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Abstract. A real Mobius iterative system is an action of a free semigroup of
finite words acting via M&bius transformations on the extended real line. Its
convergence space consists of all infinite words, such that the images of the Cauchy
measure by the prefixes of the word converge to a point measure. A Mdobius
number system consists of a Mobius iterative system and a subshift included in
the convergence space, such that any point measure can be obtained as the limit
of some word of the subshift. We give some sufficient conditions on sofic subshifts
to form Mobius number systems. We apply our theory to several number systems
based on continued fractions.
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1. Introduction

Classical number systems for compact real intervals such as decadic, binary, or binary
signed systems can be obtained from contractive iterative systems (see e.g., Barnsley
[1] or Edgar [2]). An iterative system (F, : X — X),ca consists of continuous self-
maps of a compact metric space X indexed by a finite alphabet A. In contractive
iterative systems, each infinite word u € AN determines a unique point z = ®(u)
which is contained in all images Fy F,, --- Fy,_,(X) of the state space X by the
prefixes of u. The range of the symbolic representation ® is a compact subset of X
called the attractor of the system. The method works, however, only for compact
subspaces of the real line or complex plane. It is therefore natural to look for number
systems on a compactification of the real line such as the extended real line R. A
natural choice for the mappings are Mobius transformations, since these are the only
holomorphic isomorphisms of the extended complex plane C = C U {oc}. However,
since Mobius transformations are surjective, the Barnsley theorem does not work for
them.

In Kurka [8] we have used convergence of measures (instead of convergence of
sets), to obtain symbolic representations of the extended real line from iterative
Mobius systems. The uniform Haar measure on the unit circle is transferred by
the stereographic projection to the Cauchy measure on R. We say that an infinite
word u € AN converges to a number x € R, if the images of the Cauchy measure by
the prefixes of u converge to the point measure §,. In this case we say that u is a
representation of x and write ®(u) = z. The domain of ® is the convergence space
Xp C AN, To get a number system, the range of ® should be all R. Since ® is usually
not continuous on Xz, we look for a subshift ¥ C Xr such that ®(X) = R and ® is
continuous on Y. In this case we say that (F,Y) is a Mobius number system.



In [8] we have constructed several Mébius number systems using contractions to
vertices of a regular polygon inscribed to the unit circle. In [7] we have obtained some
results on topological dynamics of Mdobius iterative systems. In the present paper
we develop a theory of MoObius number systems with sofic subshifts. In Theorem
9 we characterize those Mobius iterative systems whose range is whole R. In the
Convergence Theorem 11 we give a sufficient condition on a sofic subshift ¥ to
satisfy ¥ C Xp. In the Surjectivity Theorem 15 we give a sufficient condition for
®(X) = R. Finally we show that for M&bius number systems whose coefficients are in
a computable field (such as rational numbers), efficient arithmetic algorithms exist.
We apply the theory to several systems based on continued fractions.

2. Mobius transformations

An orientation-preserving real Mobius transformation (MT) is a self-map of the
extended real line R := R U {oo} of the form M, . q)(x) = (az + b)/(cx + d), where
ad — bc > 0. Real Mobius transformations act also on the complex upper half-plane
U:={z € C: S(z) > 0}, where they preserve the hyperbolic metric ds = dz/3(z)
(see e.g., Katok [3]). The upper half-plane U is conformally isomorphic to the unit
disc D = {z € C: |z| < 1} via isomorphisms d : U — D and u : D — U given
by d(z) = (iz+1)/(z + 1), u(z) = (—iz 4+ 1)/(2 — 7). The transformation d maps

ito0and Rto dD = {z € C: |z] = 1}. On D = DU ID we have disc M&bius
transformations

. az+f
M(u,b,c,d) (Z) =do M(a,b,c,d) °© U(Z) - Bz _A'_a’

where a = (a +d) + (b —c)i, 8 = (b+¢) + (a — d)i. Disc MT preserve the hyperbolic
metric ds = dz/(1 — |z|?). Define the circle distance d on R by

d(x,y) = min{2|arctan(x) — arctan(y)|, 2 — 2| arctan(x) — arctan(y)|},

which is the length of the shortest arc joining d(z) and d(y) in 9D. Open and closed
intervals are balls B,(a) = {z € R: d(z,a) <}, B.(a) = {z € R: d(z,a) < r}.
Their lengths are ||B,(a)|| = ||B,(a)|| = min{2r,27}. We define the length ||[W|| of
a set W C R as the length of the shortest interval which contains W. Denote by Z
the set of closed intervals. If we regard R as the projective real line (the space of
one-dimensional subspaces of R?) with homogenous coordinates z € R? \ {(0,0)}
and equality * =y < x9y1 = x1y0, then the open interval with distinct endpoints
a,b can be defined by (a,b) := {x € R: (agw; —a120)(wob1 — z1bo)(boa; — byiag) > 0}.
Closed intervals are defined by [a,b] := (a,b) U {a,b}, etc. The norm of a M&bius
transformation M = M, ¢ q) is ||M]| := (a® + b* 4+ ¢* + d®)/(ad — bc). The square
of the trace of M is tr?>(M) := (a + d)?/(ad — bc), and the circle derivation of M
is

(ad — be)(z? + 1)
(az + b)2 + (cx + d)2’
Proposition 1 Let M be a Mébius transformation. Then ||M|| > 2 and

min{M*(z) : = € R} = 5(|[M|| - /[[M][]* - 4),
max{M*(z) : = € R} = 5([[M]| + /[[M[]> - 4).
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Proof: The equation M*(z) = 1/e for z has a solution iff its discriminant is
nonnegative, i.e., if €2 — [[M|le + 1 < 0. The minimum and the maximum e for
which this holds are the solutions of €2 — ||M||e + 1 = 0. m

If tr?(M) > 4 then M is hyperbolic, has a stable fixed point s € R with
M(s) =s, M*(s) < 1, and an unstable fixed point u € R with M (u) = u, M*(u) > 1.
If tr?(M) = 4 then M is parabolic and, unless it is the identity, has a unique fixed
point s € R with M*®(s) = 1. If tr?(M) < 4 then M is elliptic and has a unique
fixed point in U and no fixed point in R. A rotation by « is the transformation
Ry = M(cos S ,sin §,—sin §,cos §)> Ra(z) = e 2.

The values M(i) and M (0) of a Mobius transformation have a probabilistic
interpretation.  Given a compact metric space X, we denote by (X)) the
space of Borel probability measures with weak® topology, i.e., lim, ., v, = v iff
lim, .o [ fdv, = [ fdv for each continuous function f : X — R. A continuous
function F' : X — Y extends to a continuous function Fy : M(X) — MM(Y) by
(Fuv)(U) = v(F~Y(U)). Denote by 6, the Dirac point measure concentrated on z,
i.e., 0,(U) = 1iff z € U. Measures on R which are absolutely continuous with respect
to the Lebesgue measure have densities, which are nonnegative functions with unit
integral. The uniform Haar measure ¢ on JD yields the Cauchy measure u./ on
R with density h(x) = 1/7(1 + 22). The density hap,e.dy of (M(ap,ca)tt)«£ on Ris

(ad = be)/m o/
habe,a)(®) = [z -2+ (cr—af  (@—pP+o? where

(ac + bd) + (ad — be)i

c? + d? '
Thus h(q,p,c,qa) is the density of the generalized Cauchy measure with parameters 1 and
o which are the real and imaginary parts of Mg c,q)(i). While generalized Cauchy
measures have infinite variance and no mean, the parameters p and o play a similar role
as the mean and variance of the normal distribution. If X, X; are random variables
with generalized Cauchy distributions with parameters pg, oo and p1, 07 respectively,
then Xy 4+ X7 has Cauchy distribution with parameters pg + p1, o9 + 1. A measure
1 € M(OD) can be characterized by its mean £(u) := [, zdp which is a complex

M(a,b,c,d) (7') =pu+ 10 =

number in the closed unit disc D. For a point measure of € 9D we have £(J,) = z.

Proposition 2 If M = My, cq) s a real MT and M the corresponding disc MT,
then

(d—a)+ (b+c)i

E(M0) = M(0) = d(M(i)) = (b—c)+ (d+a)i’

= 7] - 2
MO = 1
3]+ 2

See Kurka [8] for a proof. A Mébius transformation M is uniquely determined by its
mean M (0) and its unit tangent vector M’(0)/|M’(0)| (see Katok [3]). We shall
need several criteria for convergence of generalized Cauchy measures.

Proposition 3 Let (M, : R — R),>0 be a sequence of MT and = € R. The following
conditions are equivalent.

(1) limy, oo M, (7)) = x.

(2) Tim,y—oe My (0) = d(z).



(3) limy, 0o (Mpu), £ = 6.
(4) For each open interval I > x, lim, || M (I)|| = 2.

(5) There exists ¢ > 0 and a sequence of intervals I, > x such that

lim ||I,,|| =0, and V¥Ym,liminf||M, (I,)| > c.
m— o0 n—oo

Proof: (1) < (2) follows from d(i) = 0.
(2) ) follows from Proposition 2.

(3) ) follows from the definition of convergence of measures.

(4) ) is trivial.

(5) 2): We can assume that I, are open intervals. If [|[M!(I,)|| > ¢, there
exists * € R with (M, })*(z) > ¢/||I,n]|. By Proposition 1, we get lim,, . ||M,|| =
oo, and therefore lim,_, o \|]\//.7n(0)|| = 1. There exist rotations R, such that
lim,, o0 ﬁnJT/[\n(O) = d(z), and we get lim,, . ||M,;* (R, (I;))|| = 27 by (4). Since
liminf, o || M, 2 (Im)|| > ¢, the intervals R, (I,,) and I, intersect for large n, so
iy — oo Ry = Id and limy, e M, (0) = limy, o0 R 1R, M, (0) = d(x). O

< (3
= (4
= (5
=

Proposition 4 Let (M, : R — R)nzg be a sequence of Mdbius transformations and
assume that there exist distinct y,z € R such that lim,, o, M, (y) = lim,,—oo M,,(2) =
x. Then lim, o M, (i) = x.

Proof: Let M, = M, b, c..d4,) and a? +b2 +c2 +d? = 1. Assume first 2,9,z € R.
We have

(andn — bpen)(y — 2)
(Cny +dy)(cnz+dy)

Since |¢,y + dy| and |c,z + d,| are bounded away from zero, we get lim,, . and, —
bpcn, = 0 and lim, oo (M, (y) — M, (7)) = 0. If some of the z,y, z are 0o, the proof is
similar. O

Mn(y) - Mn(z) =

3. Mobius number systems

For a finite alphabet A, denote by AT := Ummso A™ the set of nonempty words. With
the concatenation operation, AT is the free semigroup over A. The length of a word
U =Ug... U1 €A™ is denoted by |u| := m. We denote by uf; ;) = u;...u;_1 and
uj; ;) = Ui ... u; subwords of u associated to intervals. We denote by AN the Cantor
space of infinite sequences of letters of A equipped with metric d4(u,v) := 2%, where
k= min{i > 0 : u; # v;}. Given u € A", v € A™, denote by u.v € AN the
preperiodic word with preperiod u and period v defined by (u.v); = u; for i < n
and (U.0)pykmii = v; for i < m. We say that u € A1 is a subword of v € AT U AN
and write u C v if u = V[, ) for some i < j.

The shift map o : AN — AN is defined by o'(u); = u;11. A subshift is a nonempty
subset ¥ C AN which is closed and o-invariant, i.e., 0(3) C ¥. For a subshift 3 there
exists a set D C AT of forbidden words such that ¥ = Xp := {z € AN vy T
x,u & D}. A subshift ¥ is of finite type (SFT) of order k, if there exists a finite
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set D C AF such that ¥ = ¥p. A subshift is uniquely determined by its language
L(X):={ue At : Jz € X,u C z}. Denote by L"(X) := L(X)NA" and Lp := L(Xp).

An iterative system is a continuous map F' : AT x X — X, or a family of
continuous maps (Fy, : X — X),ca+ satisfying Fy,, = F, o F,,. An iterative system is
determined by its generators (Fj, : X — X),ca. Assume that F': AT x X — X is an
iterative system, B C A" a finite set and W = {W,, : b € B} a family of subsets of
X. We identify a word in B+ U BY with the concatenation of its letters. In this sense,
Bt c AT and BY c AN, For u € B"*! set

W = Wao 0 Fuy(Wa, ) 0 Fugy (Way) 00 Fuy (W)
Sw={ue B": Vk, Wy, #0}

Then Xy, C BY is a subshift. By an abuse of notation we identify ¥,y with
{o™(u) : u € Tyy, n > 0} and regard Xy also as a subshift of AN.

Proposition 5 Let F : AT x X — X be an iterative system, B C AT a finite set and
W = {W, : b€ B} a family of subsets of X such that whenever Fo(Wp) N W, #£ 0
then F,(Wy) C W,. Then Xy C AN is a subshift of finite type.

Proof: Let uw € B"™! be such that upiie) € L(Xw) for all i < n, so Fy,(Wy,,,) C

uijr1) =
Wa,. Then Fy, (W) C Fy Wy, ) C o C Fuy(Wa,) € Wy, so 0 #

0,n71)(

Fug.y(Wy,) €W, and u € L(Xyy). Thus Xy is a SFT of order 2 as a subshift of BN
and a SFT as a subshift of AN. O

Definition 6 We say that F : AT xR — R, is a Mobius iterative system, if all
Fo : R — R are orientation-preserving Mobius transformations. The convergence
space Xr C AN and the symbolic representation ® : Xp — R are defined by

Xp:i={uecA": lim F, (i) €eR}, &)= lim F,, (i)
Thus u € X iff the limit lim,, o0 Flu, ,, (i) exists, and belongs to R. We denote by
s,, the stable fixed point of F, (provided F), is not elliptic). We denote by

U, ={zeR: Fz) <1}, Vy:={zeR: (F,1)*(z) > 1}

u

the contracting interval of F, and the expanding interval of F,, ! respectively.
If F, is a rotation or identity, then U, = V, = (. Otherwise, both V, and U,
are nonempty open intervals, F,,(U,) = V,, and ||V,]|| < 7 < ||Uy||. The symbolic
representation ® is usually not continuous on Xpg. This is why we look for subshifts
of Xz, on which ® is continuous.

Proposition 7 Let F: AT x R — R be a Mdbius iterative system.

(1) Forve A", ue AN we have vu € Xp iff u € Xp, and ®(vu) = F,(®(u)).

(2) Forv e AT we have v = v>™ € Xp iff F, is not elliptic. In this case ®(.v) = s,
is the stable fized point of F,.

Proof: (1) is trivial. (2): If F, is elliptic, then all F,x(i) lie on a closed curve in U,
so F,x (i) cannot converge to a real number. If F), is hyperbolic or parabolic, then the
stable fixed point s, attracts all points of U. ]



Theorem 8 Let F: AT x R — R be a Mébius iterative system, B C AT a finite set
and W = {Wy : b € B} a family of open intervals such that W :={W, : b€ B} is a
cover of R and Wy, C V, for each b € B. Then Y CEXp, @ Xy — R is continuous
and ® : ¥y, — R is surjective.

Proof: Foru € Bt denote by Wy, := Wy, NFyy (W, )0 - -NFyy, . (Wy,,). There exists
an increasing continuous function ¥ : [0, 27] — [0, 77] such that ¥(0) =0, 0 < (t) <t
for t > 0, and ||F,(W)|| < o(||W]]) for each b € B and W C U, (recall that the
length of a set is the length of the shortest interval that contains it - W, are not
necessarily intervals). Given u € Yy (regarded as a subshift of BY), and m < n we
have sz[;,m,] W) € Foul F, W) = F, '(W,,,) € U,,,, so

Upo,m] = o, m)( u

W g 1| = 1o Foy (W < A (1F (W)

= w(IIFull[’“J[O 3 W I < 1/) U1Fag (W) <
<P (1F, . (W )I) < 97 (2n).

Since ¢(t) < t and the only fixed point of ¢ is zero, we get lim, oo |[Wayy I = 0,

so there exists a unique point z € [, Wu[o,n)- We show that ®(u) = x. Set
¢ :=min{d(W,,R\ V3) : b€ B} > 0. Then for each open interval I > x there exists
n such that for all j > n we have ||F, OJ)( )|| > min{y=7(||1]]), c}. By Proposition 3
we get u € Xp and ®(u) = z, so Xy € Xp. For u € L(Zy;) we have ([u]) € W,
and since the diameter of W, converges to 0 as |u| goes to infinity, ® : Y3 — R is
continuous. We show that ® : ¥y, — R is surjective. Given x € R, there eX1sts ug € A
such that z = zg € W, and (zq, 79 +¢c9) C Wy, for some g9 > 0. There exists u; such
that 1 = Fu’ol(xo) € Wy, and (z1,z1 +¢&1) C Wy, so W # (). We continue by
(wk—1) € Wy, and (zk,zk + ) € W, for some
so z = ®(u) and @ : ¥yy — R is surjective. O

induction, so for each k, x5 = FJkl 1

ex > 0. Thus Wy, ., # 0, r €Wy,

Ufo,k)

Using more sophisticated techniques, A.Kazda proves in [4] that even under
weaker assumptions W, C V3, we get ¥y C Xp and ¢ : ¥y, — R is continuous
and surjective.

Theorem 9 Let F: AT x R — R be a Mébius iterative system.
(1) If Uyeas Vu # R, then ®(Xp) #R.

(2) If{Vu: u e AT} is a cover of R, then ®(Xp) = R, there exists a subshift & C Xp
on which ® is continuous, and ®(X) = R.

Proof: (1) Assume that 2 € R does not belong to the closure of the union of all V,,, so
there exists an open interval I > 2 which is disjoint from all V,,. Given u € AN, then
for each n we have ||F, u[o " ( )II < [II]|. By Proposition 3, Fy, (i) cannot converge
to z, so x & ®(Xp).

(2): If {V, : u € AT} is a cover of R, then by compactness there exists a finite
set B C AT such that {V, : u € B} is a cover of R. It follows that there exists a
family of open intervals W = (W})pep such that W = {W,, : b € B} is a cover of R
and W, C V;,. We apply Theorem 8. ]



Definition 10 We say that (F,Y) is a Mobius number system, if F;A+ xR —R
is a Mobius iterative system and X2 C Xg is a subshift such that ® : ¥ — R is surjective
and continuous.

If W is a family of intervals satisfying the assumptions of Theorem 8, then both
(F,Xw) and (F,Xy;) are Mébius number systems. We conjecture that under the
assumptions of Theorem 9(2) there exists a SFT ¥ C Xp such that ® : ¥ — R is
continuous and surjective. In our examples in final sections, ¥ is usually constructed
as an SF'T approximation to some Yyy. This means that the forbidden words of X are
chosen among forbidden words of 3y,.

4. Convergence Theorem

A labelled graph over an alphabet A is a structure G = (V) E, s,t, h), where V is
a finite set of vertices, F is a finite set of edges, s : E — V is a surjective source
map, t: £ — V is a target map, and h: E — A is a labelling function. A finite
or infinite word u € ET U EN is a path in G if ¢(u;) = s(u;41) for all i. The source
and target of a finite path u € E™ are s(u) := s(ug), t(u) := t(u,—1). We denote by
O, C E" the set of all infinite paths with source p. Since the source map is surjective,
O, # 0. The label h(u) € AT U AY of a path u is defined by h(u); := h(u;). We
denote by g C EN the subshift of all paths of G and by ¢ C AN the subshift of all
their labels. The languages of these subshifts are denoted by £ and L. A subshift
Y is sofic iff there exists a labelled graph G such that ¥ = ¥g. Each SFT is sofic
(see Lind and Marcus [9]). A finite set P C L) is a suffix code for G, if each long
enough finite path of G has a unique suffix which belongs to P.

Alternatively, sofic subshifts are defined by finite automata. A deterministic
finite automaton (DFA) over an alphabet A is a structure A = (V,4,1), where V is
a finite set of states, d : V x A — V is a partial transition function, and i € V is
the initial state. The function ¢ is extended to a partial function § : V x AT — V
by §(p,ua) = 6(6(p,u), a), where the left-hand-side is defined iff the right-hand-side is
defined. The language L£(A) of A consists of words v € AT which are accepted, i.e.,
for which (i, u) is defined. A subshift ¥ is sofic iff there exists a DFA which accepts
exactly the words of £(X). The graph G = (V, E,s,d,h) of a DFA A = (V,4,i) is
defined by E = {(q,a) € V x A: 6(q,a) is defined}, s(q,a) = ¢, and h(g,a) = a, so
the edges of G are ¢ = 6(g,a). Then Lo = L(A).

Theorem 11 (Convergence theorem) Let F: At x R — R be a Mébius iterative
system and let G = (V, E,s,t,h) be a labelled graph. Assume that there exist closed
intervals T = {I, : q € V} and a finite suffix code P C Lg| such that for each

path u € P we have I,y € Upy, and Fpo)(lyw)) € Iy Then g C Xp and
®: e — R is continuous.

Proof: There exists an increasing continuous function ¢ : [0,27] — [0, 7] such that
¥(0) = 0,0 < 1(t) < tfort >0, and for every u € P and any set W C Uy, we have
[ Fpuy (W) < 9(]|[W]|). There exists a constant d > 0 such that for every u € P, every
suffix v of u and any set W C Uy, () we have [|F},,)(W)|| < d-||W]|. Given an infinite
path u € ¥q|, there exists by compactness its parsing v € (AT)N, such that v, € P
for all k& > 0, vg is a suffix of some v{, € P, and for each n there exists j, such that
Vjo,n) = U[0,5,)" Set Wy := Is(vo)7 Wy, = Fh,(v[O,,L))(Is(1zn))~ Since Fh(vn)(-[t(un)) - Is(vn)
and t(v,) = $(vny1), we get Wy = Fh(v[o,n])(It(vn)) - Fh(v[oyn))(ls(vn)) = W,,. For
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m < n we get by induction Fh(v[mm,))(Is(vn)) C Iy, = Iy
therefore

) - Uh(um,l) and

Um—1

||Wn|| <d- ||Fh(v[1m,))(ls(vn))|| <d- T/)(||Fh(v[2,n))(Is(vn))|D <
< d- " (Lsoll) < d- 9" (2m).
Since the only fixed point of ¢ is 0, we have lim, . ||W,|| = 0, so there exists a
unique x € ﬂn W.,.. We have (Fh(v[oyn)))il(Wm) = (Fh(v[myn)))il(Is(vm)) D) Is(vn) for
each m < n, so liminf, ||(Fh(v[o,n)))_1(Wm)|| > ¢ :=min{||I;]| : ¢ € V} and
therefore limy, oo Fy ,,, (1) = = by Proposition 3. Thus h(u) € Xp and ®(h(u)) = =,
s0 B¢ € Xp. We show that ® : ¥¢ — R is continuous. Given w € ¢, let u € Xg

be a path with h(u) = w, and let let v € (AT)Y be its parsing. For m > 0 let n be
such that j, <m < jny1. Then ®(w) € Fyuy ;1) (Un(u,, 1)), and

||Fh(u[0,_j”))(Uh(ujn—l))|‘ < dwn_l(zﬂ—) < dwm/p—1(2ﬂ_)7
where p := min{|u| : w € P}. Thus the diameter of ®([wjg,)]) is at most
2dy™/P=1(27), s0 @ : ¥ — R is continuous. O

We generalize now Theorem 8 to families indexed by vertices of a labelled
graph. Given a Mobius iterative system F : AT x R — R, and a labelled graph
G = (V,E,s,t,h), consider a family W = (W,,)pev of subsets of R. For u € ﬁ‘”G‘Lll set

W = Wiug) 0 Figug) Wicuo)) 0+ N Frguge ) (Weu,))
Y = {h(u) : u € Xq), Yk, Wy, #0}.
Then X,y C X¢ is a subshift.

Proposition 12 Let W = (W,),ev be a family of subsets of R and assume that
Fyey(Wiey) € Wiey for each edge e € E. Then Xy = Y¢.

Proof: If u € E?g‘l, then

Fhuo, ) Weun)) € Frtugy 1) Wetun—1)) €+ S Friuo) Wicuo)) € Wistuo)»

so 0 74— Fh(u[ (Wt(un)) C W, I and h(u) S £n+1(zw) O

o,n]) [0,n

Theorem 13 Let F : At x R — R be a Mébius iterative system, G = (V, E, s,t,h) a
labelled graph, and W = (W,)pev a family of open intervals such that Wy C Vi
for each edge e € E, W, C U{Fh(e)(m) : s(e) = p} for each vertex p € V, and
W = {Wp i pe V'} is a cover of R. Then Y CXp, @ Y5 — R is continuous, and
P : Xy — R is surjective.

Proof: We generalize the proof of Theorem 8. If m < n, then

-1 7 -1 -1 T
Frtugom) Weio.n) S Frtug oy Frtuugo.my) Wit 1)) = i,y W) € Ungu,),

so for each u € Yy we have limy, o0 [[Way,,, || = 0 and ® : Xy; — R is continuous.

Given = € R there exists p € V such that = 29 € W, and (zg,z¢ + €0) C W, for
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some €g > 0. There exists an edge ug with source p such that x; = Fh_(io) (w0) € Wiue)
and (z1,21+¢1) C Wi(ue) for some g1 > 0. By induction there exists an edge uy with
source t(ug—1) such that xy = Ffj(tk,l)(xkfl) € Wituy) and (zg, zp +ex) € Wiy, for

some ¢;, > 0. Then u € ¥y and x = ®(u), so ® : ¥y, — R is surjective. m]

5. Surjectivity theorems

We say that a continuous surjective map ® : X — Y has the extension property,
if for any continuous map ¢ : X — Y there exists a continuous map F : X — X
such that ® o F = ¢. In this case, any continuous map G : Y — Y can be lifted to a
continuous map F : X — X such that ®o F = Go®. By a theorem of Weihrauch (see
Weihrauch [12], Theorem 3.2.11, page 70 or Kurka [6] Theorem 3.8, page 110), for every
compact metric space Y and any Cantor space X there exists a continuous surjection
® : X — Y with the extension property. We say that a Mdbius number system (F, X))
is redundant, if the symbolic representation ® : ¥ — R has the extension property.

Given a Mo6bius number system (F, X)), define the cylinder of a word u € L(X)
by ®([u]), where [u] := {v € ¥ : v,y = u} is the symbolic cylinder of u. Define the
cylinder of a vertex p € V by [p]le = ®(h(Op)). The cylinders of vertices satisfy
the conditions of both Theorem 11 and 13, i.e., [ple = U{Fn()([t(e)]e) : s(e) = p}.
However, [p]e are in general not intervals. Next theorems give conditions which imply
that [p]e are intervals which cover R. We apply them usually to the graphs of DFA, in
which [ije = R. A selector for a graph G = (V, E, s,t,h) is a map K : V — E which
selects at each vertex an outgoing edge, i.e., s(K(p)) = p. A selector K determines
for each p € V' a unique eventually periodic path K7 € O, defined by K{ = K(p),
K7y = K(H(KY)).

K2

Theorem 14 Let F : AT xR — R be a Mébius iterative system, let G = (V, E, s,t, h)
be a labelled graph such that Xg C Xp and ® : ¥g — R is continuous. Then there
exists a system of closed intervals J = {J, : p € V'} and selectors L,R :V — E such
that for each p € V we have

(1) [ple € Jp.
(2) Either J, = [®(h(LP)), ®(h(RP))], or J, = R.
(3) Moo [[Fh(uge ) (Ft(ugo.ny)) || = 0 for each u € ¥g.

Proof: Denote by Vj the set of all vertices p € V, such that there exist arbitrarily
long paths with target p. If p € V§, and t(u) = p, then F,([ple) C ®[h(u)]. By the
continuity of @, the diameter of this set goes to 0 as the length of u goes to infinity. It
follows that there exist unique ay, b, € [ple such that [ple C [ap, b,] and the diameter
of F,,([ap,by]) goes to zero as the length of u goes to infinity. Since for each p € Vp
we have [ple = U{Fi()(lgls) : p = q}, there exists an edge e = L(p) € E such
that p % ¢ and a, = Fy(e)(aq). Analogously there exists an edge ¢/ = R(p) € E
with source p, target ¢’ and b, = Fh(e/)(qu). Thus L, R are selectors on V and we
have their paths LP, RP. For a given vertex p € Vj let m,n be the preperiod and

period of LP and set ¢ = t(LfO my) = t(LI[’O )y U= h(Lf0 my)s U= h(Lfm )
so h(LP) = w.v. By Proposition 7, ®(h(LP)) = F,(s,), where s, is the stable
fixed point of F,. For every k > 0 we have a, = F,(a,) = Fx(a;) € ®([uv*]),

9



®(h(LP)) = Fur(s,) € ®([uv*]). Since the diameter of ®([uv*]) converges to zero as
k goes to infinity, we get ®(h(LP)) = a,. Similarly we prove ®(h(RP)) = b,. We now
extend the selectors L, R to whole V' by induction. Suppose that p € V is a vertex, such
that for all edges e with s(e) = p, L(t(e)) and R(t(e)) are already defined. Denote by
I} = U{Fhe)(Jue)) : s(e) = p}. If J) = R, then we set J, = R and define L(p), R(p)
arbitrarily. If J, # R, then there exist distinct a,, b, € J;, such that J, C [a,, by] and
we set Jp, := [ap, bp]. There exist edges L(p), R(p) with source p and targets ¢, such
that ap = Fh(L(p))((I)(h(Lq)) = ‘b(h(LP)), bp = Fh(R(p))(‘ﬁ(h(Rr)) = (I)(h(Rp)) To
prove (3), note that for each path u of ¥ there exists ng such that t(u,) € Vy for
each n > ng, 80 iMoo |[Fh(ug ) (Je(un)) | = 0. m

If L, R are selectors from Theorem 14, then for each selector K and for each
p € V we have ®(h(KP)) € [®(h(LP)), ®(h(RP))]. Since there is only a finite number
of selectors for a given labelled graph, the left and right selectors L, R from Theorem
14 can be found effectively.

Theorem 15 (Surjectivity theorem) Let F : AT x R — R be a Mdbius iterative
system, let G = (V, E,s,t,h) be a labelled graph such that X C Xp and ® : ¥g — R
is continuous. Let J = {J, : p € V} be intervals and L,R selectors from
Theorem 14. Assume that the intervals J, cover R and that for each p, the intervals

{Fney(Jg) = p = g} cover J,. Then ®(S¢) = R and [ple = J, for eachp € V. If
moreover the open intervals J cover R and if {Fhey(Jg) = p 5 q} is a cover of Jy
then ® : ¥ — R has the extension property.

The proof is analogous to the proof of Theorem 13. Alternatively, we can prove the
surjectivity using smaller intervals than J,. This is useful when the endpoints of J,
are irrational, and arithmetical algorithms can be simplified when we replace them by
intervals with rational endpoints.

Theorem 16 Let F' : AT x ﬁi — R be a Mébius iterative system, G a labelled
graph such that ® : Yg — R is continuous. Let W = (Wy)pev be a family
of intervals such that W = {W, : p € V} is a cover of R, W, C Jp, and
Wy © U{Fhe)(Wie)) : s(e) = p} for each vertex p € V. Then ® : ¥yy — R is
surjective.

Proposition 17 Let (F,X) be a Mdbius number system with sofic subshift X, let
A = (V,4,i) be a DFA for L(X) and assume that the system J = {J, : p € V}
of intervals constructed in Theorem 14 satisfies the conditions of Theorem 15. Then
Ji =R and ®([u]) = Fu(Js5i,u)) for each u € L(X).
Proof: For u € £(X) and v € AN we have
O([u]) = {P(uv) : wv € B} = {Fu(P(v)) : v € h(Osi,u))}
= Fu([5(17u)}q>) = Fu(JJ(i,u))~ Od
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6. Arithmetical algorithms

Definition 18 Let (F,X) be a Mdbius number system with the symbolic representation
®: ¥ — R. We say that £ : R — ¥ is a number expansion map, if ®€(z) = x
for each x € R. We say that £ : T — L(X) is an interval expansion map, if
I C O([E(I)]) for each closed interval I € T.

We say that u € X is an expansion of z € R if ®(u) = z. The expansion of
a number can be conceived as the label of a path in the infinite expansion graph
defined as follows. Let G be the graph of a DFA for £(X), and let W ={W,,: pe V}
be a family of intervals which satisfies the conditions of Theorem 16. The vertices of
the expansion graph are pairs (z,p) where p € V and « € W,. We have a labelled
edge (z,p) % (y,q), if p % ¢ in G, and y = F;'(z) (this implies z € F,(Wy)).
The expansion of a number z is the label of any infinite path with the source vertex
(z,1). If we have a selector K for the expansion graph (defined for example by a linear
preference order on outgoing edges of a given vertex of G), then we have a number
expansion map &, where £(x) is the label of the path with source (x,1) selected by K.

In a similar manner, an interval expansion map can be obtained from the interval
expansion graph whose vertices are (I,p), where p € V and I C W, is an interval.
We have a labelled edge (I,p) % (J,q), if p = ¢ in G, and J = F;*(I). If the length
of I is too large then there are no edges with source (I, p), so each path in the interval
expansion graph is finite.

To obtain algorithms for arithmetical operations, we need M&bius transformations
with coefficients in a computable field, i.e., in a countable subfield of R whose
arithmetical operations are recursive. The field Q of rational numbers is computable.
If K is a computable field, and if x1,...,x, € K are positive, then K(\/Z1,...,/Zy)
(the smallest subfield of R which contains IC and all \/z;) is a computable field.
Given a computable field K, denote by K = K U {co}, and by Zx the set of closed
intervals with endpoints in . The sum of two intervals I,J € Ix is defined by
I+J={z€eR:3zel,IycJz=x+y} (we have a + oo = oo for a # oo while
00 4 oo is undefined).

Assume that (F,X) is a Mobius number system with a sofic subshift ¥, such
that the coefficients of F, belong to a computable field, and let A = (V,0,i) be a
DFA for ¥ with the system of intervals J = {J, : p € V} from Theorem 15. The
endpoints of J, are solutions of quadratic equations, so they belong to a possibly
larger computable field K. Then we have arithmetical algorithms analogous to those
described in Vuillemin [11] or Kornerup and Matula [5].

For each u € L(X), the cylinder ®([u]) = F,(J5¢,4)) has endpoints in K and
can be algorithmically computed. The expansion £(I) of an interval I € Zx can be
algorithmically computed using a selector for the interval expansion graph. The sum
of u,v € L(X) is then £(P®([u]) + @([v])). Alternatively, instead of J, we can use a
family of intervals which satisfies the conditions of Theorem 16. The algorithm also
works in an on-line manner for infinite words u,v € X, whose sum is computed in an
infinite loop and written to the output word w € AY: in step n the algorithm reads
U1 and v, and computes the expansion w™ := E(®([ujy ,)]) + P([v]0,)])), so w™
is a prefix of w(™ . It may happen that lim,, . |w(™| is finite, for example when
®(u) = ®(v) = oco. If not, then w = lim,, ., w™ € AN and ®(w) = ®(u) + ®(v). We
have similar algorithms for other arithmetic operations and also conversion algorithms
between different M&bius number systems.
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Figure 1. Means of the binary signed system (BSS)

7. Binary signed system

The classical binary signed system uses transformations (z — 1)/2, /2, (x + 1)/2,
which are contractive on the attractor [—1,1]. To get a Mdbius number system, we
add the transformation 2z. The number of 2’s at the beginning of a word corresponds
to the placement of the binary point.

Example 1 The Mo6bius binary signed system (BSS) consists of the alphabet
A ={1,0,1,2}, transformations

Frla) = (14 2)/2, Folx) = 2/2, Fy(x) = (14 2)/2, Fy(x) = 21,
and the subshift ¥p with forbidden words D = {20,02,12,12,11,11}.

The means F\U(O) of words u € L(Xp) can be seen in Figure 1. For each Mobius
transformation F there exists a family of Mobius transformations (F*);cg such that

~

F° =1d, F! = F, and F'** = F'F*. In Figure 1, each mean F,,(0) is joined to
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F,(0) by the curve (ﬁu(ﬁj(o)))ogtgl- The labels u € A+ at F,(0) are written in the
direction of the unit tangent vectors F),(0)/|F,,(0)].

t(u) | h(w) | Up) Liw) | FrgwyULigw) | s(w)
0 1 [_37 } [_L%] [_ a_%] 07133
1 0 [_\/5, \/5] [_171] [_%a%] 0,1,2
2 1) =13 |[-3.1] (5,1 1,2,3
312022| [4,-4) |34 [4-4 |3
(ool i —
‘\Y }/ 2
1 i ol1
A0 o=————0o
1 C O=———=1 Q o —/——
1 -2 -1 0 1 2
t(e) [ he) | L, R [ h(L")) [ (R"D) | Jye) | Faie)(Juie)
0 1 |01 1 01.1 | [-1,4] | [-1,—4]
1 0 |02 11 L1 [-1,1] [—1,1]
2 1| 1,2 01.1 1 [-4,1] (11
3 1 2 [20] 1001 Tola|[f, -3 [3,—3]

Figure 2. Convergence and surjectivity in BSS

For each u € L(Xp), the transformation F;, can be written as

A B A )

k—1
— Z 2n—i5i + 2n—kx
i=0
for some n,k > 0, s; € {—1,0,1}, so # 0, and s;8;4+1 # —1. This includes the
case k = 0 when F,(x) = 2"z. For each u € Xp \ {2} and = # oo we get
limy, oo Fug (7)) = 20520 2" *si, 50 ®(u) = Y272 2"*s; by Proposition 4. Clearly
®(.2) = 00,50 Xp C Xp.

The graph G of a DFA for £(Xp) can be seen in Figure 2 center left. The
subgraph Gy of G with vertices Vo = {0, 1, 2,3} yields Xp as well: Xp =Yg = 3¢, .
The continuity of ® can be shown by the Convergence theorem 11 applied to the
graph Go. We take the suffix code consisting of all paths whose labels are in the set
P :={1,0,1,2222}, and intervals (I,),cyv, in Figure 2 top. The selectors, their paths
and cylinders of vertices can be seen in Figure 2 bottom and in Figure 2 center right.
Since the interiors of J, satisfy the assumptions of Surjectivity theorem 15, the system
is surjective and redundant.

8. Regular continued fractions

Regular continued fractions are based on iterations of transformations 1+ and 1/x.
Since the transformation 1/x is orientation-reversing, we use rather the orientation
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Figure 3. Means in regular continued fractions (RCF)
preserving transformation Fy(z) = —1/2 which corresponds to the rotation Fy(z) =

—z of the unit circle by 7. It is then natural to allow as partial quotients also negative
numbers. To expand a positive number z, we repeatedly subtract 1 till we get into
the interval [0,1). Then we apply Fp, getting a negative number less than —1. We
repeatedly add 1 till we get into the interval (—1,0], apply Fy and repeat the process.

Example 2 The Mdébius system of regular continued fraction (RCF, Figure
3) consists of the alphabet A = {1,0,1}, transformations

FT('I) =-1 +'1:a Fo(m) = _1/1:7 Fl(x) =1 +'T7
and the subshift ©p with forbidden words D = {00,11,11,101,101}.

The expansion procedure for RCF is reflected in the family of intervals W =
{Wy : b€ B}, where B = {1,01,01,1}, Wy = (00, —1), W1 = (—1,0), Wyg = (0,1),
and Wy = (1,00). Using Proposition 5 we get Xy, = Xp. We have W), C Vy,, since
Vi = (00,—1), Vo1 = (=2,0), Vo7 = (0,2), Vi = (3,00). While the conditions of
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Theorem 8 do not apply, a stronger theorem of A.Kazda [4] shows that ® : ¥p — R
is continuous and surjective. This can be also proved using Theorems 11 and 15.
Alternatively, we can use the theory of continued fractions. For each u € L(Xp),the
transformation F,, can be written as

1 1

Fu(z) = F/°FyF™ - - FoF{ (x) = ag — |(71 ..... PR

where a; € Z, a;a;41 < 0 and a; # 0 for i > 0. Thus we obtain a continued fraction
whose partial quotients (—1)%a; are either all positive or all negative. Each rational
number has exactly two expansions of the form w.1, and v.1, while each irrational
number has a unique expansion. The system is surjective but not redundant.

Figure 4. Means in the Binary continued fractions (BCF)

9. Binary continued fractions

The convergence in regular continued fractions is quite slow, so we add the
transformation Fy(x) = 2x to make it faster. Several sofic subshifts can be constructed
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which yield a M6bius number systems with these transformations.

Example 3 The Mdobius system of binary continued fraction (BCF, Figure /)
consists of the alphabet A = {1,0,1,2}, transformations

Fi(z) =14z, Fy(z) = —1/x, Fi(z) =1+ =z, Fy(z) =2z,

and subshift Xp with forbidden words D = {00,11,11, 101,101, 12, 12, 20, 210, 210}.

t(u) | h(u) Unw) = Tiw) F ) (L)) s(u)
0 11 [0, 1] [00, —1] 0,3,5,6
21 11 [—1,00] [1, 00 2,3,4,7
3 2 (V2 2] [V2,-V2] 3,4,5
4| 110 [0, —1] [0, —1] 0,3,6
5| 110 [1,0] [1, 00 2,3,7
6| 21| [2+ 402 V0| 2+ /10,2 — V10] 3,4,5
7| 21| [-24+¥0 2 VIO |24 10,-2—10] | 3,4,5
7
6
— 5 5—
—4 4 —
= 5 R —
2
o L —
0

t(e) [ he) | L, R | h(L'®) | h(R") Ji(e) Fhie)(Jr(e))
0| T |04 T 02T | [oo,1— %2 00, —¥2]
1| 0 |20 10211 10211 [2, -] —v2,v2]
2 | 1 |52]| .0211 1| [ —1,0] (L2, o)
30 2 [ 7,6 1102 T102|[L2+1,-2-1]|2+v2,-2- V7]
41 0 |23 10211 2110 | [¥,-2-2 [~v2,1 - ¥2]
51 0 [3,0] 2110 T.021T| [2++v2, %] 2 - 1,v2]
6 | T |00 11| 1021 00, — 2] [0, —¥2 — 1]
71 1 [22] 1021 1.1 [ ] [2 41,00

Figure 5. Convergence and surjectivity in BCF

The convergence and surjectivity is shown in Figure 5. The graph G of a DFA for
Y p is in Figure 5 center left. Note that the subgraph with vertices {0,4, 5,2} defines
the subshift of RCF. For the convergence of BCF we use the subgraph with vertices
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Vo ={0,2,3,4,5,6,7} and the suffix code consisting of all paths with labels in the set
P = {11,11,2,110,110,21,21}. The intervals I;(,) = Uy satisfy the assumptions
of the Convergence theorem 11 (Figure 5 top), so ¥p C Xp and ® : ¥p — R
is continuous. The selectors, their paths and cylinders of vertics are in Figure
5 bottom and in Figure 5 center right. The system is surjective and redundant.
There exist smaller subshifts which avoid long chains of slowly converging parabolic
transformations Fy and Fy. If 13 and T° are added to D, the resulting system is

surjective but no more redundant. If 14 and T are added to D, the resulting system is
surjective and redundant. The BCF system can be regarded as an SF'T approximation
to Xy from Proposition 19.

Proposition 19 Let (F,Xp) be the BCF system (Definition 3). Consider the open
cover W = (Wy)aea, where Wy = (—c,—b), Wy = (—a,a) W1 = (b,¢), Wa = (d, —d),
and

§<b<1, b<a<min{l,23} 2a+2<d< 25, d<c<min{d+1, {5}
Then 3w C Xp.

Note that if ¢ —n < b, then 1" and T" are forbidden words in Xyy.

(2,2) 1 0, 0) 1
(2,4)—1 1,2) 1 ; /7( n
(2,7) 1 %0,2) %, 5 6

(2,3) (1,7 03" )2
(-2.3) 1 —(-1,6) 4 l,l

(1,2) -0 1

(-2,6)1\(_1'5) 0, O)L(m,4) 1 (0, 7)
(-2,5) -1, 0) ll

(-2,0) ©, 2) 1

Figure 6. Number expansion graph of BCF

Theorem 20 In BCF, each expansion of each rational number is preperiodic with
period length 1 and has the form u.a, where a € {1,1,2}.

Proof: We use the matrices of F; ! in the form

o 11 4 [0 <1 L [1 = 4 [1 0
e P e S b PR R P

Consider the expansion graph with vertices (zo,x1,p), where (zg,z1) € Z*\ {(0,0)}
are homogenous integer coordinates, and z¢/x1 € J,. We have an edge (x,p) — (y,q)
if y= F; ! 2 (here z,y are viewed as column vectors). Define a Lyapunov function
f 7% — N by f(xo,z1) := max{|zg|,|r1|}. We show that f(y) < f(x) whenever
(z,p) % (y,q). If a =0 then f(y) = f(z). If a € {1,1}, then |zo/21| > v2/2 and we
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distinguish two cases. If |zg/z1| > 1, then f(y) = max{|z1], |zo| — |z1]} < |xo] = f(x).
£ \/2/2 < |o/1] < 1, then f(y) = max{}z1], o1 — |zol} < 21| = £(z). 1f a = 2 then
|zo/22] > 2+ /2 and f(y) = f(wo,271) = |vo| = f(z). Since there is only a finite
number of vertices with a bounded value of f(z), each infinite path in the expansion
graph contains a cycle, and the function f(x) is eventually constant along the path.
The cycle cannot contain 11 or 11: If (z, p) 4 (x—1,q) R (x—2,7), then z—1 > /2/2
and f(z —1) < f(z). If the cycle contains (z, 2) 5 (-1,5) L (==1,0) 9 (£=,4) 5

x -z’
(22=1,2), then z = (22 — 1) /(1 — z), so x is irrational. Thus the only possibilities for

the cycle are (0o, p) = (c0,p) with a € {1,1,2} and p € {0,2,3} (see Figure 6). m

x | &) ||z | &) x| E(x) x| E(x)
0/1]0 1/4 | 02110 1/3]01°0 | 2/5 | 0110110
1/2 | 0T10 || 3/5 | 0T010TT0 || 2/3 | 0T0110 || 3/4 | 0T0130
1110 || 4/3 | 101°0 3/2 | 10110 || 5/3 | 1010110
2/1 110 || 5/2 | 110110 | 3/1 | 130 4/1 | 2110

Figure 7. Expansions of Farey fractions in BCF according to Proposition 19
with a = %, b= %, c= %, d= %. Here u = £(z) stands for w.2

10. Compressed continued fractions

Another subshift which works for the transformations of the BCF system from
Example 3 has forbidden words

D = {00,11, 11,20, 12,12, 11,11, 101, 70T, 10T, T01, 1021, T021 1021, T021}.

In this subsfift, 1 and 1 are always followed by 022, so we can combine them into single
digits 1022, 1022 which yield transformations 41 — 1/4z. These two transformations
are conjugated to simpler transformations —1/(z £ 2).

Example 4 The Mdbius system of compressed continued fractions (CCF,
Figure 8) consists of the alphabet A = {1,0,1,2}, transformations

FT([‘C) = 1/(_2 - 1‘), FO(‘T) = I/Q, FI(I) = 1/(2 - '1:)7 FQ(x) = 21‘,
and the subshift ¥p with forbidden words D = {12,02,12,20}

Transformations Fy and F; are parabolic with fixed points —1 and 1 respectively.
To prove the convergence, we use the prefix code P := {1,0,1,2222} and intervals
L =4 -3, I=I=1I =1 =[-1,1] (see Figure 9 top). In fact I is the attractor
of the subsystem with alphabet B := {1,0,1}. The surjectivity is shown in Figure 9
bottom. The convergence can be proved also by the continued fraction theory. For
each u € L(Xp), F, can be written as

Fu(x) = Fg T Py Fg ' 2y, - F* 2 Fy ()
= 21710 /(259 — 227 /(28) — - -+ — 227" /(28), — ) -+ )
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Figure 8. Means of Compressed continued fractions (CCF)

502770 508127 Sk—18K27 k|
1 1 —asg/2

_ 1 1 1

T se2me  sp2mn |sp2ms — 2me—lg

Here s; € {—1,1}, ng € Z and n; > 2 for ¢ > 0. The integers m; € Z are defined
by mg = ng, mi+1 = ni41 — my, SO0 m; + m;41 > 2. The partial numerators and
denominators satisfy either a; = s;-18;27", b; = 1, |a;| < i, ora; =1, b; = ;2™
|bib;+1| > 4. This class of continued fractions converges by a Theorem of Pringsheim
(see Satz 27 in page 259 of Perron [10]).

Theorem 21 In CCF, each expansion of each rational number is eventually periodic
with period length 1.

Proof: We use the matrices of F; ! in the standard form

o [ 21 4 20 4 [—21 o J1
e[ 2] [2 0] [ 2 4]

19
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t(u) | h(w) | Up Liw) | Frw Uew) | s(e)
0 1 [71700] [71a1] [7 57%] 071a3
1 0 [_\/57 \/E] [_171] [_%a%] 03172
2 1| [oo,1] [—1,1] [3,1] 1,2,3
312022 [3,-3] [[5,—3l] [4,-4] 3
1
(et e o=
1 1 0|1 1= 1
0 0———0
1 O=———1 Q o '
1 -2 -1 0 1 2
t(e) | he) | L, R [ h(LXD) | h(R")) [ Jy | Fue)(Jie))
0 T 10,2 1 11| [-1,1] | [-1,—3]
1 0 |02 11 L1 [-1,1] [—1,1]
2 1 10,2 11 1] [-1,1] (3.1
3 1.2 |20 111 111 [3,-3]] [3,-%

Figure 9. Convergence and surjectivity in CCF

Given a rational number p/q and u € {1,0,1}T, then 2"u € ¥ is an expansion of
p/q iff there exists a sequence (p;,q;) € Z* \ {(0,0)} such that (po,qo) = (p,q - 2"),
(Pit1,Gi+1) = .t - (pisqi) and [pi| < |g;|. We show that |g;| is a nonincreasing
sequence of integers. If u; = 1 or u; = 1 and |p;| < |g;|, then |giv1] = |pi| < || If
u; = 0 then ¢;+1 = ¢;, but the number of consecutive 0 is finite, unless p; = 0. For
each ¢ there exists j > ¢ such that |¢;| = 1 and therefore |p;| < 1. The numbers —1,
0, 1 are fixed points of the expansion algorithm. ]

The expansion graph for rational numbers can be seen in Figure 10. Here
p/q - p'/q means (p',q') = F;'-(p,q). Note that for u € {I,0,1}", the endpoints of
®([u]) (see Figure 11) all occur in the last n columns of the number expansion graph.
In CCF, both F; and Fy are parabolic transformations, so the convergence of 1°° and
1 is quite slow (see Figure 8). If we forbid also 1111 and T111, the resulting system
is still surjective and redundant. It follows that in CCF, each rational number has an
expansion of the form w.0.

There is also a family of subshifts of CCF which are based on the avoidance of
the vicinities of 1 and —1, where the convergence of Fy and Fj is slow. Let us replace
the interval I = [—1,1] by an interval (—c,c), where ¢ < 1. Using the graph of a
DFA in Figure 9, we get a system of intervals W = (Wy)a=i0.1,2.3, where Wi = R,
Wo =Wi =Wy = (—c¢,¢), Ws = (45, —5)- If 45 < §,ie,ife>V3-1=0732,
then W satisfies the assumptions of Theorem 16, and expansion algorithms can be
based on it. For ¢ = (5 — v/7)/3 = 0.785, which is the stable fixed point of Fi19, we
get Xy = 75 09,12,20,1111,7777} - Another variant of the CCF system is in Example 5.
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2 2
1—1
0o————0
1=——1 | |
-3 -2 -1 0 1 ‘ 2 3
u fqu])] u ([D(M)] u Eb([u]]) u [@([u])]
T (-1, -0 |53 T [E1 2 | [2,-2
0| (1,3 o | (-4 =3 | 10| 3,41 | oT | [, =4
00 | [-4, 4] |[01][& 3] 17| [, 2] 10 | [2,3]
SN e PN A

Figure 11. Cylinders of words in CCF

x E(x) || = Ex) | = E(x) ||z E(x)
0/1 1/4 101 1/3 | 011 2/5 | 11
1/2 |1 3/5 | 1011 || 2/3 |11 3/4 | 2013
1/1 21 | 4/3| 211 | 3/2 22013 || 5/3 | 22111
92/1 | 221 || 5/2 | 22117 || 3/1 | 22013 || 4/1 | 231

Figure 12. Expansions of Farey fractions in CCF, ¢ = 3/4. Here u = £(z) stands
for u.0

Example 5 The Mébius number system with alphabet A = {
2

0,1,2}, transforma-
tions Fy(z) = 1/(-2 — z), Fo(x) = x/2, Fi(z) = 1/(2 — x), =

1’ )
(x) = —1/2z, and the
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subshift Xp with forbidden words D = {12,02,12,22} is surjective and redundant.

11. Conclusions

The algorithms for both BCF and CCF are efficient if the integers involved are
represented in the integer binary signed system. A word u € {1,0,1}" represents the
number . <Jul 2%uy. During the expansion and evaluation algorithms, the integer
matrices F,, are updated by the right multiplication F,, := F, - F,. Due to the
presence of column (1,0) or (0,1) in each F,, two of the entries of F), are kept and
only moved. Thus these two systems offer a reasonable choice for the implementation
of computer arithmetics.
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