fip1 and we get

Pnry(P) < Iy, PNFi1(P) C o,

Fo(P)N Foio1(P) € Fo(Iowo), Fio1(P) N Fio1o(P) € Fion(Igh),
Fo101(P) N Foio10(P) € Fowon(Ig '), Fioo(P)NFi(P) € Fioio({o1o),
Foi010(P) N Fo1(P) € Foioio0(Lo10), F(P)NFio(P) < F(I;h),
Fou(P)NFoo(P) € Four(Iy'h), Fio(P) N Fip101(P) S Fio(o10),

Foio(P)NP C  Foio({oro), Fio101(P)NP C Fioion(Iy").
For m > 3 and a > b we have Fo_l(l) = F(10ym-21 and we get
PNnF(P) C I;Y,
PN Fqoym-—21(P) € Ioio,
Fo(P) N F(01)m 1(P) © Folow),
F(lo)m—zlg:’)ﬂF(lo)m 1(5) - F(lo)m 2([0 ),
Fonym-1(P) N Foym-10(P) € Foym-—20(ly "),
Faoyn-1(P) N Fagym-31(P) € Froym- 21(1010),
Foro(P)NP € Foio(Loro),
Faoym-(P)NP € Fagym-u(lyh),
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Thus G(F) is a discrete group with a side at the Euclidean boundary. O

N

&>
@

%

—
’0/’

a a

FIGURE 5. Parameter space: Minimal systems are in the white
region (left), Curves |[tr(Fypn1)| = 2 and [tr(Fpin)| = 2 for n =
1,2,3 (thick), curves rot(F,) = £2n/m (thin), positions of the
systems 1,2,...,8 from Figures 2, 3 (right).

Proposition 9. Ifrot(Fy;) = 2m/m for some m > 3, and rot(Fyp1) = 2n(n—1)/n
for somen > 3, then G(F) is a discrete group with a side at the Euclidean boundary
and (0D, F') is not minimal (see Figure 2(4) and Figure 3(5,8)).

Proof. Assume a > b. The inner angles of both U(Fy) N U(Fy10) and U(Fy;5) N
U(Fofl) are again 7/m, but Fpiq is now elliptic with rot(Fp19) = 2w (n — 1)/n and
Fyp = Froyn—1 = Figym—21. The fundamental polygon P = U(Fp) N U(Fy ') n
U(Fo10)NU(Fy;p) has one more vertex so10 € U(Fo10) U (Fy;5) which forms a cycle
of order n. The angle between I(g19y» and [(gig)k+1 is m/n, so the angle between
ITo10 and Iggyn—1 is m(n —2)/n. The inner angle of U(Fo10) NU (Foroy»-1) is 27/n.
We have

_ PnFno(P) € Iop,
Fo10(P) N Fo10)2(P) € Foio(pyp),
F(Olo)n—l(ﬁ) NP - F(OIO)"’I(I&IO)
Thus P, Fyio(P),... ,Fgﬁal(P) are arranged clockwise around sg1g, so P is a fun-
damental domain with a side at the Euclidean boundary. O

Proposition 10. If rot(Fy;) = 27/3 and a = b, then G(F) is a discrete group
whose fundamental polygon has a side at the Euclidean boundary and (0D, F) is not
minimal (see Figure 3(6)).
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Proof. The condition tr(Fp;) = (2a— (1 —a)?)/2a = cos(r/3) yields a®> —3a+1 =0
with the solution a = (3 — v/5)/2. Moreover we get
2 2
rot(Foo1) =rot(Fp11) = 2arccos @ ta (21a\/g -9 =7
a’+a—(1-a*(1-a)
2a?
Since sg19 = s101 = 0, the Ford fundamental region cannot be constructed. Never-
theless we get a fundamental region P = U(Fy) NU(F; )N Q, where Q = {a + bi :
a+b > 0} is one of the half-planes of the line joining so; with s19. The vertices of P
are so1, 510, S010- The point sg19 forms a cycle of order 2 and P with Fyio(P) fill a
neighbourhood of sp19 without overlapping. Similarly, the closures of P, Fyg101(P),
Fio(P), F1(P), Fio10(P), Fi01(P) fill the neighbourhood of s19 in counter-clockwise
order and the closures of P, FOlO(P)7 F01(P), FOlOlO(P)a F‘Ol()l(fj)7 FQ(P) fill the
neighbourhood of sp; in counter-clockwise order, so G(F) is a discrete group with
a side at the Euclidean boundary. O

rot(Fppp1) = rot(Fp111) = 2arccos =4r/3

For other rational angles, minimality depends on parameters in a more compli-
cated way. For example if rot(Fp;) = 27 -4/7 and 0.17 < a < 0.3, then V(Fp101),
V(F01010), V(leo) and V(F10101) cover 8@, SO AF = 8D and (8]1)), F) is minimal.
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