APPENDIX A

SETS, SPACES AND NUMBERS

In this appendix we present some mathematical concepts and results which are not directly connected to dynamics but which provide the basis on which topological and symbolic dynamics is built. We start with basic theory of compact metric spaces and continuous mappings, introduce residual sets and prove the Baire category theorem. Then we introduce connected sets, connected components and totally disconnected spaces on which symbolic dynamics is built. For the spectral theory of dynamical systems we need the space of continuous complex functions, in particular the Stone- Weierstrass theorem. Some of the constructions used in topological dynamics such as the factor space require us to leave the category of compact metric spaces and work instead with the larger categories of compact Hausdorff topological spaces and uniform spaces. To be sure the spaces thus constructed are in fact metric spaces, we give some results about metrizable topological spaces. A section is devoted to the Perron-Frobenius theory of nonnegative matrices which is useful both for the entropy calculations of sofic subshifts and for the frequency calculations in substitutive subshifts. Finally we treat continued fractions and their usefulness for approximation of irrational numbers.

A.1. Sets and relations

We denote the empty set by ∅. The intersection, union and set difference of sets X, Y are X ∩ Y , X ∪ Y and X \ Y = {z ∈ X : z ∉ Y } respectively. The ordered pair of x, y is (x, y) and the cartesian product of X and Y is X ×Y = {(x, y) : x ∈ X, y ∈ Y }. The disjoint union of X, Y is X ⊎ Y = (X × {0}) ∪ (Y × {1}). These operations are also applied to families of sets (X_i)_{i∈I} indexed by possibly infinite index set I. In particular the product and disjoint union are defined by x ∈ ∏ i∈I X_i ⇔ x = (x_i)_{i∈I} , ∀i ∈ I, x_i ∈ X_i (x, i) ∈ ⊎ i∈I X_i ⇔ i ∈ I, x ∈ X_i In particular if X_i = X we get the power set X^I = ∏ i∈I X.

A relation is a subset of a cartesian product R ⊆ X × Y . The image of a set A ⊆ X or a point x ∈ X is R(A) = {y ∈ Y : ∃x ∈ A, (x, y) ∈ R}, R(x) = R({x}) = {y ∈ Y : (x, y) ∈ R}. The inverse relation of R ⊆ X × Y is R^{−1} = {(y, x) ∈ Y × X : (x, y) ∈ R}. The composition of relations R ⊆ X × Y with S ⊆ Y × Z is S ∘ R = {(x, z) ∈ X × Z : ∃y ∈ Y, (x, y) ∈ R, (y, z) ∈ S} We say that f : X → Y is a map from X to Y if f ⊆ X × Y and for any x ∈ X there exists exactly one y ∈ Y with (x, y) ∈ f. We write y = f(x) in this case. A map f : X → Y is injective, if f(x_0) ≠ f(x_1) for x_0 ≠ x_1 ∈ X. It is surjective, if for any y ∈ Y there exists x ∈ X with y = f(x). Finally f : X → Y is bijective if it is both injective and surjective.

A relation on a set X is a subset R ⊆ X × X. The diagonal of a set X and the diagonal of a relation R ⊆ X × X are Δ_X = {(x, x) : x ∈ X}, |R| = {x ∈ X : (x, x) ∈ R}. Definition A.1. — Let R ⊆ X × X be a relation on X. (1) R is reflexive if Δ_X ⊆ R. (2) R is symmetric if R^{−1} = R. (3) R is antisymmetric if R ∩ R^{−1} = Δ_X . (4) R is transitive if R ∘ R ⊆ R.

A relation R ⊆ X ×X is an equivalence if it is reflexive, symmetric and transitive. A set A ⊆ X is an equivalence class of R if R(A) = A, A × A ⊆ R. Distinct equivalence classes are disjoint and for any x ∈ X there is a unique equivalence class π_R(x) which contains it. We denote by X/R the factor set of equivalence classes, so π_R : X → X/R is a surjective projection map. Conversely if f : X → Y is a surjective map, then R = {(x_0, x_1) ∈ X × X : f(x_0) = f(x_1)} is an equivalence and there exists a unique bijective h : X/R → Y with h ∘ π_R = f.

A relation R ⊆ X × X is an order, if it is antisymmetric and transitive. We say that R is a linear order, if R ∪ R^{−1} = X × X. The pair (X, R) is then called an ordered set or a linearly ordered set. We write x ≤ y if (x, y) ∈ R.

A linear order is called a well order, if any nonempty A ⊆ X has a least element i.e., ∃x ∈ A, ∀y ∈ A, x ≤ y. The Axiom of choice postulates that any set can be well ordered. An equivalent statement is Zorn’s lemma.

Theorem A.2 (Zorn’s lemma). — Let (X, ≤) be an ordered set and assume that any nonempty subset A ⊆ X which is linearly ordered has a lower bound, i.e., ∃x ∈ X, ∀y ∈ A, x ≤ y. Then for any x ∈ X there exists a minimal element y ≤ x, i.e., ∀z ∈ X, z ≮ y.

A.2. Metric spaces

Definition A.3. — A metric space is a pair (X, d), where X is a nonempty set, and d : X × X → [0, +∞) is a function called the metric, or the distance which is positive for distinct points, symmetric and satisfies the triangle inequality: (1) d(x, y) = 0 ⇔ x = y (2) d(x, y) = d(y, x) (3) d(x, y) + d(y, z) ≥ d(x, z). On any set X there exists a discrete metric defined by d(x, y) = { 0 if x = y 1 if x ≠ y The set of real numbers R is a metric space with the metric d(x, y) = |x − y|. The n-dimensional Euclidean space R^n = {x = (x_1, . . . , x_n) : x_i ∈ R} is equipped with the metric d(x, y) = √ (x_1 − y_1)^2 + · · · + (x_n − y_n)^2.

The circle (T, d) is a metric space T = [0, 1) with the metric d(x, y) = min{|x − y|, 1 − |x − y|}. For a point x ∈ X of a metric space (X, d), and r > 0, we denote by B_r(x) = {y ∈ X : d(y, x) < r} the open ball with center x and radius r. We say that a set U ⊆ X is a neighbourhood of a point x ∈ X, or that x is an inner point of U, if there exists ε > 0 such that B_ε(x) ⊆ U. The set of inner points of U is its interior U^∘. The dual concept is the closure U of a set. The interior and closure of a set Y = (0, 1) ∪ (1, 2] ∪ {3} (in the space R) are depicted in Figure 1. Y Y^∘ Y Figure 1. Topological operations

Definition A.4. — Let X be a metric space and Y ⊆ X. (1) Y^∘ = {x ∈ X : ∃ε > 0, B_ε(x) ⊆ Y } is the interior of Y . (2) Y = {x ∈ X : ∀ε > 0, B_ε(x) ∩ Y ≠ ∅} is the closure of Y . (3) Y is open, if Y^∘ = Y . (4) Y is closed, if Y = Y .

(5) A point x ∈ X is isolated, if {x} is an open set.

Proposition A.5. — Let X be a metric space and Y, Z ⊆ X subsets of X. (1) For any x ∈ X, ε > 0, B_ε(x) is an open set. (2) Y^∘ ⊆ Y ⊆ Y . (3) X \ Y = X \ Y^∘.

(4) Y is open iff X \ Y is closed. (5) If Y ⊆ Z then Y^∘ ⊆ Z^∘ and Y ⊆ Z.

Proof. —

(1) If y ∈ B_ε(x) and d(y, x) = δ < ε, then B_{ε−δ} (y) ⊆ B_ε(x).

(2) If y ∈ Y^∘ then for some ε > 0, y ∈ B_ε(y) ⊆ Y , so Y^∘ ⊆ Y . If y ∈ Y then for any ε > 0, y ∈ B_ε(y) ∩ Y , so Y ⊆ Y .

(3) x ∈ X \ Y iff for any ε > 0, B_ε(x) ⊈ Y iff x ∉ Y^∘. (4) follows from (3) and (5) is clear.

Proposition A.6. — Let X be a metric space. (1) ∅ and X are open sets.

(2) The intersection of two open sets is open. (3) The union of any system of open sets is open. (4) ∅ and X are closed sets.

(5) The union of two closed set is closed.

(6) The intersection of any system of closed sets is closed.

Proof. —

(1) is clear.

(2) If Y_1, Y_2 ⊆ X are open and x ∈ Y_1 ∩ Y_2 then there exist ε_1, ε_2 > 0 such that B_{εi} (x) ⊆ Y_i. For ε = min{ε_1, ε_2} we have B_ε(x) ⊆ Y_1 ∩ Y_2, so Y_1 ∩ Y_2 is open.

(3) If x ∈ U = ⋃ i∈I U_i, where U_i are open sets, then for some j ∈ I, x ∈ U_j and there exists ε > 0 with B_ε(x) ⊆ U_j ⊆ U, so U is open.

(4),(5),(6) follow from (1),(2),(3) by duality.

Definition A.7. — Let X be a metric space. A sequence of points (x_n ∈ X)_{n≥0} converges to a point x ∈ X, or x is the limit of the sequence (x_n)_{n≥0}, if ∀ε > 0, ∃n ≥ 0, ∀m ≥ n, d(x_m, x) < ε. We write lim_{n→∞} x_n = x, or x_n → x as n → ∞. We say that (x_n)_{n≥0} is a convergent sequence, if it converges to some point x ∈ X.

The topology of a metric space is its family of open sets T = {U ⊆ X : U is open}. The properties which can be defined in terms of open sets are called topological. These include the operations of interior, closure and limit: x ∈ Y^∘ iff ∃U ∈ T , x ∈ U ⊆ Y x ∈ Y iff ∀U ∈ T , (x ∈ U ⇒ U ∩ Y ≠ ∅) lim_{n→∞} x_n = x iff ∀U ∈ T , (x ∈ U ⇒ ∃n ≥ 0, ∀m ≥ n, x_m ∈ U) A topology can be also given by the convergence structure. If we know which sequences are convergent and if we know their limits, we know also which sets are open or closed:

Proposition A.8. — A set Y of a metric space X is closed iff the limit of any convergent sequence of points of Y belongs to Y , i.e., if ∀y ∈ Y^N, ∀x ∈ X, ( lim_{n→∞} y_n = x ⇒ x ∈ Y )

Proof. — Let Y be closed, y_n ∈ Y and lim_{n→∞} y_n = x. Assume that x ∉ Y . Since X \ Y is open, there exists n such that for all m ≥ n, y_m ∈ X \ Y . This is a contradiction. Conversely assume that Y is not closed and let x ∈ Y \ Y . For any n > 0, B_{1/n}(x) ∩ Y ≠ ∅, so there exists y_n ∈ Y such that d(y_n, x) <^1_n . Thus lim_{n→∞} y_n = x ∉ Y .

Definition A.9. — (1) A metric space (Y, d_Y ) is a subspace of a metric space (X, d_X ) if Y ⊆ X and d_Y coincides with d_X on Y .

(2) If (X_1, d_1), . . . , (X_n, d_n) are metric spaces, their product is the metric space (X, d) where X = X_1 × · · · × X_n, and for x = (x_1, . . . , x_n), y = (y_1, . . . , y_n), d(x, y) = max{d_i(x_i, y_i) : 1 ≤ i ≤ n} Any subset Y ⊆ X of a metric space X gives rise to a subspace of X. The Euclidean metric on the space R^n does not coincide with the product metric (The balls in the product metric are n-dimensional cubes in R^n ). However, these two metrics are equivalent, i.e., they give rise to the same topology. The subspace and product can be topologically characterized.

Proposition A.10. — (1) If Y ⊆ X is a subspace of X, then a set U ⊆ Y is open in Y iff there exists a set V ⊆ X open in X such that U = Y ∩ V . Thus T_Y = {U ∩ Y : U ∈ T_X }.

(2) If X = X_1 × X_2 is a product space, then T_X = {U ⊆ X : ∀x ∈ U, ∃U_1 ∈ T_{X1} , ∃U_2 ∈ T_{X2} , x ∈ U_1 × U_2 ⊆ U}. Proof. —

(1) The ball of y ∈ Y in Y is just the intersection of its ball in X with Y , B^Y_ε (y) = B^X_ε (y) ∩ Y . If U ∈ T_X , then clearly U ∩ Y ∈ T_Y . Conversely let V ∈ T_Y and set U = ⋃ {B^X_ε (y) : y ∈ B^Y_ε (y) ⊆ V }. Then V = U ∩ Y .

(2) For x = (x_1, x_2) ∈ X we have B^X_ε (x) = B^{X1}_ε (x_1) × B^{X2}_ε (x_2). If x ∈ U ∈ T_X then x ∈ U_1 × U_2 ⊆ U, where U_i = B^{Xi}_ε (x_i). Conversely, if x ∈ U_1 × U_2 ⊆ U, then there exists ε > 0 such that x_i ∈ B^{Xi}_ε (x_i) ⊆ U_i.

Definition A.11. — Let (X, d_X ), (Y, d_Y ) be metric spaces and f : X → Y a map. (1) f is continuous at a point x ∈ X if ∀ε > 0, ∃δ > 0, ∀x^′ ∈ X, (d_X (x, x^′) < δ ⇒ d_Y (f(x), f(x^′)) < ε) . (2) f is continuous, if it is continuous at every point x ∈ X. (3) f is uniformly continuous, if ∀ε > 0, ∃δ > 0, ∀x, x^′ ∈ X, (d_X (x, x^′) < δ ⇒ d_Y (f(x), f(x^′)) < ε) .

(4) f is a homeomorphism, if it is bijective and both f and f^{−1} are continuous. (5) X and Y are homeomorphic, if there exists a homeomorphism between them. (6) f is an isometry, if d_Y (f(x), f(x^′)) = d_X (x, x^′).

For example the map f(x) = x^2 on R is continuous but not uniformly continuous. Any open interval is homeomorphic to R. For example tan x is a homeomorphism between (−^π_2 ,^π_2 ) and R. Continuity is a topological concept. It can be defined in terms of open sets.

Proposition A.12. — Let f : X → Y be a map between metric spaces, and x ∈ X. The following conditions are equivalent. (1) f is continuous at x.

(2) For any neighbourhood V of f(x), f^{−1}(V ) is a neighbourhood of x. (3) For any sequence (x_n ∈ X)_{n≥0}, lim_{n→∞} x_n = x implies lim_{n→∞} f(x_n) = f(x).

Proof. —

(1) ⇒ (2): Let V be a neighbourhood of f(x) so there exists ε > 0 with B_ε(f(x)) ⊆ V . Since f is continuous at x, there exists δ > 0 such that f(B_δ (x)) ⊆ B_ε(f(x)), so B_δ(x) ⊆ f^{−1}(V ) and f^{−1}(V ) is a neighbourhood of x.

(2) ⇒ (3): Let lim_{n→∞} x_n = x and let V be a neighbourhood of f(x). Since f^{−1}(V ) is a neighbourhood of x, for all n large enough, x_n ∈ f^{−1}(V ), so f(x_n) ∈ V , and lim_{n→∞} f(x_n) = f(x).

(3) ⇒ (1): Suppose that f is not continuous at x. There exists ε > 0 such that for any δ =^1_n there exists x_n with d(x_n, x) <^1_n and d(f(x_n), x) ≥ ε. Then lim_{n→∞} x_n = x but (f(x_n))_{n≥1} does not converge to f(x).

Proposition A.13. — Let f : X → Y be a map between metric spaces. The following conditions are equivalent. (1) f is continuous.

(2) For any open set V ⊆ Y , f^{−1}(V ) is open in X. (3) For any closed set V ⊆ Y , f^{−1}(V ) is closed in X. (4) For any set V ⊆ X, f(V ) ⊆ f(V ).

Proof. —

(1) ⇒ (2): Let V ⊆ Y be open and x ∈ f^{−1}(V ). Since V is a neighbourhood of f(x), f^{−1}(V ) is a neighbourhood of x by Proposition A.12, so f^{−1}(V ) is open.

(2) ⇒ (3): If V ⊆ Y is closed, Y \ V is open in Y and f^{−1}(Y \ V ) = X \ f^{−1}(V ) is open in X, so f^{−1}(V ) = X \ f^{−1}(Y \ V ) is closed.

(3) ⇒ (4): By assumption, f^{−1}(f(V )) is closed since f(V ) is closed. It follows that

V ⊆ f^{−1}(f(V )) ⊆ f^{−1}(f(V )) ⇒ V ⊆ f^{−1}(f(V )) ⇒ f(V ) ⊆ f(V )

(4) ⇒ (1): Suppose that V is a neighbourhood of f(x), so f(x) ∈ V^∘, but f^{−1}(V ) is not a neighborhood of x. Then x ∉ f^{−1}(V )^∘, so x ∈ X \ f^{−1}(V ) and f(x) ∈ f(X \ f^{−1}(V )) ⊆ f(X \ f^{−1}(V )) ⊆ Y \ V = Y \ V^∘ and this is a contradiction.

A.3. Compact spaces

A subsequence of a sequence (x_n)_{n≥0} is any sequence (x_{ni} )_{i≥0}, where (n_i)_{i≥0} is an increasing sequence of indices.

Definition A.14. — (1) A metric space X is compact, if every sequence of its points has a convergent subsequence.

(2) A metric space is bounded, if there exists x ∈ X and r > 0 such that X ⊆ B_r(x). (3) A subset Y of a metric space X is compact (bounded), if it is compact (bounded) as a subspace.

The real line R is neither bounded nor compact. The sequence x_n = n does not have any convergent subsequence. The open interval (0, 1) is bounded but not compact. The sequence x_n =^1_n does not have any convergent subsequence in (0, 1). Any closed bounded interval [a, b] ⊆ R is compact. This is a consequence of the Bolzano-Weierstrass theorem.

Theorem A.15 (Bolzano-Weierstrass theorem). — Any bounded sequence of real numbers has a convergent subsequence.

Proof. — Let (x_n)_{n≥0} be a sequence of real numbers such that for all n, a ≤ x_n ≤ b. Construct sequences (a_i)_{i≥0}, (b_i)_{i≥0} as follows. Put a_0 = a, b_0 = b. If a_i, b_i have been already constructed, set c_i = (a_i + b_i)/2, and

a_{i+1} = a_i, b_{i+1} = c_i if {n ∈ N : x_n ∈ [a_i, c_i]} is infinite, a_{i+1} = c_i, b_{i+1} = b_i otherwise.

Then for any i, the interval [a_i, b_i] contains an infinite number of x_n. Since (a_i)_{i≥0} and (b_i)_{i≥0} are monotone and since b_i −a_i ≤ (b−a)2^{−i}, these sequences have common limit lim_{i→∞} a_i = x = lim_{i→∞} b_i. Set n_0 = 0. For any k there exists n_k > n_{k−1} such that x_{nk} ∈ [a_k, b_k]. It follows lim_{k→∞} x_{nk} = x.

Proposition A.16. — (1) A compact subset of a metric space is closed and bounded. (2) A closed subset of a compact metric space is compact. (3) The product of compact metric spaces is compact. (4) A subset of R^n is compact iff it is closed and bounded.

Proof. —

(1) Let Y ⊆ X be compact and let (x_n ∈ Y )_{n≥0} be a sequence which converges to some x ∈ X. Since Y is compact, (x_n)_{n≥0} has a convergent subsequence, lim_{k→∞} x_{nk} = y ∈ Y . But then y = x so Y is closed. Suppose that Y is not bounded. Pick an arbitrary x_0 ∈ X. For n > 0, X ⊈ B_n(x_0), so there exists x_n with d(x_0, x_n) > n. If (x_{ni} )_{i≥0} were a convergent subsequence of (x_n)_{n≥0}, and x_{ni} → x as i → ∞, then for any n ≥ 0, d(x, x_0) > n. This is a contradiction.

(2) Let Y ⊆ X be a closed subset of a compact space X and (x_n ∈ Y )_{n≥0} a sequence. There exists a subsequence which converges in X, lim_{k→∞} x_{nk} = x ∈ X. Since Y is closed, x ∈ Y .

(3) Let Y and Z be compact spaces and X = Y × Z. Let (x_n = (y_n, z_n))_{n≥0} be a sequence in X. Since Y is compact, there exists a converging subsequence y_{nk} → y ∈ Y as k → ∞. Since Z is compact, the sequence (z_{nk} )_{k≥0} ∈ Z has a converging subsequence z_{nki} → z as i → ∞. Thus x_{nki} → x = (y, z) is a converging subsequence in X.

(4) By (1), any compact subset of R^n is closed and bounded. We prove the converse first for n = 1. Let X ⊆ R be closed and bounded and x_n ∈ X for any n ≥ 0. By Bolzano-Weierstrass theorem, (x_n)_{n≥0} has a subsequence which converges in R to some x ∈ R. Since X is closed, x ∈ X, so X is compact. If n > 1 and X ⊆ R^n is closed and bounded, then there exists R > 0 such that X ⊆ [−R, R]^n. Since [−R, R] is compact [−R, R]^n is compact by 3, and since X ⊆ [−R, R]^n is closed, it is compact by (2).

In particular, the circle T is compact since it is homeomorphic to a closed and bounded subspace of R^2 . The n-dimensional torus T^n is compact since it is a product of compact spaces. In compact metric spaces we can form even (countably) infinite products of spaces. Assume that (X_i)_{i≥0} is a sequence of compact spaces. Since compact spaces are bounded, we can normalize the metrics so that d_i(y, z) ≤ 1 for any y, z ∈ X_i. Definition A.17. — Let (X_i, d_i)_{i≥0} be a bounded sequence of metric spaces, i.e., d_i(y, z) ≤ 1 for any y, z ∈ X_i. (1) The product metric d on X = ∏_∞ i=0 X_i is defined by d(y, z) = ∞∑ i=0 d_i(y_i, z_i) · 2^{−i}. (2) The sum metric on X = ⊎_∞ i=0 X_i is defined by d(y, z) = { d_i(x, y) if y, z ∈ X_i 1 if y ∈ X_i, z ∈ X_j , i ≠ j The product and sum can be topologically characterized.

Proposition A.18. — Let (X_i, d_i)_{i≥0} be a bounded sequence of metric spaces. (1) A space X is homeomorphic to ∏_∞ i=0 X_i iff there exist continuous surjections π_i : X → X_i such that for any metric space Y and any sequence f_i : Y → X_i of continuous maps there exists a unique continuous map f : Y → X with π_i∘f = f_i.

(2) A space X is homeomorphic to ⊎_∞ i=0 X_i iff there exist continuoous injections ν_i : X_i → X such that for any metric space Y and any sequence f_i : X_i → Y of continuous maps there exists a unique continuous map f : X → Y with f ∘π_i = f_i.

X π_i � X_i

Y

∃!f � � � � f_i � � � � � �

X_i ν_i �

f_i � � � � � X ∃!f � � � � �

Y

Proof. — Set X = ∏_∞ i=0 X_i. The projections π_i : X → X_i defined by π_i(x) = x_i are continuous as d(y, z) < δ ⇒ d_i(y_i, z_i) < δ · 2^i. Let f_i : Y → X_i be a sequence of continuous maps defined on a metric space Y . Then there exists a unique map f : Y → X such that for any i and y ∈ Y , f(y)_i = f_i(y). We show that f is continuous. Let y ∈ Y and ε > 0 be given. For any i there exists δ_i such that for any y, z ∈ Y d(y, z) < δ_i ⇒ d_i(f_i(y), f_i(z)) < ε 4 . If n ≥ 0 is such that 2^{−n+1} <^ε_2 , set δ = min{δ_0, . . . , δ_{n−1}}. Then d(y, z) < δ ⇒ d(f(y), f(z)) < n−1∑ i=0 ε 4 · 2^{−i} + ∞∑ i=n 2^{−i} < ε 2 + ε 2 = ε If X^′ is another space with projections π^′_i : X^′ → X_i which satisfy the assumptions, then there exists a unique continuous f : X^′ → X with π_i ∘ f = π^′_i and a unique continuous f^′ : X → X^′ with π^′_i ∘ f^′ = π_i. It follows that f, f^′ are inverse to one another. The proof for the disjoint sum is analogous.

Proposition A.19. — (1) The product of a bounded sequence of compact spaces is compact. (2) The sum of a finite number of compact spaces is compact.

Proof. —

(1) Let (x_n)_{n≥0} be a sequence of points in X = ∏_∞ i=0 X_i. We denote by (x_n)_i ∈ X_i the i-th component of the n-th point. Since X_0 is compact, there exists an increasing sequence (n_{k,0})_{k≥0} such that (x_{nk,0} )_0 → y_0 ∈ X_0 as k → ∞. Since X_1 is compact, we can choose a subsequence (n_{k,1})_{k≥0} of (n_{k,0})_{k≥0} such that n_{0,1} > n_{0,0} and (x_{nk,1} )_1 → y_1 ∈ X_1 as k → ∞. We continue in this way so that (n_{k,m+1})_{k≥0} is a subsequence of (n_{k,m})_{k≥0}, n_{0,m+1} > n_{0,m} and (x_{nk,m} )_m → y_m ∈ X_m as k → ∞. This defines a point y = (y_i)_{i≥0} ∈ X. Set p_m = n_{0,m}. Then for any k, (x_{pm} )_k → y_k as m → ∞, so x_{pm} → y as m → ∞. (2) If (x_i)_{i≥0} is a sequence of points in X = X_1 ⊎ · · · ⊎ X_n, then for some j ≤ n the set {i : x_i ∈ X_j } is infinite, so (x_i)_{i≥0} has a convergent subsequence in X_j .

Proposition A.20. — Let f : X → Y be continuous map and X compact. Then (1) f(X) is compact.

(2) If f is bijective, then f^{−1} is continuous, so f is a homeomorphism.

Proof. —

(1) Let (y_n ∈ f(X))_{n≥0} be a sequence of points. There exist x_n ∈ X such that f(x_n) = y_n and (x_n)_{n≥0} has a convergent subsequence lim_{k→∞} x_{nk} = x. Applying f, we get y_{nk} → f(x) ∈ f(X) as k → ∞.

(2) Let f be bijective and V ⊆ X a closed set. Since f is continuous, f(V ) is compact and therefore closed. But f(V ) = (f^{−1})^{−1}(V ) is the preimage of V by f^{−1}, so f^{−1} is continuous.

Definition A.21. — Let X be a metric space. (1) A set Y ⊆ X is dense, if Y = X.

(2) A set Y ⊆ X is residual, if there exists a sequence (U_i)_{i≥0} of open dense sets, such that ⋂ i≥0 U_i ⊆ Y . (3) A family B ⊆ T of open sets of X is called a base, if any open set U ⊆ X is the union of some sets of B, i.e., if ∀U ∈ T , ∀x ∈ U, ∃B ∈ B, x ∈ B ⊆ U A set is dense iff it intersects any nonempty open set. Both sets of rational and irrational numbers are dense, Q = R \ Q = R. Residual sets play in topology the role of ”large” sets, similarly as sets of measure 1 do in measure theory. The set of irrational numbers is residual in R, since R \ Q = ⋂ x∈Q R \ {x}, and any set R \ {x} is open and dense. We shall see that the set of rational numbers is not residual.

In R, the set of all intervals is a base. There exists also a countable base consisting of all intervals with rational end points. In any metric space X, there is a base consisting of all balls {B_ε(x) : x ∈ X, ε > 0}.

Proposition A.22. — Any compact metric space has a countable dense set and a countable base.

Proof. — Let X be a compact space. For a given ε > 0, construct a sequence (x_n)_{n≥0} by induction. Choose arbitrary x_0 ∈ X. If x_0, . . . , x_{n−1} have been already constructed, choose x_n so that for all i < n, d(x_n, x_i) ≥ ε. If this construction could be continued indefinitely, we would obtain an infinite sequence which would not have any converging subsequence. Thus, the construction stops at some n, and the set K_ε = {x_0, . . . , x_{n−1}} has the property that for any y ∈ X there exists some x ∈ K_ε for which d(x, y) < ε (Figure 2 left). It follows that K = ⋃_∞ m=1 K_{1/m} is a countable dense set. To construct a countable base, set B = {B_q(x) : x ∈ K, q > 0 rational}.

If U is an open set and x ∈ U, then there exists a rational q ∈ Q for which B_{2q} (x) ⊆ U (Figure 2 right). Since K is dense, there exists y ∈ K ∩ B_q (x), and we have x ∈ B_q(y) ⊆ B_{2q} (x) ⊆ U. Since B_q (y) ∈ B, the family B is a base.

0 1 X K_1

K 1_3

K 1_4 x y

U B_{2q} (x)

B_q (x) B_q (y)

Figure 2. Countable base

Definition A.23. — (1) A cover of a space X is a family U of its nonempty subsets whose union is X.

(2) A partition is a cover whose sets are pairwise disjoint.

(3) If all sets of U are open (closed), we say that U is an open (closed) cover. (4) If V ⊆ U are covers of X, we say that V is a subcover of U. (5) A cover V is finer than U, if any set of V is contained in some set of U, i.e., V ⪰ U ⇔ ∀V ∈ V, ∃U ∈ U, V ⊆ U. For any r > 0, U_r = {B_r(x) : x ∈ X} is an open cover of X, and r > s ⇒ U_s ⪰ U_r. Proposition A.24. — Let X be a metric space. The following conditions are equivalent.

(1) X is compact.

(2) Any open cover of X has a finite subcover.

(3) If (V_i)_{i≥0} are closed sets and ∅ ≠ V_{i+1} ⊆ V_i ⊆ X, then V = ⋂ i V_i is nonempty.

Proof. —

(1) ⇒ (2): Let X be compact and let U be an open cover of X. We show first that there exists a countable subcover of U. By Theorem A.22 there exists a countable base B of X. For a point x ∈ X choose some U ∈ U such that x ∈ U, and some B_x ∈ B such that x ∈ B_x ⊆ U. Then V = {B_x : x ∈ X} is a countable cover (some B_x repeat), which is finer than U. For a set V ∈ V choose some U_V ∈ U such that V ⊆ U_V , so that {U_V : V ∈ V} is a countable subcover of U. Thus any open cover has a countable subcover.

Suppose now that (U_i)_{i≥0} is a countable cover which does not have a finite subcover. For any n ≥ 0 there exists a point x_n ∈ X \ (U_0 ∪ · · · ∪ U_n). Since X is compact, (x_n)_{n≥0} has a converging subsequence lim_{i→∞} x_{ni} = x. Since (U_n)_{n≥0} is a cover, x ∈ U_m for some m and for all sufficiently large n, x_n ∈ U_m. This is a contradiction, since x_n ∉ U_m if n > m.

(2) ⇒ (3): Let (V_i)_{i≥0} be closed and nonempty, V_{i+1} ⊆ V_i and V = ⋂ i≥0 V_i = ∅. For U_i = X \ V_i we have ⋃ i≥0 (X \ V_i) = X \ ⋂ i≥0 V_i = X

so (U_i)_{i≥0} is an a open cover and has a finite subcover. Since U_i ⊆ U_{i+1}, U_n = X for some n and therefore V_n = ∅. This is a contradiction, so V ≠ ∅.

(3) ⇒ (1): Let (x_n ∈ X)_{n≥0} be a sequence and consider sets V_n = {x_i : i > n}. Then V_n are closed and nonempty, so there exists x ∈ ⋂ n V_n. Since x ∈ V_0, B_1(x) ∩ V_0 ≠ ∅ and there exists n_0 > 0 such that x_{n0} ∈ B_1(x) ∩ V_0. Suppose that we have constructed x_{nk−1} . Since x ∈ V_{nk−1} , there exists n_k > n_{k−1} such that x_{nk} ∈ B 1_{k+1} (x) ∩ V_{nk−1} . Then lim_{k→∞} x_{nk} = x.

Theorem A.25 (Baire theorem). — Any residual set of a compact metric space is nonempty and dense.

Proof. — Let (U_i ⊆ X)_{i≥0} be dense open sets and U = ⋂ i≥0 U_i their intersection.

Let V be a nonempty open set. We show that U ∩ V ≠ ∅. Set V_0 = V . Since U_0 is dense, U_0 ∩ V_0 ≠ ∅, and there exists x and ε > 0 such that B_ε(x) ⊆ U_0 ∩ V_0.

X \ U_1 V_2 x V^1 X \ U_0 V_0

Figure 3. Baire theorem

Set V_1 = B^ε_2 (x), so V_1 ⊆ U_0 ∩ V_0 (Figure 3). We continue by induction. If V_i is a nonempty open set, then V_i ∩ U_i ≠ ∅ and there exists a nonempty open set V_{i+1} such that V_{i+1} ⊆ U_i ∩ V_i. Thus V_{i+1} ⊆ V_i, and all V_i are nonempty. Since X is compact, there exists a point x which belongs to all the V_i. We have V_i ⊆ V_{i−1} ∩ U_{i−1} ⊆ V_{i−2} ∩ U_{i−2} ∩ U_{i−1} ⊆ · · · ⊆ V_0 ∩ U_0 ∩ · · · ∩ U_{i−1} Thus x ∈ V_0 ∩ U and U is dense.

We can show now that the set Q ∩ [0, 1] of rational numbers is not residual in [0, 1]. If it were, its intersection with the residual set [0, 1] \ Q would be a residual empty set and this contradicts the Baire theorem.

Theorem A.26. — Let X be a compact metric space and U its open cover. There exists ε > 0, such that for any x ∈ X there exists U ∈ U such that B_ε(x) ⊆ U. Any ε > 0 with this property is called a Lebesgue number of U.

Proof. — If U contains X then arbitrary ε > 0 is a Lebesgue number of U. Suppose that U does not contain X and define a function f : X → (0, ∞) by f(x) = sup{ε > 0 : ∃U ∈ U : B_ε(x) ⊆ U}. Since X is bounded, f(x) is finite and positive (Figure 4). If d(x, y) < δ and 0 < ε < f(y), then for some U ∈ U, B_ε(x) ⊆ U, and B_{ε−δ} (y) ⊆ U, so f(y) ≥ ε − δ. Since this holds for any ε < f(y), we get f(y) ≥ f(x) − δ. Interchanging x and y we get |f(x) − f(y)| < δ, so f is continuous and f(X) ⊆ R is compact by Proposition A.20. Since f(X) does not contain 0, ε = inf f(X) = min f(X) > 0 is a Lebesgue number of U.

X U f(x)

Figure 4. Lebesgue number of an open cover

Definition A.27. — Let X be a metric space.

(1) The distance of sets Y, Z ⊆ X is d(Y, Z) = inf{d(y, z) : y ∈ Y, z ∈ Z}. (2) In particular, d(x, Y ) = inf{d(x, y) : y ∈ Y } for x ∈ X, Y ⊆ X. (3) The ε-neighbourhood of Y ⊆ X is B_ε(Y ) = {x ∈ X : d(x, Y ) < ε}. (4) The diameter of Y ⊆ X is diam(Y ) = sup{d(x, y) : x, y ∈ Y }.

Proposition A.28. — Let X be a compact metric space and Y, Z ⊆ X nonempty. (1) If Y ∩ Z = ∅ then d(Y, Z) > 0.

(2) If Y ⊆ Z^∘, then there exists ε > 0 such that B_ε(Y ) ⊆ Z. (3) If V_{n+1} ⊆ V_n are nonempty and closed and V = ⋂ n V_n, then for any ε > 0 there exists n with V_n ⊆ B_ε(V ).

Proof. —

(1) The distance d(y, z) of points y ∈ Y and z ∈ Z is a continuous function defined on compact space Y × Z, so its image is compact. Since this image does not contain 0, inf{d(y, z) : (y, z) ∈ Y × Z} is positive and d(Y, Z) is positive too.

(2) If Z^∘ = X, the assertion is trivial. If Z^∘ ⊂ X, then Y , X \ Z^∘ are nonempty and disjoint, so their distance ε is positive and B_ε(Y ) ⊆ Z.

(3) Suppose that there exists ε > 0 such that for any n there exists x_n ∈ V_n such that d(x_n, V ) ≥ ε. By passing to a subsequence, if necessary, we can assume that there exists a limit x_n → x as n → ∞ and d(x, V ) ≥ ε. For any m ≥ n, x_m ∈ V_m ⊆ V_n, so x ∈ V_n and therefore x ∈ V . This is a contradiction.

Let X be a compact space and U ⊆ X × X a neighbourhood of the diagonal. This means that for any x ∈ X there exists ε > 0, such that B_ε(x) × B_ε(x) ⊆ U. Then there exists ε > 0 such that Δ^ε_X = {(x, y) ∈ X × X : d(x, y) < ε} ⊆ U. Indeed, if Δ_X = {(x, x) : x ∈ X} is the diagonal, then ε = d(Δ_X , (X × X) \ U) is positive, since both Δ_X and (X × X) \ U are closed in X × X. This shows that uniform continuity for a map between compact spaces is a topological concept. If X, Y are compact, then f : X → Y is uniformly continuous iff for any neighbourhood V ⊆ Y × Y of the diagonal, (f × f)^{−1}(V ) is a neighbourhood of the diagonal in X. We get more in next proposition.

Proposition A.29. — If f : X → Y is a continuous map and if X is compact, then f is uniformly continuous.

Proof. — Let ε > 0. For any x ∈ X there exists δ_x > 0 such that if d(y, x) < δ_x, then d(f(y), f(x)) <^ε_2 . Let δ > 0 be a Lebesgue number of the open cover {U_x = B_{δx} (x) : x ∈ X}. If y, z ∈ X and d(y, z) < δ, then there exists x ∈ X such that B_δ(y) ⊆ U_x, so both y and z belong to U_x, and d(f(y), f(z)) ≤ d(f(y), f(x)) + d(f(x), f(z)) < ε.

A.4. Connected spaces

We say that a set Y ⊆ X of a metric space is clopen if it is both closed and open. In any space X we have clopen sets ∅ and X. In spaces like R or I, these are the only clopen sets. In the space X = [0, 1] ∪ [2, 3] which consists of two disjoint closed intervals, there are also clopen sets [0, 1] and [2, 3]. The difference is that R and I are connected spaces whereas X = [0, 1] ∪ [2, 3] is not.

Definition A.30. — Let X be a metric space. (1) X is connected iff its only clopen sets are ∅ and X. (2) A subset Y ⊆ X is connected, iff it is connected as a subspace. (3) We say that x, y ∈ X are inseparable and write (x, y) ∈ M, if there is no clopen set W ⊆ X such that x ∈ W and y ∈ X \ W .

We show that in compact spaces the inseparability relation M ⊆ X × X is a closed equivalence and M(x) is the connected component of x ∈ X, or the maximal connected set to which x belongs.

Proposition A.31. — Let X be a compact metric space. Then (1) M ⊆ X × X is a closed equivalence. (2) For any x ∈ X, M(x) is closed and connected. (3) If Z ⊆ X is connected and x ∈ Z, then Z ⊆ M(x)

Proof. —

(1) The relation M is clearly reflexive and symmetric. If (x, y) ∈ M and (y, z) ∈ M, then for any clopen W ⊆ X, x ∈ W iff y ∈ W iff z ∈ W , so M is transitive. If (x, y) ∉ M, then there exist a clopen W such that x ∈ W, qy ∈ X \ W qandqW × (X \ W ) ⊆ (X × X) \ M, so (X × X) \ M is open and M is closed.

(2) Since X is homeomorphic to {x} × X and the set {x} × M(x) = M ∩ ({x} × X) is closed in {x} × X, M(x) is closed in X. Assume that M(x) is not connected. There exist disjoint closed sets Z_0, Z_1 such that x ∈ Z_0, M(x) = Z_0 ∪ Z_1. Since the distance between Z_0, Z_1 is positive, there exist disjoint open sets U_0 ⊇ Z_0, U_1 ⊇ Z_1 (Figure 5). For any y ∈ X \ (U_0 ∪ U_1) there exists a clopen V_y such that x ∈ V_y and y ∈ X \ V_y. The open cover

{X \ V_y : y ∈ X \ (U_0 ∪ U_1)} ∪ {U_0, U_1}

has a finite subcover {X \ V_1, . . . , X \ V_n, U_0, U_1} and

M(x) ⊆ V = n⋂ i=1 V_i ⊆ U_0 ∪ U_1.

The set V is clopen and U_0 ∩ V ⊆ U_0 ∩ V ∩ (U_0 ∪ U_1) = U_0 ∩ V . Thus U_0 ∩ V is also clopen, so M(x) ⊆ U_0 ∩ V and Z_1 = ∅. Thus M(x) is connected.

(3) Assume that Z ⊆ X is connected, x ∈ Z and y ∈ Z \ M(x). There exists a clopen set W such that x ∈ W and y ∉ W . It follows that Z ∩ W and Z \ W are nonempty and clopen in Z, and this is a contradiction.

U_0 Z_0 V_y x y Z_1 U_1

Figure 5. Connected components

Proposition A.32. — Let f : X → Y be a surjective continuous map. If X is connected, then so is Y .

Proof. — If ∅ ⊂ Z ⊂ f(X) were a clopen set, then ∅ ⊂ f^{−1}(Z) ⊂ X would be also a clopen set.

Definition A.33. — A metric space X is locally connected, if any neighbourhood of any point contains a connected neighbourhood: for any x ∈ U ⊆ X where U is open there exists a closed connected set V ⊆ U such that x ∈ V^∘.

A locally connected space need not be connected. An example is a discrete space. Conversely a connected space need not be locally connected. An example is the closure of the graph of function y = sin^1_x .

X = {(x, sin^1_x ) : x > 0} ∪ {(0, y) : −1 ≤ y ≤ 1} The line {0} × [−1, 1] is not separated from the graph of sin^1_x , so X is connected. On the other hand, if ε < 1, then B_ε(0) does not contain any connected neighbourhood.

Definition A.34. — Let X be a metric space (1) X is totally disconnected, if M = Δ_X , or if for any distinct points x, y ∈ X there exists a clopen sets W such that x ∈ W and y ∈ X \ W .

(2) X is perfect if it does not have isolated points. For any x ∈ X and any ε > 0, the set B_ε(x) \ {x} is nonempty.

(3) X is a Cantor space, if it is compact, perfect and totally disconnected.

By Proposition 3.6, any two Cantor spaces are homeomorphic.

A.5. Spaces of continuous functions

For a compact metric space X denote by C(X, R) the set of continuous real-valued functions f : X → R. By Proposition A.20, any continuous function on X is bounded. This allows us to define a metric on C(X, R) by d(f, g) = sup{|f(x) − g(x)| : x ∈ X} It is clear that d(f, g) = 0 iff f = g and d(f, g) = d(g, f). If f, g, h ∈ C(X, R), then for any x ∈ X |f(x) − h(x)| ≤ |f(x) − g(x)| + |g(x) − h(x)| ≤ d(f, g) + d(g, h) so d(f, h) ≤ d(f, g) + d(g, h). Note that C(X, R) is not compact. The sequence of constant functions f_n(x) = n does not have any convergent subsequence.

Besides being a metric space, the space C(X, R) is also an infinite-dimensional vector space. If f_1, . . . , f_n ∈ C(X, R) and a_1, . . . , a_n ∈ R, then their linear combination f(x) = a_1f_1(x) + · · · + a_nf_n(x) belongs to C(X, R). We say that a set A ⊆ C(X, R) is linearly independent, if for any distinct elements f_1, . . . , f_n ∈ C(X, R) and any nonzero numbers a_1, . . . , a_n ∈ R, the linear combination a_1f_1 +· · ·+a_nf_n ≠ 0 is nonzero. We say that a linearly independent set A is a basis of C(X, R), if its linear span

L(A) = {_n ∑ i=1 a_if_i : a_i ∈ R, f_i ∈ A, n > 0 }

which consists of all linear combinations of elements of A is dense in C(X, R). The space C(X, R) is also an algebra. For any f, g ∈ C(X, R), their product h(x) = f(x)g(x) belongs to C(X, R). This multiplication has a unit e(x) = 1.

Definition A.35. — A subset A ⊆ C(X, R) is called subalgebra, if (1) e ∈ A, (2) If f ∈ A and c ∈ R, then cf ∈ A, (3) If f, g ∈ A, then f + g, f · g ∈ A. We say that A separates points, if for any distinct x_0, x_1 ∈ X there exists f ∈ A such that f(x_0) ≠ f(x_1).

The classical Weierstrass theorem states that if X = [a, b] is a compact real interval, then the set of polynomials is dense in C(X, R). The Stone-Weierstrass theorem is a generalization which uses the algebraic structure of C(X, R). If A ⊆ C(X, R) is a subalgebra, f ∈ A and P : R → R a polynomial, then P ∘ f ∈ A. We shall prove first a special case showing that the function f(x) = |x| of absolute value can be approximated by polynomials.

Q_3(x) R_3(x)

Figure 6. Approximation of the absolute value

Lemma 5. — There exists a sequence of polynomials (P_n(x))_{n≥2} with rational coefficients such that for n ≥ 2 −n ≤ x ≤ n ⇒ |P_n(x) − |x| | ≤ 1 n

Proof. — Set Q_n(x) = (1 − x^n)^{2n} , R_n(x) = x ( 1 − 2 · Q_n(^{x+1}_2 ) ) . Using the inequality (1 + x)^n ≥ 1 + nx which holds for −1 ≤ x ≤ 1, we get 0 ≤ x ≤^1_2 ⇒ 1 ≥ Q_n(x) ≥ 1 − (2x)^n

⇒ −1 − 2 · (2x)^n ≥ 1 − 2Q_n(x) ≥ −1 1 2 ≤ x ≤ 1 ⇒ 1 Q_n(x) = ( 1 + x^n 1 − x^n )_2n ≥ (2x)^n ⇒ 1 − 2 · (2x)^{−n} ≤ 1 − 2Q_n(x) ≤ 1 and −1 ≤ x ≤ 0 ⇒ 0 ≤^{x+1}_2 ≤^1_2 ⇒ −x − 2x(x + 1)^n ≤ R_n(x) ≤ −x 0 ≤ x ≤ 1 ⇒^1_2 ≤^{x+1}_2 ≤ 1 ⇒ x − 2x(x + 1)^{−n} ≤ R_n(x) ≤ x

Estimating the left-hand sides of these inequalities we get |R_n(x) − |x| | ≤^8_{n−1} for −1 ≤ x ≤ 1. Then P_n(x) = n · R_{8n}2_{+1}(^x_n ) satisfies the statement of the lemma.

Theorem A.36 (Real Stone-Weierstrass theorem). — Let X be a compact metric space and A a subset of C(X, R) which satisfies (1) If x_0 ≠ x_1 ∈ X, then there exists f ∈ A with f(x_0) ≠ f(x_1). (2) e ∈ A.

(3) If f ∈ A and a ∈ Q then af ∈ A. (4) If f, g ∈ A then f + g, f · g ∈ A. Then A is dense in C(X, R).

Proof. — Let B = A be the closure of A. Then B is a closed subalgebra of C(X, R). If f ∈ B and c ∈ R, then there exists a sequence f_n ∈ A such that f_n → f and a sequence c_n ∈ Q such that c_n → c and it follows that c_nf_n → cf. Similarly for the other operations. We show that if f ∈ B then |f| ∈ B. Let (P_n)_{n≥1} be the polynomials from Lemma 5, which approximate the absolute value. If f ∈ B, then P_n ∘ f ∈ B and lim_{n→∞} P_n ∘ f = |f| ∈ B. It follows that B is also closed with respect to the operations of minima and maxima. If f, g ∈ B, then (f ∧ g)(x) = min{f(x), g(x)} = 1 2 (f(x) + g(x) − |f(x) − g(x)|) (f ∨ g)(x) = max{f(x), g(x)} = 1 2 (f(x) + g(x) + |f(x) − g(x)|) so f ∧ g, f ∨ g ∈ B. Assume now that F ∈ C(X, R), ε > 0 be arbitrary. For any x, y ∈ X there exists a function f_{x,y} ∈ B such that f_{x,y}(x) = F (x), f_{x,y}(y) = F (y). To see it pick a function g ∈ B with g(x) ≠ g(y) and set f_{xy}(t) = F (x) − F (y) g(x) − g(y) · g(t) + F (y)g(x) − F (x)g(y) g(x) − g(y) . Given y ∈ X, then for each x ∈ X there exists an open set U_x ∋ x such that f_{x,y}(t) > F (t) − ε for t ∈ U_x. The open cover {U_x : x ∈ X} has a finite subcover {U_{x1} , . . . , U_{xn} } and we set f_y = f_{x1,y} ∨ · · · ∨ f_{xn,y} ∈ B f_{x1y1} f_{x2y1}

f_{x1y2} f_{x2y2}

f_{y1} f_{y2}

f x_1 y_1 x_2 y_2 F +ε F F −ε Figure 7. Stone-Weierstrass theorem

so f_y(t) ≥ F (t) − ε for all t ∈ X. Since f_y(y) = F (y), there exists an open set V_y ∋ y such that f_y(t) < F (t) + ε for t ∈ V_y. The open cover {V_y : y ∈ X} has a finite subcover {V_{y1} , . . . , V_{ym} } and we set f = f_{y1} ∧ · · · ∧ f_{ym} ∈ B Then f(t) < F (t) + ε for all t ∈ X. Since f_{yi} (t) > F (t) − ε we get also f(t) > F (t) − ε and d(F, f) < ε (Figure 7).

Analogously, the space C(X, C ) of continuous complex-valued functions on X is a vector space over C and an algebra with unit element e(x) = 1. A subspace A ⊆ C(X, C ) is a subalgebra, if it contains e, and is closed with respect to the operations of multiplication and linear combinations with complex coefficients. Recall that the complex conjugate of a complex number c = a+bi is c = a−bi. The complex conjugate of a function f ∈ C(X, C ) is f(x) = f(x).

Theorem A.37 (Stone-Weierstrass theorem). — Let X be a compact metric space and A ⊆ C(X, C ) a subset which satisfies (1) For any distinct x_0, x_1 ∈ X there exists f ∈ A with f(x_0) ≠ f(x_1). (2) e ∈ A.

(3) If f ∈ A and a, b ∈ Q then (a + bi)f ∈ A and f ∈ A. (4) If f, g ∈ A then f + g, f · g ∈ A. Then A is dense in C(X, C ).

Proof. — Let A_r be the set of all real-valued functions which belong to A. Then A_r is a subalgebra of C(X, R). If f = f_0 +if_1 ∈ A with f_0, f_1 real, then f_0 = (f +f)/2 ∈ A and f_1 = (f − f)/2 ∈ A, so they both belong to A_r. If f(x) ≠ f(y) then either f_0(x) ≠ f_0(y) or f_1(x) ≠ f_1(y). Thus A_r separates points and is dense in C(X, R) by Theorem A.36. Since any f ∈ C(X, C ) is a linear combination f = f_0 + if_1 of real-valued continuous functions, we get that A is dense in C(X).

Theorem A.38. — If X is a compact metric space then C(X, C ) has a countable dense subset.

Proof. — Let W ⊆ X be a countable dense set in X. For any pair of distinct points y, z ∈ W there exists a continuous function f_{y,z} ∈ C(X, C ), such that f_{y,z}(y) ≠ f_{y,z}(z). The family A_0 of such functions is countable and distinguishes points. Let A be the smallest family containing A_0 which satisfies the assumption of Theorem A.37. Then A is countable and dense in C(X, C ).

A.6. Topological spaces

Topology studies more general and more abstract structures than metric spaces. Its starting point is an abstract family of subsets of the space which is required to satisfy the properties of open sets in metric spaces as shown in Proposition A.6.

Definition A.39. — A topological space is a pair (X, T ), where T ⊆ P(X) is a family of subsets of X, which satisfies (1) ∅, X ∈ T . (2) If U_1, U_2 ∈ T , then U_1 ∩ U_2 ∈ T .

(3) If (U_i)_{i∈I} is a family of sets with U_i ∈ T , then ⋃ i∈I U_i ∈ T . The family T is called topology and the sets of T are called open sets. A set V ⊆ X is closed, if X \ V ∈ T is open. The interior and the closure of a set Y ⊆ X are

Y^∘ = ⋃ {U : U ⊆ Y, U ∈ T }, Y = ⋂ {V : V ⊇ Y, X \ V ∈ T }. A family B ⊆ T is a base of (X, T ), if for any U ∈ T and any x ∈ U there exists B ∈ B with x ∈ B ⊆ U. On any set X there exists a discrete topology P(X), in which any subset of X is open and an indiscrete topology {∅, X}, whose only open sets are ∅ and X. Topologies on a given set X can be compared by inclusion. The indiscrete topology is the smallest and the discrete topology is the largest. If (T_i)_{i∈I} is a family of topologies on X, then their intersection T = ⋂ i∈I T_i is a topology on X too.

Definition A.40. — Let (X, T ), (Y, S) be topological spaces and f : X → Y . (1) f is continuous if for any V ∈ S, f^{−1}(V ) ∈ T . (2) f is an open map if for any U ∈ T , f(U) ∈ S.

(3) f is a closed map if for any closed V ⊆ X, f(V ) is a closed subset of Y . (4) f is a homeomorphism, if it is bijective, and both f and f^{−1} are continuous. (5) f is an embedding if it is injective and T = {f^{−1}(V ) : V ∈ S}. (6) f is a factor map, if it is surjective and S = {V ⊆ Y : f^{−1}(V ) ∈ T }.

The subspace topology is the smallest topology which makes the injection map f continuous. This generalizes the concept of subspace of a metric space (Proposition A.5). If X ⊆ Y , then T = {V ∩ Y : V ∈ S}. The factor topology is the largest topology which makes the factor map f continuous. In metric spaces the operation of factor space cannot be defined. A factor space of a metric space need not necessarily be metric. The principle used in the definition of subspace and factor space leads to a natural definition of the product topology.

Definition A.41. — Let (X_i, T_i)_{i∈I} be a family of topological spaces, X = ∏ i∈I X_i the cartesian product and π_i : X → X_i the projections. The product topology T is the smallest topology on X which makes all projections π_i continuous.

The product topology is thus well-defined. Consider the family of all topologies on X such that all projections are continuous. This family contains the discrete topology, so it is nonempty. The product topology is the intersection of all topologies in this family. The product topology T must contain all sets π^{−1}_i (U_i), where U_i ∈ T_i, all their finite intersections and all unions of these finite intersections. This means that the product space has a canonical base B = { ⋂ i∈K π^{−1}_i (U_i) : (U_i ∈ T_i)_{i∈K} , K ⊆ I finite } . Observe that ⋂ i∈K π^{−1}_i (U_i) = ∏ j∈I V_j , where

V_j = { U_j for j ∈ K X_j for j ∈ I \ K The following proposition is a characterization of the product space. Any space (X, T ) which satisfies it is homeomorphic to the product space. Proposition A.18 then says that the metric of the product of a bounded sequence of metric spaces yields the product topology.

Proposition A.42. — Let (f_i : (Y, S) → (X_i, T_i))_{i∈I} be a family of continuous maps. Then there exists a unique continuous map f : (Y, S) → (X, T ) such that π_i ∘ f = f_i for any i ∈ I.

Proof. — The function f is uniquely defined, since f(y)_i = π_i ∘ f(y) = f_i(y). We show that f is continuous. Let U ⊆ X be open and y ∈ f^{−1}(U). Then there exist a finite set K ⊆ I and open sets (U_i ∈ T_i)_{i∈K} such that f(y) ∈ ⋂ i∈K π^{−1}_i (U_i) ⊆ U ⇒ y ∈ ⋂ i∈K f^{−1}(π^{−1}_i (U_i)) ⊆ f^{−1}(U)

Since f^{−1}(π^{−1}_i (U_i)) = f^{−1}_i (U_i) is open, y is an inner point of f^{−1}(U).

A dual concept is the disjoint sum of spaces. The disjoint sum topology is the largest topology which makes all inclusions continuous.

Definition A.43. — Let (X_i, T_i)_{i∈I} be a family of topological spaces, X = ⊎ i∈I X_i and ν_i : X_i → X the inclusions. The disjoint sum topology is defined by T = {U ∈ P(X) : ∀i ∈ I, ν^{−1}_i (U) ∈ T_i}.

A.6.1. Hausdorff and normal spaces. — In a metric space any singleton set {x} is closed. This need not be so in topological spaces. In an indiscrete space the closure of any point is the whole space. Spaces in which singletons are closed are called T_1-spaces. We shall consider two stronger properties.

Definition A.44. — (1) A topological space X is a Hausdorff space (or a T_2-space), if for any two distinct points x_0, x_1 ∈ X there exist disjoint open sets U_0 ∋ x_0, U_1 ∋ x_1.

(2) A topological space X is a normal space, if its singletons are closed sets and for any two disjoint closed sets V_0, V_1 ⊆ X there exist disjoint open sets U_0 ⊇ V_0, U_1 ⊇ V_1.

By passing to the complements we have an equivalent definition of normality: If U_0, U_1 are open sets such that U_0 ∪ U_1 = X, then there exist closed sets V_0 ⊆ U_0 and V_1 ⊆ U_1 such that V_0 ∪ V_1 = X.

Proposition A.45. — (1) A subspace of a Hausdorff space is a Hausdorff space. (2) The product of Hausdorff spaces is a Hausdorff space. (3) Any metric space is normal.

Proof. —

(1) Let f : X → Y be an embedding of X into a Hausdorff space Y . If x_0, x_1 ∈ X are distinct, then f(x_0) ≠ f(x_1) and there exist disjoint open U_0 ∋ f(x_0), U_1 ∋ f(x_1). Then f^{−1}(U_0) ∋ x_0, f^{−1}(U_1) ∋ x_1 are disjoint and open.

(2) Let X = ∏ i∈I X_i be a product of Hausdorff spaces and x, x^′ ∈ X. If x ≠ x^′ then for some i, x_i ≠ x^′_i and there exist in X_i disjoint open sets U ∋ x_i, U^′ ∋ x^′_i. Then π^{−1}_i (U) ∋ x, π^{−1}_i (U^′) ∋ x^′ are disjoint and open in X.

(3) If x_0, x_1 ∈ X are two distinct points such that d(x_0, x_1) = ε > 0, then x_0 ∉ B_ε(x_1), so X \ {x_0} is open and {x_0} is closed. Let V_0, V_0 ⊆ X be disjoint closed sets and define a function f : X → I by f(x) = d(x, V_0) d(x, V_0) + d(x, V_1)

Then f is continuous and U_0 = f^{−1}([0,^1_3 )), U_1 = f^{−1}((^2_3 , 1]) are two disjoint open sets which contain V_0 and V_1 respectively.

Proposition A.46 (Urysohn lemma). — Let X be a normal space and V_0, V_1 ⊆ X nonempty disjoint closed sets. Then there exists a continuous function f : X → I such that f(V_0) = {0}, f(V_1) = {1}.

Proof. — There exist disjoint open sets U_i ⊇ V_i. Set W_0 = U_0, W_1 = X \ V_1. Then W_0, W_1 are open sets with W_0 ⊆ X \ U_1 ⊆ W_1 (Figure 8 left). Since W_0, X \ W_1 are closed and disjoint, there exist disjoint open U^′_0 ⊇ W_0, U^′_1 ⊇ X \ W_1. Set W 1_2 = U^′_0. Then W 1_2 ⊆ X \U^′_1 ⊆ W_1. We continue with this construction using the binary dyadic numbers i · 2^{−k}, so that for 0 ≤ i < j ≤ 2^k we have W_{i2}−k ⊆ W_{j2}−k . Define a function f : X → I by f(x) = { inf{r > 0 : x ∈ W_r} if x ∈ W_1 1 if x ∈ X \ W_1 Since V_0 ⊆ W_0, we have f(V_0) = {0} and f(V_1) = {1}. We show that f is continuous. The inequality f(x) < a holds iff there exists r < a such that x ∈ W_r, so

f^{−1}([0, a)) = ⋃ {W_r : r < a} is an open set. Similarly the inequality f(x) > a holds iff there exists s > a such that x ∉ W_s and this holds iff there exists s > t > a such that x ∉ W_r, so

f^{−1}((a, 1]) = ⋃ {X \ V_r : r > b} is open. Since the intervals [0, a) and (a, 1] form a base in the space I, f is continuous.

V_0 W_0 W 1_2 W_1 V^1

V_{y1} U_{y1}

V_{y0} U^y0

V_{y2} U^{y2} x y

Figure 8. Urysohn lemma

A.6.2. Compact spaces. — The characterization of compact metric spaces given in Proposition A.24 is taken as a definition of compactness in topological spaces. Recall that a family U ⊆ P(X) is a cover of X if its union is X and U is an open cover if its elements are open. We say that a family F has the finite intersection property, if any finite subfamily F_0 ⊆ F has nonepmty intersection.

Definition A.47. — A topological space X is compact if any of its open covers has a finite subcover or, equivalently, if any its family F of closed sets of X with finite intersection property has a nonempty intersection.

The two definitions are equivalent. A family F of closed sets has nonempty intersection iff U = {X \ V : V ∈ F} is not an open cover, and F has finite intersection property iff U does not have finite subcover.

Proposition A.48. — (1) A continuous image of a compact space is compact. (2) A closed subset of a compact space is compact. (3) A compact subset of a Hausdorff space is closed. (4) Any compact Hausdorff space is normal.

Proof. —

(1) Let X be compact and f : X → Y a continuous surjection. If V is an open cover of Y , then the open cover f^{−1}(V) = {f^{−1}(V ) : V ∈ V} has a finite subcover U_0 and V_0 = {V ∈ V : f^{−1}(V ) ∈ U_0} is a finite subcover of V.

(2) Let X be a compact space and Y ⊆ X a closed subset. Let V be an open cover of Y . Any V ∈ V can be written as V = Y ∩ U, where U is open in X, so there exists a family U of open sets of X such that V = {Y ∩ U : U ∈ U}. It follows that U ∪ {X \ Y } is an open cover of X so it has a finite subcover U_0 and {U ∩ Y : U ∈ U_0} is a finite subcover of V.

(3) Let Y be a compact subset of a Hausdorff space X. Assume that x ∈ X \Y . For any y ∈ Y there exist disjoint open sets V_y ∋ y, U_y ∋ x (Figure 8 right). The family {V_y ∩ Y : y ∈ Y } is an open cover of Y so it has a finite subcover {V_y ∩ Y : y ∈ K}. Then U = ⋂ y∈K U_y is an open set with x ∈ U ⊆ X \ Y , so X \ Y is open.

(4) Let X be a compact Hausdorff space. If Y ⊆ X is closed and x ∈ X \ Y , then by the proof of (3) there exist disjoint open sets V = ⋃ y∈K V_y ⊇ Y , U ∋ x. Assume now that Y_1, Y_2 ⊆ X are disjoint closed sets. For any y ∈ Y_2 there exist disjoint open sets U_y ⊇ Y_1, V_y ∋ y. The open cover {V_y ∩ Y_2 : y ∈ Y_2} has a finite subcover {V_y ∩ Y_2 : y ∈ K} and U = ⋂ y∈K U_y ⊇ Y_1, V = ⋃ y∈K V_y ⊇ Y_2 are disjoint open sets.

The property of being a Hausdorff space requires that the topology should be sufficiently large (any discrete space is a Hausdorff space). The property of compactness on the contrary requires that the topology should be sufficiently small (any indiscrete space is compact). A topology which is both Hausdorff and compact has the right number of open sets. No smaller topology is Hausdorff and no larger topology is compact.

Proposition A.49. — Let f : X → Y be a continuous map from a compact space X to a Hausdorff space Y .

(1) If f is injective, then it is an embedding. (2) If f is surjective, then it is a factor map. (3) If f is bijective, then it is a homeomorphism.

Proof. —

(1) If U ⊆ X is closed, then it is compact, f(U) ⊆ Y is compact and therefore closed. Since f is injective, U = f^{−1}(f(U)). Thus a set is closed in X iff it is an inverse image of a closed set in Y , so X is a subspace of Y .

(2) Let V ⊆ Y and assume that f^{−1}(V ) ⊆ X is closed. Then it is compact, so V = f(f^{−1}(V )) is compact and therefore closed. Thus a set in Y is closed iff its inverse image is closed in X.

(3) follows from (1) and (2).

If f : X → Y is a surjective map, then R_f = {(x_0, x_1) ∈ X × X : f(x_0) = f(x_1)} is an equivalence relation on X. Conversely, for an equivalence relation R ⊆ X × X denote by Y = X/R the set of equivalence classes of R and π : X → Y the projection. Then R = R_π.

Proposition A.50. — Let X, Y be compact Hausdorff spaces and π : X → Y a factor map. Then R_π is a closed subset of X × X.

Proof. — We show that (X × X) \ R is open. Let (x_0, x_1) ∈ (X × X) \ R. In Y there exist disjoint open sets V_0, V_1 ⊆ X such that π(x_0) ∈ V_0, π(x_1) ∈ V_1. We get

(x_0, x_1) ∈ π^{−1}(V_0) × f^{−1}(V_1) ⊆ (X × X) \ R,

so (x_0, x_1) is an inner point of (X × X) \ R.

Proposition A.51. — Let X be a compact Hausdorff space, R ⊆ X × X a closed equivalence, and π : X → X/R the factor map. Then π is closed (Definition A.40) and X/R is a compact Hausdorff space.

Proof. — We show first that if W ⊆ X is closed, then R(W ) ⊆ X is closed subset of X. Let y ∈ X \ R(W ) (Figure 9 left). For any x ∈ W , (x, y) ∉ R, so there exist disjoint open sets U_x ∋ x, V_x ∋ y such that (U_x × V_x) ∩ R = ∅. The open cover {U_x : x ∈ W } of W has a finite subcover {U_x : x ∈ K}. Set U = ⋃ x∈K U_x, V = ⋂ x∈K V_x Then (U × V ) ∩ R = ∅, W ⊆ U and y ∈ V ⊆ X \ R(W ), so R(W ) is closed. Since π is a factor map, a set of X/R is closed iff its inverse image is closed in X. If W ⊆ X is closed, then R(W ) = π^{−1}(π(W )) is closed so, so π(W ) is also closed. Thus π is a closed map. If y ∈ X/R and x ∈ π^{−1}(y), then π^{−1}(y) = R(x). Since R(x) is closed, {y} = π(R(x)) is closed, so the singletons of X/R are closed. We show that X/R is normal using a dual formulation of this property. Let U_0, U_1 ⊆ Y be open sets such that U_0 ∪ U_1 = Y . Then π^{−1}(U_0) ∪ π^{−1}(U_1) = X and by normality of X, there exists closed V_0 ⊆ π^{−1}(U_0), V_1 ⊆ π^{−1}(V_1) such that V_0 ∪ V_1 = X. Since π is closed, π(V_0) ⊆ U_0, π(V_1) ⊆ U_1 are closed sets such that π(V_0) ∪ π(V_1) = X/R, so X/R is normal and therefore Hausdorff.

y

R(W ) x W

U_x V_x W

R(W )

π(W )

Figure 9. Factor space

Theorem A.52 (Tychonoff theorem). — The product of compact spaces is compact.

Proof. — Let (X_i)_{i∈I} be compact spaces, X = ∏ i∈I X_i, and π_i : X → X_i the projections. Let F_0 is a family of closed sets of X with the finite intersection property, i.e., every its nonempty finite subfamily has a nonempty intersection. By Zorn’s lemma there exists a maximal family F ⊇ F_0 of (arbitrary) subsets of X with the finite intersection property. To prove that ⋂ F_0 ≠ ∅, it suffices to show that the family {V : V ∈ F} has a nonempty intersection. Since F is maximal, V_1, . . . , V_k ∈ F ⇒ V_1 ∩ · · · ∩ V_k ∈ F V_0 ⊆ X & ∀V ∈ F, V ∩ V_0 ≠ ∅ ⇒ V_0 ∈ F For any i ∈ I, the family F_i = (π_i(V ))_{V ∈F} of closed subsets of X_i has the finite intersection property, hence it has a nonempty intersection and there exists a point x_i ∈ ⋂ V ∈F π_i(V ) ⊆ X_i We show that x = (x_i)_{i∈I} belongs to V for any V ∈ F. Let x ∈ B ∈ B, where B belongs to the canonical base. Then B = ⋂ i∈K π^{−1}_i (W_i), where W_i ⊆ X_i are open.

Since x_i ∈ W_i, W_i ∩ π_i(V ) ≠ ∅ and therefore V ∩ π^{−1}_i (W_i) ≠ ∅. From the maximality of F we get that π^{−1}_i (W_i) ∈ F, so B = ⋂ i∈K π^{−1}_i (W_i) ∈ F. Since F has the finite intersection property, we get V ∈ F, x ∈ B ∈ B ⇒ B ∩ V ≠ ∅, so x ∈ ⋂ {V : V ∈ F}.

A.6.3. Metrizable spaces. — We say that a topological space is metrizable, if there exists a metric on the space which gives rise to the topology. For example, if (X_i, d_i) is a sequence of bounded metric spaces, then the product topological space is metrizable - by the product metric of Definition A.17. This is proved in Proposition A.18.

Proposition A.53. — Any compact Hausdorff space with a countable base is metrizable.

Proof. — Let B be a countable base of a compact Hausdorff space X. Say that a pair of sets B_0, B_1 ∈ B is compatible, if there exists a continuous function f : X → I such that f(B_0) ⊆ [0,^1_2 ), f(X \ B_1) = {1} For any pair B_0, B_1 of compatible sets pick a function with this property. The set F of such functions is countable. We show that for any x_0 ≠ x_1 ∈ X there exists f ∈ F such that f(x_0) ≠ f(x_1). There exists B_1 ∈ B such that x_0 ∈ B_1 and x_1 ∈ X \B_1. Since X is normal, there exists a function g : X → I such that g(x_0) = 0 and g(X \ B_1) = {1}. There exists B_0 ∈ B such that x_0 ∈ B_0 ⊆ g^{−1}([0,^1_2 )). Thus (B_0, B_1) are compatible and there exists f ∈ F such that f(B_0) ⊆ [0,^1_2 ), f(X \ B_1) = {1}, so f(x_0) ≠ f(x_1). Let (f_i)_{i≥0} be a sequence of all functions of F and construct a continuous function f : X → I^N according to the rule f(x)_i = f_i(x). Then f is injective and continuous. Since X is compact, f is an embedding by Proposition A.49.

Theorem A.54. — If X is a compact metric space and R ⊆ X × X a closed equivalence relation, then the factor space X/R is metrizable.

Proof. — Denote by Y = X/R the factor space and π : X → Y the factor map. By Proposition A.51, Y is compact and Hausdorff. We will show that Y has a countable base. Let (B_i)_{i≥0} be a countable base of X and set V = {Y \ π(X \ ⋃ i∈K B_i) : K is a finite subset of N}

Since π is closed, any V ∈ V is open and V is countable. We show that V is a base of Y . Let W ⊆ Y be open and y ∈ W . Then π^{−1}(y) is a compact subset of X, so there exists a finite set K ⊆ N such that π^{−1}(y) ⊆ ⋃ i∈K B_i ⊆ π^{−1}(W ). By passing to the complements we get Y \ W = π(X \ π^{−1}(W )) ⊆ π ( X \ ⋃ i∈K B_i ) ⊆ π(X \ π^{−1}(y)) = Y \ {y} so y ∈ Y \ π(X \ ⋃ i∈K B_i) ⊆ W , and V is a base. By Proposition A.53, Y is metrizable.

Let X be a compact metric space and M ⊆ X × X the inseparability relation of Definition A.30. By Proposition A.31, M is closed, so X/M is a compact metrizable space called the space of connected components of X.

Proposition A.55. — If X is a compact metric space, then the space X/M of connected components is totally disconnected.

Proof. — If y_0, y_1 ∈ X/M are distinct points, then π^{−1}(x_0), π^{−1}(x_1) are distinct connected components. By compactness there exists a clopen sets W ⊆ X such that π^{−1}(x_0) ⊆ W and π^{−1}(x_1) ⊆ X \ W . Since π is closed, π(W ) is a clopen set, x_0 ∈ W and x_1 ∈ (X/M) \ W .

A.7. Uniform spaces

Definition A.56. — A uniform space is a pair (X, U), where U ⊆ P(X × X) is a family of relations called uniformity with the following properties (1) If R ∈ U, R ⊆ S ⊆ X × X, then S ∈ U. (2) If R, S ∈ U, then R ∩ S ∈ U.

(3) For any R ∈ U there exists some S ∈ U with S ∘ S ⊆ R. (4) ⋂ U = Δ_X = {(x, x) : x ∈ X}. A family B ⊆ U is a base for U, if for any U ∈ U there exists B ∈ B such that B ⊆ U.

If X is a metric space and ε > 0, set Δ^ε_X = {(x_0, x_1) ∈ X × X : d(x_0, x_1) < ε}.

Then U = {R ∈ P(X × X) : ∃ε > 0, Δ^ε_X ⊆ R} is a uniformity and B = {Δ^ε_X : ε > 0} is its base.

A.7. UNIFORM SPACES 255

Proposition A.57. — If (X, U) is a uniform space, then the family T = {U ⊆ X : ∀x ∈ U, ∃R ∈ U, R(x) ⊆ U} is a topology on X. The interior of a set V ⊆ X is V^∘ = {x ∈ X : ∃R ∈ U, R(x) ⊆ V }.

Proof. — Clearly ∅, X ∈ T . Assume that U, V ∈ U and x ∈ U ∩ V . There exist R, S ∈ U such that R(x) ⊆ U and S(x) ⊆ V , so (R ∩S)(x) ⊆ U ∩V . Thus U ∩V ∈ T . Assume that U = ⋃ i∈I U_i and U_i ∈ T . If x ∈ U then there exists i ∈ I and R ∈ U such that R(x) ⊆ U_i ⊆ U, so U ∈ T . Given V ⊆ X set W = {x ∈ X : ∃R ∈ U, R(x) ⊆ V }. We show that V^∘ = W . If x ∈ V^∘ then V^∘ is open, so there is R ∈ V such that R(x) ⊆ V^∘ ⊆ V , and x ∈ W . Conversely if x ∈ W and R(x) ⊆ V , then there exists S ∈ U such that S ∘ S ⊆ R. If y ∈ S(x), then S(y) ⊆ S ∘ S(x) ⊆ R(x) ⊆ V , so S(x) ⊆ W and W is open. It follows that W = V^∘.

When we speak about topological properties of a uniform space, we refer to this canonical topology. For example any uniform space is Hausdorff.

Definition A.58. — Let (X, U), (Y, V) be uniform spaces. A map f : X → Y is uniformly continuous, if for any S ∈ V there exists R ∈ U such that (f × f)(R) ⊆ S.

Any uniformly continuous map is continuous.

Definition A.59. — Let (X_i, U_i)_{i∈I} be a family of uniform spaces, X = ∏ i∈I X_i and π_i : X → X_i the projections. The product uniformity U on X is the smallest uniformity which makes all π_i uniformly continuous.

If i ∈ I and R_i ∈ U_i, then (π_i × π_i)^{−1}(R_i) = {(x, y) ∈ X × X : (x_i, y_i) ∈ R_i} must belong to U. The family of all finite intersections of such sets forms the canonical base of the product uniformity B = { ⋂ i∈K (π_i × π_i)^{−1}(R_i) : R_i ∈ U_i, K ⊆ I finite } . Proposition A.60. — For any family (f_i : (Y, V) → (X_i, U_i))_{i∈I} of uniformly continuous maps there exists a unique uniformly continuous map f : (Y, V) → (X, U) such that π_i ∘ f = f_i.

Proof. — The uniqueness of f is clear. We show that f is uniformly continuous. For U ∈ U there exists a finite set K ⊆ I and sets U_i ∈ U_i, where i ∈ K, such that ⋂ i∈K (π_i × π_i)^{−1}(U_i) ⊆ U. Since f_i are uniformly continuous, there exists V ∈ V such that (f_i × f_i)(V ) ⊆ U_i. It follows (f × f)(V ) ⊆ U.

Proposition A.61. — Let X be a compact Hausdorff (topological) space. Then the family U = {R ∈ P(X × X) : Δ_X ⊆ R^∘} of neighbourhoods of diagonal is a uniformity. Moreover U is the the unique uniformity which gives rise to the original topology on X.

Proof. — It is clear that U satisfy all uniformity axioms, except possibly the third. Let R ∈ U. If (y, z) ∉ R^∘, then there exists a continuous function f : X → R such that |f(y) − f(z)| > 1. Set U_f = {(u, v) ∈ X × X : |f(u) − f(v)| > 1} The set of all such U_f covers (X × X) \ R^∘, so by compactness, there exist continuous functions f_1, . . . , f_n such that (X × X) \ R ⊆ U_{f1} ∪ · · · ∪ U_{fn} . Set Δ_{ε,f1 ,...,fn} = {(y, z) ∈ X × X : |f_i(y) − f_i(z)| < ε for i = 1, . . . , n}, Then Δ_{ε,f1 ,...,fn} ∈ U is an open neighbourhood of the diagonal and Δ_{1,f1,...,fn} ⊆ R. For S = Δ 1_{2 ,f1 ,...,fn} we have S ∘ S ⊆ Δ_{1,f1,...,fn} ⊆ R. Thus U is a uniformity. We show that U generates the topology on X. Let U be an open set and x ∈ U. For any y ∈ X \ U there exists an open set V_u ∋ y such that x ∉ V_y . The open cover {U} ∪ {V_y : y ∈ X \ U} has a finite subcover {U} ∪ {V_{y1} , . . . , V_{yn} }. Then R = (U × U) ∪ (V_{y1} × V_{yn} ) ∪ · · · ∪ (V_{yn} × V_{yn} ) ∈ U, and R(x) = U, so U is U-open. Conversely, if U is U-open and x ∈ U, then x ∈ R(x) ⊆ U for some R ∈ U and x ∈ U^∘, so U is open.

Assume now that V is a uniformity which generates the topology of X. If S ∈ V, then by Proposition A.57, S(x) is a neighbourhood of x, so there exists open V_x such that x ∈ V_x ⊆ S(x). The open cover {V_x : x ∈ X has a finite subcover {V_{x1} , . . . , V_{xn} } and (V_{x1} × V_{x1} ) ∪ · · · ∪ (V_{xn} × V_{xn} ) is a neighbourhood of the diagonal, so V ⊆ U. To show the other inclusion assume that S ∈ U. For any x ∈ X there exists R_x ∈ V such that R_x(x) × R_x(x) ⊆ S. There exists Q_x ∈ V such that Q_x ∘ Q_x ⊆ R_x. The open cover {Q_x(x) : x ∈ X} has a finite subcover {Q_{x1} (x_1), . . . , Q_{xn} (x_n)}. Set Q = ⋂_n i=1 Q_{xi} ∈ V. If (y, z) ∈ Q then y ∈ Q_{xi} (x_i) for some i ≤ n and z ∈ Q(y) ⊆ Q_{xi} (y), so z ∈ (Q_{xi} ∘ Q_{xi} )(x_i) ⊆ R_{xi} (x_i). Since y ∈ Q_{xi} (x_i) ⊆ R_{xi} (x_i), we get (y, z) ∈ R_{xi} (x_i) × R_{xi} (x_i) ⊆ S. Thus Q ⊆ S and S ∈ V. It follows that a mapping between compact Hausdorff spaces is continuous iff it is uniformly continuous.

Proposition A.62. — Let (X_i)_{i∈I} be compact uniform spaces. Then the product uniformity on X = ∏ i∈I X_i gives rise to the product topology.

Proof. — Let T be the product topology and T_U the topology of the product uniformity. Since π_i : (X, T_U ) → X_i are continuous, T ⊆ T_U . On the other hand, since f : (X, T ) → X_i are continuous, they are uniformly continuous and the unique uniformity of T is larger than U, and T_U ⊆ T .

A.8. Compact groups

Definition A.63. — An Abelian group is a triple (X, 0, +), where X is a set, 0 ∈ X is a zero element, and + : X × X → X is an addition operation satisfying (1) (x + y) + z = x + (y + z),

A.8. COMPACT GROUPS 257

(2) x + y = y + x, (3) x + 0 = x, (4) For any x ∈ X there exists a unique y = −x with x + y = 0.

A group homomorphism f : (X, 0, +) → (Y, 0, +) is a map f : X → Y which preserves the group structure, i.e., f(0) = 0, f(x_0 +x_1) = f(x_0)+f(x_1), and therefore also f(−x) = −f(x). If f is bijective, we say that X and Y are isomorphic and write X ≈ Y . If f is injective, we say that X is a subgroup of Y . For x ∈ X and positive integer n we set nx = n x + · · · + x, (−n)x = −(nx) If X, Y are groups, their product X × Y is a group with zero element (0, 0) and operations defined by (x_0, y_0) + (x_1, y_1) = (x_0 + y_0, x_1, y_1), −(x, y) = (−x, −y)

Definition A.64. — (1) An (Abelian) metric group is a structure (X, d, 0, +), where (X, d) is a metric space, (X, 0, +) is an Abelian group and the operations + : X × X → X and − : X → X are continuous.

(2) A compact group is a metric group which is compact as a metric space. (3) A compact group is monothetic if there exists x ∈ X such that {nx : n ∈ Z} is dense in X.

(4) A discrete group is a metric group with discrete metric.

The real line R is a metric group which is not compact. The circle T is a compact group. The unit circle in the complex plane is K = {z ∈ C : |z| = 1}. With complex multiplication, (K , ·, 1) is a compact group isomorphic to (T, +, 0) via φ(x) = e^{2πix}. The group of integers Z is a discrete group which is not compact. Finite groups Z(n) = {0, 1, . . . , n − 1} with addition modulo n are both discrete and compact. Groups of p-adic integers (Definition 4.1) are compact.

Proposition A.65. — If (X, d, 0, +) is a compact group, then there exists an equivalent metric ϱ on X such that for any x, y, z ∈ X, ϱ(x + z, y + z) = ϱ(x, y).

Proof. — Since the addition + : X ×X → X is continuous, it is uniformly continuous and for any ε > 0 there exists δ such that for all x, y, z ∈ X, d(x, y) < δ ⇒ d(x + z, y + z) < ε Define the metric ϱ by ϱ(x, y) = sup{d(x + z, y + z) : z ∈ X} Then d(x, y) < δ implies that ϱ(x, y) < ε and d(x, y) ≤ ϱ(x, y), so ϱ is equivalent to d and ϱ(x + z, y + z) = ϱ(x, y). Definition A.66. — Let (X, 0, +) be a metric Abelian group. (1) A character of X is a continuous group homomorphism χ : (X, 0, +) → (K , 1, ·).

(2) The unit character e is defined by e(x) = 1 (3) The product of characters χ, ψ : X → K is (χ · ψ)(x) = χ(x) · ψ(x). (4) The dual group ( ^X, ·, e) of X is the group of characters of X.

For any n ∈ Z, f_n(z) = z^n is a character of K . Conversely if χ : K → K is a character, then for a positive integer m and a = e^{2πi/m} we get

χ(a)^m = χ(a^m) = χ(1) = 1

and this is possible only if χ(a) = e^{2πin/m} = a^n for some n ∈ Z. It follows that this n must be equal for all z ∈ K . Thus we get ^K = {z^n : n ∈ Z} and this is isomorphic to (Z, 0, +). Conversely we regard (Z, 0, +) as a discrete group. A character χ : Z → K is determined by the element χ(1) ∈ K since χ(n) = χ(1)^n. Thus the dual group of Z is ^Z ≈ K . Proposition A.67. — If X is a compact metric group, then the dual group ^X is countable.

Proof. — The dual group ^X is a subset of the space C(X, C ) of continuous complexvalued functions on X. Assume that χ ∈ ^X is a character χ ≠ e. Pick a point x ∈ X such that χ(x) ≠ 1. There exists n ∈ Z such that χ(nx) = χ(x)^n has negative real part, so d(χ, e) ≥ d(χ(nx), 1) ≥ d(i, 1) = √ 2. If χ, ξ ∈ ^X are different characters, then d(χ, ξ) = d(χ/ξ, e) ≥ √ 2 Since the space C(X, C ) has a countable dense set (Theorem A.38), the set of characters is at most countable.

If X is a countable group (with discrete metric), then ^X ⊆ K^X and K^X with the product metric is a compact metric space. We show that ^X is then a compact metric group.

Proposition A.68. — If X is a countable group, then ^X as a subspace of K^X with the product metric is a compact group.

Proof. — Since K^X is compact, it suffices to show that ^X is a closed subset of K^X . If χ ∈ K^X \ ^X, then one of the equalities χ(0) = 1, χ(−x) = χ(x)^{−1} or χ(x + y) = χ(x) · χ(y) is violated. Then it is violated in a neighbourhood of χ, so K^X \ ^X is closed. Since |^1_x −^1_y | = |x − y| for x, y ∈ K , the map χ → χ^{−1} is an isometry in ^X. Similarly we get that the addition of characters is continuous.

Thus the dual of a compact metric group is a countable discrete group and the dual of a countable discrete group is a compact metric group. If we apply this transformation twice we get for any group X (compact or countable) a map ν_X : X → ^^X defined by (ν_X (x))(χ) = χ(x). The map ν_X is a group homomorphism, and if X is compact, then ν_X is continuous. If χ ∈ ^X and π_χ : ^^X → ^X is the projection then π_χ ∘ ν_X = χ is continuous, hence ν_X is continuous.

Theorem A.69 (Pontrjagin theorem). — If X is either a compact metric group or a countable discrete group, then ν_X : X → ^^X is a group isomorphism.

The proof may be found in Pontrjagin [130], Hofman and Morris [78] or Hewitt and Ross [76].

We have already seen that ^K ≈ Z and ^Z ≈ K . The groups Z(n) = {0, . . . , n − 1} are both compact and discrete and they are self-dual, ^Z(n) ≈ Z(n). If χ : Z(n) → K is a character, then χ(1)^n = 1, so ^Z(n) = {χ_0, . . . , χ_{n−1}}, where χ_k(x) = exp(2πik/n).

A consequence of the Pontrjagin duality theorem is that the dual group of a compact group separates points (Definition A.35).

Proposition A.70. — Let X be a compact metric group, ^X ⊆ C(X, C ) its dual group and L( ^X) the linear span of characters. Then ^X separates points and L( ^X) is dense in C(X, C ).

Proof. — If x ≠ y, then ν_X (x) ≠ ν_X (y), so there exists a character χ ∈ ^X such that χ(x) = (ν_X (x))(χ) ≠ (ν_X (y))(χ) = χ(y)

Since L( ^X) separates points and is closed with respect to the operations of product and complex conjugation, L( ^X) is dense in C(X, C ) by the Stone-Weierstrass theorem A.37.

A.9. Perron-Frobenius theory

A nonnegative square (n × n)-matrix can be interpreted as a flow in a graph with n vertices. The t-th power of such a matrix then represents the flow in time t. Perron-Frobenius theory estimates this flow using the largest positive eigenvalue of the matrix. We say that a matrix M = (M_{ab})_{a,b∈A} is nonnegative (M ≥ 0), if M_{ab} ≥ 0 for all a, b ∈ A and positive (M > 0), if M_{ab} > 0 for all a, b ∈ A. Similarly we speak about nonnegative and positive vectors u = (u_a)_{a∈A}.

Definition A.71. — Let (M_{ab})_{a,b∈A} be a nonnegative square matrix. (1) M is irreducible, if for any a, b ∈ A there exists n > 0 with (M^n)_{ab} > 0. (2) M is primitive, if there exists n > 0 such that M^n is positive. (3) The path relation P ⊆ A × A of M is defined by (a, b) ∈ P ⇔ ∃n > 0, (M^n)_{ab} > 0 A complex number λ is an eigenvalue of M = (M_{ab})_{a,b∈A}, if there exists a nonzero complex (right) eigenvector u = (u_a)_{a∈A} such that Mu = λu i.e., ∑ b∈A M_{ab}u_b = λu_a for any a ∈ A. If λ is an eigenvalue of M then (M − λI)u = 0, where I is the identity matrix, so λ is a solution of algebraic equation det(M − λI) = 0 of degree #A. There are at most #A eigenvalues of M. Denote by R^A the set of vectors indexed by A. For a vector x ∈ R^A let |x| ∈ R^A be the vector of its absolute values, |x|_a = |x_a| and ||x|| = √∑ a∈A x^2_a its norm.

Theorem A.72 (Perron-Frobenius theorem). — Let M be a primitive matrix. There exists λ = λ(M) > 0 called the spectral radius of M, and a positive vector u such that

(1) Mu = λu (λ is an eigenvalue of M and u is its right eigenvector). (2) Any right eigenvector of λ is a multiple of u. (3) If μ is an eigenvalue of M and μ ≠ λ then |μ| < λ. (4) If v is the left eigenvector of λ with ∑ a∈A u_av_a = 1, then lim_{n→∞} (M^n)_{ab} λ^n = u_av_b. Proof. —

(1) Set λ = sup{a > 0 : ∃x ∈ R^A , x ≥ 0, ax ≤ Mx}. For x = (1, . . . , 1) we have Mx > 0 so λ > 0. There exists a sequence (a_n)_{n≥0} converging to λ and nonnegative vectors x^{(n)} for which a_nx^{(n)} ≤ Mx^{(n)} and ||x^{(n)}|| = 1. In the compact space {x ∈ R^A : x ≥ 0, ||x|| = 1} there exists a convergent subsequence x^{(ni)} → u as i → ∞ and λu ≤ Mu. Suppose that v = Mu − λu ≥ 0 is nonzero. There exists p > 0 such that M^p > 0 and M(M^pu) − λ(M^pu) = M^pv > 0, so there exists λ^′ > λ for which λ^′(M^pu) ≤ M(M^pu) and this is a contradiction. Thus λu = Mu and u is an eigenvector. Since λ^pu = M^pu > 0, u is positive.

(2) Suppose that Mv = λv and v is independent of u. We can assume that v is real. There exists a linear combination w = cu + dv which is nonnegative but not positive. Then λ^pw = M^pw > 0 so w > 0 and this is a contradiction.

(3) Let μ be an eigenvalue of M and v its eigenvector so Mv = μv. Both μ and v may be complex. We get |μ| · |v_a| = | | | | ∑ b∈A M_{ab}v_b | | | | ≤ ∑ b∈A M_{ab}|v_b|. By the definition of λ, |μ| ≤ λ. Assume that |μ| = λ. We get λ|v| ≤ M|v|. As in the proof of (1) it follows that λ|v| = M|v|, so |v| is an eigenvector of λ and therefore a multiple of u. Thus ∑ b∈A (M^p)_{ab}|v_b| = λ^p|v_a| = | | | | ∑ b∈A (M^p)_{ab}v_b | | | | . It can be proved by induction on the size of A, that this is possible only if v can be obtained from |v| by multiplication by a complex unit, v_a = |v_a| · e^{iα}, so v is a multiple of u, λu = Mu = μu and μ = λ.

(4) For a nonnegative vector x set

r_0(x) = min { x_a u_a : a ∈ A } , r_1(x) = max { x_a u_a : a ∈ A } . For any a ∈ A we get (Mx)_a λu_a = ∑ b∈A M_{ab}u_b λu_a · x_b u_b ≥ r_0(x) · ∑ b∈A M_{ab}u_b λu_a = r_0(x).

Similarly for r_1(x), so

r_0(x) ≤ r_0 ( Mx λ ) ≤ r_1 ( Mx λ ) ≤ r_1(x).

There exist limits of monotone sequences

s_0(x) = lim_{n→∞} r_0 ( M^nx λ^n ) , s_1(x) = lim_{n→∞} r_1 ( M^nx λ^n ) , and s_0(x) ≤ s_1(x). We show s_0(x) = s_1(x). For some p with M^p > 0 set

m = min { (M^p)_{ab}u_b u_a : a, b ∈ A } > 0 Let x be a nonnegative vector and c ∈ A such that^{xc}_{uc} = r_1(x). Then (M^px)_a λ^pu_a = ∑ b≠c (M^p)_{ab}u_b λ^pu_a · x_b u_b + (M^p)_{ac}u_c λ^pu_a · x_c u_c ≥ ∑ b≠c (M^p)_{ab}u_b λ^pu_a · r_0(x) +

(M^p)_{ab}u_c λ^pu_a · (r_0(x) + r_1(x) − r_0(x))

≥ r_0(x) + m(r_1(x) − r_0(x)) By a similar argument for the lower bound we obtain

r_0 ( M^px λ^p ) ≥ (1 − m)r_0(x) + mr_1(x)

r_1 ( M^px λ^p ) ≤ (1 − m)r_1(x) + mr_0(x)

r_1 ( M^px λ^p ) − r_0 ( M^px λ^p ) ≤ (1 − 2m)(r_1(x) − r_0(x))

Thus there exists a limit lim_{n→∞} (M^nx)_a λ^nu_a = s(x), or lim_{n→∞} M^nx λ^n = s(x)u. Since the transposed matrix M^T is primitive too, it has the same spectral radius λ, as M and a positive right eigenvector v, which is a left eigenvector of M. Thus vM = λM and we assume that v · u = 1. For a ∈ A, let e_a be the unit vector such that (e_a)_a = 1, (e_a)_b = 0 for b ≠ a. For a, b ∈ A we get lim_{n→∞} (M^n)_{ab} λ^n = lim_{n→∞}

(M^ne_b)_a λ^n = s(e_b)u_a lim_{n→∞} (M^n)_{ab} λ^n = lim_{n→∞}

(e_aM^n)_b λ^n = s^′(e_a)v_b

Thus there exists l > 0 such that for any a, b ∈ A,^{s′ (ea )}_{ua} =^{s(eb )}_{vb} = l. Since the trace tr(M) = ∑ a∈A M_{aa} of any matrix is the sum of its eigenvalues, we get

1 = lim_{n→∞} ∑ a∈A (M^n)_{aa} λ^n = ∑ a∈A s(e_a)u_a = l ∑ a∈A v_au_a. Thus l = 1 and the result follows.

We have a weaker version of Perron-Frobenius theorem for irreducible matrices.

Theorem A.73. — Let M be an irreducible matrix. There exists λ = λ(M) > 0 called the spectral radius of M, and a positive vector u such that (1) Mu = λu (λ is an eigenvalue of M and u is its right eigenvector).

(2) Any right eigenvector of λ is a multiple of u. (3) If μ is an eigenvalue of M then |μ| ≤ λ.

(4) There exist numbers 0 < c_0 ≤ 1 ≤ c_1 such that for any n > 0 and a ∈ A,

c_0λ^n ≤ ∑ b∈A (M^n)_{ab} ≤ c_1λ^n.

Proof. —

(1) For any ε > 0, M +εI is a primitive matrix. If (M^n)_{ab} > 0, then (M +εI)^{n+m}_{ab} > 0 for any m ≥ 0 since M + εI has positive diagonal. We have Mu = λu iff (M + εI)u = (λ + ε)u. For w = (1, . . . , 1) we have (M + εI)w > εw, so the spectral radius λ_ε of M + εI is greater than ε. Moreover, λ = λ_ε −ε is a positive eigenvalue of M and u is its positive right eigenvector.

(2) If v is a right eigenvector of λ for M then it is also an eigenvector of λ + ε for M + εI, so it is a multiple of u.

(3) If μ is an eigenvalue of M, then μ+ε is an eigenvalue of M +εI, so |μ+ε| < λ+ε. Since this holds for any ε > 0, |μ| ≤ λ.

(4) Set d_0 = min{u_a : a ∈ A}, d_1 = max{u_a : a ∈ A}.

Then for any a ∈ A,

d_0 d_1 λ^n ≤ λ^nu_a d_1 = ∑ b∈A (M^n)_{ab}u_b

d_1 ≤ ∑ b∈A (M^n)_{ab} ≤ ∑ b∈A (M^n)_{ab}u_b d_0 = λ^nu_a d_0 ≤ d_1 d_0 λ^n.

Definition A.74. — The spectral radius of a nonnegative matrix M = (M_{ab})_{a,b∈A} with positive rows is the maximum of spectral radii of its irreducible components λ(M) = max{λ((M_{ab})_{a,b∈B} ) : B ⊆ A is a path component}.

A.10. Continued fractions

Continued fractions give rise to an interesting symbolic representation of real numbers. An infinite continued fraction is an expression

α = a_0 + 1 a_1 + 1 a_2 + 1 a_3 + · · ·

= [a_0, a_1, a_2, a_3, . . .]

We first define finite continued fractions by

[a_0] = a_0, [a_0, a_1] = a_0 + 1 a_1

, [a_0, a_1, a_2] = a_0 + 1 [a_1, a_2]

= [a_0, [a_1, a_2]],

[a_0, a_1, a_2, . . . , a_n] = a_0 + 1 [a_1, a_2, . . . , a_n]

= [a_0, [a_1, . . . , a_n]]

For example, [0] = [−1, 1] = 0, [1] = [0, 1] = 1, [0, 2] = [0, 1, 1] =^1_2 . A finite continued fraction can be written as a rational function of its variables a_0, a_1, . . . as

[a_0, a_1, . . . , a_n] = p_n(a_0, . . . , a_n)/q_n(a_0, . . . , a_n). We assume in general that a_i are real numbers.

Definition A.75. — Let a_0, a_1, a_2, . . . be real numbers. Their convergents p_n(a_0, . . . , a_n), q_n(a_0, . . . , a_n) are defined by recurrences

p_{−1} = 1, p_0 = a_0, p_1 = 1 + a_1a_0, . . . p_n = p_{n−2} + a_np_{n−1} q_{−1} = 0, q_0 = 1, q_1 = a_1, . . . q_n = q_{n−2} + a_nq_{n−1}

Proposition A.76. — Let a_1, . . . , a_n be positive real numbers, a_0 arbitrary and p_i, q_i their convergents. Then for any n ≥ 0, (1) [a_0, a_1, . . . , a_n] = p_n/q_n, (2) p_nq_{n−1} − p_{n−1}q_n = (−1)^{n+1}, (3) p_{n+1}q_{n−1} − p_{n−1}q_{n+1} = (−1)^{n+1}a_{n+1}.

Proof. —

(1) For n = 0, 1 we have [a_0] = a_0 = p_0/q_0, [a_0, a_1] = a_0 +1/a_1 = p_1/q_1. For n ≥ 2, [a_0, a_1, . . . , a_n] = [a_0, a_1, . . . , a_{n−2}, a^′_{n−1}] where a^′_{n−1} = [a_{n−1}, a_{n−2}] = a_{n−1} +^1_{an} . By the induction hypothesis [a_0, a_1, . . . , a_{n−2}, a^′_{n−1}] =^{p′n−1}_q′_{n−1} , where

p^′_{n−1} = p_{n−3} + a^′_{n−1}p_{n−2} = p_{n−3} + a_{n−1}p_{n−2} + p_{n−2} a_n = p_{n−1} + p_{n−2} a_n q^′_{n−1} = q_{n−3} + a^′_{n−1}q_{n−2} = q_{n−3} + a_{n−1}q_{n−2} + q_{n−2} a_n = q_{n−1} + q_{n−2} a_n so [a_0, . . . , a_n] = p^′_{n−1} q^′_{n−1} = a_np_{n−1} + p_{n−2} a_nq_{n−1} + q_{n−2} = p_n q_n (2),(3): For n = 0 we have p_0q_{−1} − p_{−1}q_0 = −1, p_1q_{−1} − p_{−1}q_1 = −a_1. For n > 1

p_nq_{n−1} − p_{n−1}q_n = (p_{n−2} + a_np_{n−1})q_{n−1} − p_{n−1}(q_{n−2} + a_nq_{n−1}) = −(p_{n−1}q_{n−2} − p_{n−2}q_{n−1}) = −(−1)^n = (−1)^{n+1}

p_{n+1}q_{n−1} − p_{n−1}q_{n+1} = (p_{n−1} + a_{n+1}p_n)q_{n−1} − p_{n−1}(q_{n−1} + a_nq_n) =

a_{n+1}(p_nq_{n−1} − p_{n−1}q_n) = (−1)^{n+1}a_{n+1}

In an infinite continued fraction [1, 1, 1, . . .] both p_n = F_{n+2} and q_n = F_{n+1} are Fibonacci numbers F_n = (α^{−n} − (−α)^n)/ √ 5, where α =^{√5−1}_2 (Example 1.39). Thus the limit lim_{n→∞} p_n/q_n exists and is^{√5+1}_2 ≈ 1.618. We show that this limit exists for any continued fraction whose every entry except the zeroth is a positive integer. Denote by N^+ = N \ {0} the set of positive integers.

Proposition A.77. — Let a_0 ∈ Z and a_i ∈ N^+ for i > 0. Then (1) p_n and q_n are relatively prime for n ≥ 0. (2) q_n ≥ F_{n+1}.

(3) There exists a limit α = [a_0, a_1, a_2, . . .] = lim_{n→∞}[a_0, a_1, a_2, . . . , a_n].

Proof. —

(1) Since |p_{n+1}q_n − p_nq_{n+1}| = 1, p_n and q_n do not have common divisor. (2) We have q_{−1} = F_0, q_0 = F_1, and q_n ≥ q_{n−2} + q_{n−1} ≥ F_{n−1} + F_n = F_{n+1}. (3) We have p_n q_n − p_{n−1} q_{n−1} = (−1)^{n+1} q_nq_{n+1} , | | | | p_{n+1} q_{n+1} − p_{n−1} q_{n−1} | | | | = | | | | (−1)^{n+1}a_{n+1} q_{n+1}q_{n−1} | | | | ≤ 1 q_nq_{n−1} , so p_0 q_0 < p_2 q_2 < p_4 q_4 < . . . < p_5 q_5 < p_3 q_3 < p_1 q_1 . Since q_n → ∞ as n → ∞, p_n/q_n is a converging sequence.

Proposition A.78. — Any irrational number α can be expressed in a unique way as α = [a_0, a_1, a_2, . . .], where a_0 ∈ Z and a_i ∈ N^+ for i > 0. Moreover, η_n = (−1)^n(q_nα − p_n) satisfies 1 q_n + q_{n+1} < η_n < 1 q_{n+1} , η_{n+1} = η_{n−1} − a_{n+1}η_n, η_{n+1} < η_n.

Proof. — Denote by ⌊a⌋ the integer part of a, so ⌊a⌋ ≤ a < ⌊a⌋ + 1. Suppose that α is irrational and set α_0 = α, a_0 = ⌊α_0⌋, α_1 =^1_{α0−a0} > 1, so α_0 = [a_0, α_1]. We continue by induction;

a_n = ⌊α_n⌋, α_{n+1} = 1 α_n − a_n > 1, so α_n = a_n + 1 α_{n+1} = [a_n, α_{n+1}] and α_0 = [a_0, α_1] = [a_0, [a_1, α_2]] = [a_0, a_1, α_2] = · · · = [a_0, a_1, . . . , a_n, α_{n+1}].

If α is irrational this procedure never ends and for i > 1 we get α_i > 1 and a_i > 0. We show α = [a_0, a_1, . . .].

α = [a_0, a_1, . . . , a_n, α_{n+1}] = p_{n−1} + α_{n+1}p_n q_{n−1} + α_{n+1}q_n

η_n = (−1)^n · q_n(p_{n−1} + α_{n+1}p_n) − p_n(q_{n−1} + α_{n+1}q_n) q_{n−1} + α_{n+1}q_n

= (−1)^n · q_np_{n−1} − p_nq_{n−1} q_{n−1} + α_{n+1}q_n = 1 q_{n−1} + α_{n+1}q_n ≤ 1 q_{n+1} | | | |α − p_n q_n | | | | = η_n q_n ≤ 1 q_nq_{n+1} Thus α = [a_0, a_1, . . .] = lim_{n→∞}[a_0, . . . , a_n]. We have already shown that η_n <^1_{qn+1} . On the other hand

η_n = 1 q_{n−1} + α_{n+1}q_n ≥ 1 q_{n−1} + (a_{n+1} + 1)q_n = 1 q_{n+1} + q_n ≥ 1 q_{n+2} > η_{n+1}. The recursive formulas for p_n and q_n yield η_n = η_{n−2} − a_nη_{n−1}.

We show that the a_i are unique. Assume that a_0 ∈ Z, a_1, a_2, . . . are positive integers and α = [a_0, a_1, . . .] = a_0 + 1 [a_1, a_2, . . .]

Since [a_1, a_2, . . .] > 1, a_0 < α < α + 1, so a_0 = ⌊α⌋ is unique. It follows that α_1 = 1/(α − a_1) = [a_1, a_2, . . .] is unique and by induction all a_i are unique.

We have already seen that^{1+√5}_2 = [1, 1, 1, . . .]. For α = √ 2 + 1 we have a_0 = 2, α_1 =^{1√}_{2−1} = √ 2 + 1, so a_1 = 2 and the process repeats, so √ 2 + 1 = [2, 2, 2, . . .].

More generally, we have

Theorem A.79 (Lagrange theorem). — An irrational number α has an eventually periodic continued fraction iff it is a solution of a quadratic equations with integer coefficients.

Proof. — Assume that α = [a_0, a_1, . . .] is eventually periodic. There exists 0 < n < m such that α = [a_0, . . . , a_{n−1}, β] = [a_0, . . . , a_{m−1}, β], or α = p_{n−2} + p_{n−1}β q_{n−2} + q_{n−1}β = p_{m−2} + p_{m−1}β q_{m−2} + q_{m−1}β This is a quadratic equation for β. Since β is a rational function of α, α is also a quadratic number. Conversely assume that α = [a_0, a_1, . . .] is an irrational which satisfies quadratic equation aα^2 + bα + c = 0. There exist α_n such that

α = [a_0, . . . , a_{n−1}, α_n] = p_{n−2} + p_{n−1}α_n q_{n−2} + q_{n−1}α_n , so α_n satisfies an equation A^2_nα^2_n + B_nα_n + C_n, where

A_n = ap^2_{n−1} + bp_{n−1}q_{n−1} + cq^2_{n−1}, B_n = 2ap_{n−1}p_{n−2} + b(p_{n−1}q_{n−2} + p_{n−2}q_{n−1}) + 2cq_{n−1}q_{n−2}, C_n = ap^2_{n−2} + bp_{n−2}q_{n−2} + cq^2_{n−2}.

We get C_n = A_{n−1}, and

B^2_n − A_nC_n = (b^2 − 4ac)(p_{n−1}q_{n−2} − q_{n−1}p_{n−2})^2 = b^2 − 4ac

so the discriminant does not depend on n. Set δ_n =^{pn}_{qn} − α, so p_n = αq_n +^{δn}_{qn} and |δ_n| < 1. Then

A_n = a ( αq_{n−1} + δ_{n−1} q_{n−1} )_2 + b ( αq_{n−1} + δ_{n−1} q_{n−1} ) + cq^2_{n−1} = (aα^2 + bα + c)q^2_{n−1} + 2aαδ_{n−1} + a δ^2_{n−1} q^2_{n−1} + bδ_{n−1} Since aα^2 + bα + c = 0, we get |A_n| < 2|aα| + |a| + |b|, B^2_n < b^2 − 4ac + 4A_nC_n. Thus the three sequences A_n, B_n, C_n are bounded and for some n < m, α_n = α_m.

Proposition A.80. — Any rational number α can be expressed in exactly two ways as a finite continued fraction

α = [a_0, a_1, . . . , a_{n−1}, a_n, 1] = [a_0, a_1, . . . , a_{n−1}, a_n + 1]

where n ≥ 0, a_0 ∈ Z, and a_i ∈ N^+ for 0 < i ≤ n.

Proof. — Suppose that α_0 = r_0/r_1 is rational and r_0, r_1 are relatively prime. If r_1 = 1 then α is an integer and can be expressed in exactly two ways α = [r_0] = [r_0 − 1, 1]. If r_1 > 1 then by division algorithm there exist unique a_0 = ⌊^{r0}_{r1} ⌋, 0 ≤ r_2 < r_1 satisfying r_0 = a_0r_1 + r_2. By induction we get unique a_i, q_i, α_i such that

r_0 = a_0r_1 + r_2 0 < r_2 < r_1, α_1 = 1 α_0 − a_0 = r_1 r_0 − a_0r_1 = r_1 r_2

r_1 = a_1r_2 + r_3 0 < r_3 < r_2, α_2 = 1 α_1 − a_1 = r_2 r_1 − a_1r_2 = r_2 r_3 . . r_{n−1} = a_{n−1}r_n + r_{n+1} 0 < r_{n+1} < r_n, α_n = r_n r_{n+1} = a_n + 1

r_n = (a_n + 1)r_{n+1} 0 = r_{n+2}

Here n is the first integer for which r_{n+1} divides r_n, so a_n + 1 =^{rn}_{rn+1} > 1 and r_{n+2} = 0. We get

α = [a_0, α_1] = · · · = [a_0, . . . , a_{n−1}, a_n + 1] = [a_0, . . . , a_{n−1}, a_n, 1].

If α is not integer, then a_0 is unique. By induction all the a_i except the last are unique.

The ambiguity in the expression of rational numbers in continued fractions is reflected in their approximation by longer continued fractions. A finite continued fraction may be regarded as an infinite continued fraction with infinite entries [a_0, . . . , a_n] = [a_0, . . . , a_n, ∞, ∞, . . .]. We regard continued fractions as (finite or infinite) symbolic sequences of integers and distinguish them from their values. A suitable metric makes this assignment continuous. We say that a continued fraction [a_0, a_1 . . .] is simple if a_0 ∈ Z and a_i are positive integers for i > 0.

Definition A.81. — The space Z of simple continued fractions is Z = {a = (a_i)_{0≤i<|a|} : a_0 ∈ Z, ∀i > 0, a_i ∈ N^+ , 0 < |a| ≤ ∞} N = {a ∈ Z : a_0 = 0}

with metric

d(a, b) = |a_0 − b_0| + ∞∑ n=1 | | | 1 a_n − 1 b_n | | | /(F_n)^2

Here F_n is the n-th Fibonacci number and we set 1/a_i = 0 when a is a finite continued fraction of length n and i > n. Thus d((a_0), (b_0)) = |a_0 − b_0|, d((a_0), (b_0, b_1)) = |a_0 − b_0| + 1/b_1. We therefore distinguish simple continued fractions a = (a_0, a_1, . . .) ∈ Z from their values π(a) = [a_0, a_1, . . .] ∈ R. The space Z is totally disconnected but not compact. The space N is totally disconnected and compact since it is an infinite product of compact space {1,^1_2 ,^1_3 , . . . , 0} ⊆ I.

Corollary A.82. — The value assignment π : Z → R given by π(a) = [a] is continuous. An irrational α ∈ R has exactly one preimage, a rational α ∈ R has exactly two preimages.

Proof. — Let a, b ∈ Z and d(a, b) < ε < 1. Set n = min{i ≥ 0 : a_i ≠ b_i}. If ε < 1 then n ≥ 1. Assume first that the length of both a and b is at least n, so [a] = [a_0, . . . , a_{n−1}, α_n], [b] = [a_0, . . . , a_{n−1}, β_n]. We have a_n ≤ α_n < a_n + 1, b_n ≤ β_n < b_n + 1, so |α_n − β_n| ≤ |a_n − b_n| + 1. Using the formula from the proof of Proposition A.78, we get [a]q_{n−1} − p_{n−1} = (−1)^{n−1} α_nq_{n−1} + q_{n−2} , [b]q_{n−1} − p_{n−1} = (−1)^{n−1} β_nq_{n−1} + q_{n−2} |[a] − [b]| ≤ | | | | α_n − β_n (α_nq_{n−1} + q_{n−2})(β_nq_{n−1} + q_{n−2}) | | | | ≤ |a_n − b_n| + 1 a_nb_nq^2_{n−1} ≤ 2 q^2_{n−1} | | | 1 a_n − 1 b_n | | | ≤ 2εF^2_n q^2_{n−1} ≤ 2ε If the length of b is n, then [a] = [a_0, . . . , a_{n−1}, α_n], [b] = [a_0, . . . , a_{n−1}], and |[a] − [b]| = | | | | α_np_{n−1} + p_{n−2} α_nq_{n−1} + q_{n−2} − p_{n−1} q_{n−1} | | | | = |p_{n−2}q_{n−1} − p_{n−1}q_{n−2}| (α_nq_{n−1} + q_{n−2})q_{n−1} ≤ 1 a_nq^2_{n−1} ≤ εF^2_n q^2_{n−1} < ε This shows that the function π is continuous.

1 4 1 3 2 5 1 2 3 5 2 3 3 4 γ β α Figure 10. Continued fractions

On the space N there is a dynamical system which is analogous to the shift map on A^N. Moreover its factor is an interesting dynamical system on the unit interval (Figure 10).

Proposition A.83. — The map π is a factor map π : (N , Φ) → (I, φ), where

Φ(0, a_1, a_2, . . .) = { (0, a_1 − 1, a_2, . . .) if a_1 > 1 (0, a_2, a_3, . . .) if a_1 = 1 , φ(α) = {_α 1−α if α ≤^1_2 1−α α if α ≥^1_2

Proof. — Let a = (0, a_1, a_2, . . .). Then

α = π(a) = [0, a_1, α_2] = 1 a_1 + 1/α_2 = α_2 a_1α_2 + 1 , 1 − α = 1 + (a_1 − 1)α_2 a_1α_2 + 1

If a_1 > 1, then α ≤^1_2 and φπ(a) = φ(α) = α 1 − α = 1 a_1 − 1 + 1/α_2

= [0, a_1 − 1, α_2] = πΦ(a).

If a_1 = 1, then α ≥^1_2 and φπ(a) = φ(α) = 1 − α α = 1 α_2

= [0, α_2] = πΦ(a)

so φπ = πΦ. It is clear that both Φ and ϕ are continuous.

Observe that {x ∈ I : ∃i ≥ 0 : φ^i(x) = 0} = Q is just the set of rational numbers (Figure 10 left). Other periodic or preperiodic points of (I, φ) are quadratic numbers - solutions of quadratic equations with integer coefficients. In Figure 10 right we see the fixed point α = [0, 1, 1, . . .] =^{√5−1}_2 and periodic points β = [0, 2, 2, . . .] = √ 2 − 1 and γ = [0, 4, 4, . . .] = √ 5 − 2.

Given α = [0, a_1, a_2, . . .], the convergents p_n/q_n are best approximations to α. In Figure 11 we see the convergents of α = [0, 2, 2, 2, . . .] = √ 2 − 1 .= 0.414. The set of points with integer coordinates is divided into two parts according to whether they lie above or below the line y = αx E_0 = {(q, p) ∈ N^2 : p < αq}, E_1 = {(q, p) ∈ N^2 : p > αq}

E_1

E_0

(q_0, p_0) 2 3 5 7 12

2 3

5

(q_{−1}, p_{−1}) (q_1, p_1) (q_0, p_0) + (q_1, p_1)

(q_2, p_2) = (q_0, p_0) + 2(q_1, p_1)

(q_1, p_1) + (q_2, p_2)

(q_1, p_1) + 2(q_2, p_2) = (q_3, p_3) y = αx

Figure 11. Klein Theorem

All (q, p) ∈ N^2 except (0, 0) belong to one of the sets E_0 or E_1. The even convergents (q_{2n}, p_{2n}) belong to E_0 and odd convergents (q_{2n−1}, p_{2n−1}) belong to E_1. The convex hull of E_1 (the minimal convex set which contains E_1) is bounded by the axis y and by the graph of a piecewise linear function f_1 which joins odd convergents (q_{−1}, p_{−1}) → (q_1, p_1) → (q_3, p_3) → · · · . Similarly the convex hull of E_0 consists of the axis x and a piecewise linear function f_0 which joins even convergents

(q_0, p_0) → (q_2, p_2) → (q_4, p_4) → · · · .

f_0(x) = p_{2n} + p_{2n+1} q_{2n+1} (x − q_{2n}), q_{2n} ≤ x ≤ q_{2n+2} f_1(x) = p_{2n−1} + p_{2n} q_{2n} (x − q_{2n−1}), q_{2n−1} ≤ x ≤ q_{2n+1} The graphs of these functions contain also some integer points such as (q_{−1}, p_{−1}) + (q_0, p_0) = (1, 1) or (q_1, p_1) + (q_2, p_2) = (7, 3). The differences between f_i(x) and αx are bounded by |f_i(q_{2n+i}) − αq_{2n+i}| = η_{2n+i}. We show that there are no integer points between these two functions except (0, 0).

Proposition A.84. — Let α = [a_0, a_1, . . .] be a positive irrational number, p_i, q_i its convergents and p, q, n ∈ N. Then q_{2n−1} < q < q_{2n+1} & p > αq ⇒ p − αq > η_{2n} & p − p_{2n−1} q − q_{2n−1} ≥ p_{2n} q_{2n} q_{2n} < q < q_{2n+2} & αq > p ⇒ αq − p > η_{2n+1} & p − p_{2n} q − q_{2n} ≤ p_{2n+1} q_{2n+1} and the equality holds only if (q, p) = (q_{n−1}, p_{n−1}) + k(q_n, p_n), 0 < k < a_{n+1}.

Proof. — Let p > αq. We have p/q > α > p_{2n}/q_{2n}, so pq_{2n} − p_{2n}q > 0. Since all these numbers are integers, pq_{2n} − p_{2n}q ≥ 1. Since p_{2n−1}q_{2n} − p_{2n}q_{2n−1} = 1, we get (p − p_{2n−1})q_{2n} − p_{2n}(q − q_{2n−1}) = pq_{2n} − p_{2n}q − 1 ≥ 0.

Since p_{2n}, q_{2n} are relatively prime, the equality holds only if q − q_{2n−1} = kq_{2n}, p − p_{2n−1} = kp_{2n} for some k. Since q < q_{2n+1}, we get k < a_{2n+1}. Since pq_{2n} − p_{2n}q ≥ 1, p q ≥ p_{2n} q_{2n} + 1 q · q_{2n} > p_{2n}q_{2n+1} + 1 q_{2n+1}q_{2n} = p_{2n+1}q_{2n} q_{2n+1}q_{2n} = p_{2n+1} q_{2n+1} , so pq_{2n+1} − p_{2n+1}q ≥ 1 = p_{2n+1}q_{2n} − p_{2n}q_{2n+1} and^{p+p2n}_{q+q2n} ≥^{p2n+1}_{q2n+1} > α. It follows p − αq > αq_{2n} − p_{2n} = η_{2n}. Similarly we get inequalities for the even convergents.

Theorem A.85 (Klein theorem). — Let α > 0 be irrational and p_n, q_n its convergents.

(1) The extremal points of the convex hull of E_0 are (q_{2n}, p_{2n}), n ≥ 0. (2) The extremal points of the convex hull of E_1 are (q_{2n−1}, p_{2n−1}), n ≥ 0. (3) If 0 < q < q_n is an integer, then |p − αq| > |p_n − αq_n| = η_n.

Proof. — Proposition A.84 shows that if (q, p) is not a convergent, it is an extremal point of neither E_0 nor E_1. The line which joins consecutive even convergents (q_{2n}, p_{2n}) and (q_{2n+2}, p_{2n+2}) has slope^{pn+1}_{qn+1} . Since these slopes are decreasing, (q_{2n}, p_{2n}) are extremal points. (3) follows from Proposition A.84, since η_{n−1} > η_n.

APPENDIX B

MAIN THEOREMS

Theorem 2.9 A dynamical system is transitive iff it has a transitive point iff its transitive set is residual.

Theorem 2.19 (Birkhoff [18]) A point is almost periodic iff its orbit closure is a minimal system.

Corollary 2.21 (Birkhoff [18]) Any dynamical system has an almost periodic point.

Theorem 2.31 (Akin, Auslander, Berg [4]) A transitive system is either sensitive or almost equicontinuous.

Theorem 2.33 (Glasner and Weiss [65], Akin et al.[4]) A transitive almost equicontinuous system is a uniformly rigid homeomorphism and its equicontinuity points coincide with transitive points.

Corollary 2.34 A transitive equicontinuous system is minimal. A minimal almost equicontinuous system is equicontinuous.

Theorem 2.35 (Glasner and Weiss [65]) A transitive system with a dense set of almost periodic points is either minimal or sensitive.

Theorem 2.42 A minimal equicontinuous system is conjugate to an isometric rotation on a compact group.

Theorem 2.44 Any dynamical system has a maximal equicontinuous factor.

Theorem 2.49 (Paul [123]) An equicontinuous factor of a minimal system which is an almost one-to-one extension is the maximal equicontinuous factor.

Theorem 2.55 (Halmos and von Neumann) A dynamical system is transitive with discrete spectrum iff it is conjugate to a minimal rotation on a compact group.

Theorem 2.56 Two minimal equicontinuous systems have the same spectrum iff they are conjugate. Two transitive dynamical systems have the same spectrum iff their maximal equicontinuous factors are conjugate.

Theorem 2.68 (Akin [3]) An attractor is chain-invariant. Two attractors are equal iff they contain the same chain-recurrent points.

Theorem 2.69 An attractor is a minimal attractor iff it is chain-transitive. Theorem 2.76 (Buescu and Stewart [33]) A stable set in a locally compact dynamical system has as its maximal totally disconnected factor an adding machine.

Theorem 2.90 (Bowen [28]) The topological entropy of a dynamical system is concentrated on its nonwandering set.

Theorem 3.8 (Weihrauch [161]) Any compact metric space has a symbolic extension with the extension property.

Corollary 3.9 (Balcar and Simon [10]) Any dynamical system has a symbolic extension.

Theorems 3.33, 3.35 (Walters [158], Parry [122]) A subshift is an SFT iff it has the shadowing property iff it is open.

Theorem 3.48 The entropy of a subshift of finite type is the logarithm of the spectral radius of its adjacency matrix.

Theorem 3.57 (Weiss [162]) A subshift is sofic iff it is a factor of a subshift of finite type.

Theorem 3.64 The entropy of a sofic subshift is the logarithm of the spectral radius of the adjacency matrix of its right-resolving graph.

Theorem 4.4 A minimal equicontinuous dynamical system on a totally disconnected space is conjugate to an adding machine.

Theorem 4.34 (Michel [108]) A substitutive subshift is strictly ergodic. Theorem 4.36 (Mossé [115]) A substitutive system is recognizable.

Theorem 4.40 (Dekking [46]) The maximal equicontinuous factor of a constant length substitutive subshift is an adding machine.

Theorem 4.45 (Sós [148]) A finite trajectory of an irrational rotation divides the circle into intervals of at most three lengths.

Theorem 4.62 An infinite chain-transitive subshift is ballanced iff it has minimal complexity iff it is either Sturmian or skew Sturmian.

Theorem 4.72 (Williams [163]) The maximal equicontinuous factor of a Toeplitz subshift is conjugate to an adding machine.

Theorem 4.73 (Downarowicz and Lacroix [52]) A minimal almost one-to-one subshift extension of an adding machine is conjugate to a Toeplitz subshift.

Theorem 4.76 (Jacobs and Keane [82]) A regular Toeplitz subshift is strictly ergodic and has zero topological entropy.

Theorems 4.77,4.78 (Williams [163]) There exist minimal dynamical systems with positive entropy which are not strictly ergodic.

Corollary 5.19 (Codenotti and Margara [36]) A transitive cellular automaton is sensitive.

Theorem 5.21 (Hedlund [73]) A cellular automaton is surjective iff any finite word has the same number of preimages.

Theorem 5.24 (Blanchard and Tisseur [27]) A surjective almost equicontinuous cellular automaton has a dense set of periodic points.

Theorem 5.35, 5.45 (Hedlund [73]) A cellular automaton is open iff it is n-to-one iff it has n crossections iff it is both left-closing and right-closing.

Theorem 5.47 (Boyle and Kitchens [31]) A closing cellular automaton has a dense set of periodic points.

Theorems 5.49,5.50 (Kůrka [90], Nasu [117], Blanchard and Maass [25]) A positively expansive cellular automaton is open and conjugate to a mixing subshift of finite type.

Theorem 5.52 (Hurley [80]) A cellular automaton with two disjoint attractors has an infinite number of attractors and a continuum of quasi-attractors.

Theorem 5.53 (Hurley [80]) A minimal attractor of a cellular automaton is a subshift and its basin of attraction is a dense open set.

BIBLIOGRAPHY

[1] R. Adler, A. Konheim, and M. McAndrew. Topological entropy. Trans. Amer.

Math. Soc., 114:309–319, 1965.

[2] V. Afraimovich. Pesin’s dimension for Poincaré recurrence. Chaos, 7, 1997.

[3] E. Akin. The General Topology of Dynamical Systems. Amer. Math. Soc., 1991.

[4] E. Akin, J. Auslander, and K. Berg. When is a transitive map chaotic? In Bergelson, March, and Rosenblatt, editors, Conference in Ergodic Theory and Probability, pages 25–40. de Gruyter and Co., 1996.

[5] N. Aoki and K. Hiraide. Topological Theory of Dynamical Systems. North- Holland, Amsterdam, 1994.

[6] V. I. Arnold. Mathematical Methods in Classical Mechanics. Springer-Verlag, Berlin, 1989.

[7] P. Arnoux. Représentation géometrique des suites de complexité 2n + 1. Bull.

Soc. Math. France, 119:199–215, 1991.

[8] D. K. Arrowsmith and C. M. Place. An Introduction to Dynamical Systems.

Cambridge University Press, Cambridge, 1990.

[9] J. Auslander. Minimal Flows and Their Extensions. North-Holland, Amsterdam, 1991.

[10] B. Balcar and P. Simon. Appendix on general topology. In J. D. Monk and R. Bonnet, editors, Handbook of Boolean Algebras, page 1241. Elsevier, B.V., 1989.

[11] J. Banks, J. Brook, G. Cains, G. Davis, and P. Stacey. On Devaney’s definition of chaos. Amer. Math. Monthly, 99:332–334, 1992.

[12] G. Barat, T. Downarowicz, A. Iwanik, and P. Liardet. Propriétés topologiques et combinatoires des echelles de numérations. 2000.

[13] M. P. Béal. Symbolic dynamics and finite automata. In G. Rozenberg and A. Salomaa, editors, Handbook of Formal Languages, volume 2, pages 483–503. Springer-Verlag, Berlin, 1997.

[14] T. Bedford, M. Keane, and C. Series. Symbolic Dynamics and Hyperbolic Spaces.

Oxford University Press, Oxford, 1991.

[15] J. Berstel. Theory of Codes. Academic Press, New York, 1985.

[16] J. Berstel. Recent results on Sturmian words. In J. Dassow and A. Salomaa, editors, Developments in Language Theory, pages 13–24. Worlds Scientific, Singapore, 1996.

[17] J. Berstel and A. de Luca. Sturmian words, Lyndon words and trees. Theoret.

Comput. Sci., 178:171–203, 1997.

[18] G. D. Birkhoff. Quelques théorèmes sur les movements des systèmes dynamiques. Bull. Soc. Math. France, 40:305–312, 1912.

[19] G. D. Birkhoff. Dynamical Systems, volume 9 of Colloquium Publications. American Mathematical Society, Providence, RI, 1927.

[20] F. Blanchard and G. Hansel. Languages and subshifts. In M. Nivat and D. Perrin, editors, Automata on Infinite Words, volume 192 of Lecture Notes in Computer Science, pages 138–146, Berlin, 1985. Springer-Verlag.

[21] F. Blanchard and G. Hansel. Systèmes codés. Theoret. Comput. Sci., 44:17–49, 1986.

[22] F. Blanchard and P. Kůrka. Language complexity of rotations and Sturmian sequences. Theoret. Comput. Sci., 209:179–193, 1998.

[23] F. Blanchard, P. Kůrka, and A. Maass. Topological and measure-theoretic properties of one-dimensional cellular automata. Physica D, 103:86–99, 1997.

[24] F. Blanchard and A. Maass. Dynamical behaviour of Coven’s cellular automata.

Theoret. Comput. Sci., pages 291–302, 1996.

[25] F. Blanchard and A. Maass. Dynamical properties of expansive one-sided cellular automata. Israel Journal of Mathematics, 99:149–174, 1997.

[26] F. Blanchard, A. Maass, and A. Noguiera, editors. Topics in Symbolic Dynamics and Applications, volume 279 of London Mathematical Society Lecture Notes Series. Cambridge University Press, Cambridge, 2000.

[27] F. Blanchard and P. Tisseur. Some properties of cellular automata with equicontinuous points. Ann. Inst. Henri Poincaré, 36:569–582, 2000.

[28] R. Bowen. Topological entropy and axiom A. In Global Analysis (Proc. Sympos.

Pure Math., XIV, Berkeley, Calif., 1968, pages 23–41, Providence, R.I., 1970. Amer. Math. Soc.

[29] R. Bowen. Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, volume 470 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1975.

[30] M. Boyle, D. Fiebig, and U. Fiebig. A dimension group for local homeomorphisms and endomorphisms of one-sided shifts of finite type. J. Reine Angew. Math., 497:27–59, 1997.

[31] M. Boyle and B. Kitchens. Periodic points for onto cellular automata. Indagationes Math, 1999.

[32] H. Bruin, G. Keller, and M. St. Pierre. Adding machines and wild attractors.

Ergod. Theory & Dynam. Syst., 17:1267–1287, 1997.

[33] J. Buescu and I. Stewart. Liapunov stability and adding machines. Ergod. Th.

& Dynam. Syst., 15(2):271–290, 1993.

[34] J. Cassaigne. Special factors of sequences with linear subword complexity. In J. Dassow and A. Salomaa, editors, Developments in Language Theory, pages 25–34. Worlds Scientific, Singapore, 1996.

[35] J. Cassaigne. Limit values of the recurrence quotient of Sturmian sequences.

Theoret. Comput. Sci., 218:3–12, 1999.

[36] B. Codenotti and L. Margara. Transitive cellular automata are sensitive. American Mathematical Monthly, 103:58–62, 1996.

[37] P. Collet and J. P. Eckmann. Iterated Maps on the Interval as Dynamical Systems. Birkhäuser, Boston, 1980.

[38] I. P. Cornfeld, S. V. Fomin, and Y. G. Sinai. Ergodic Theory. Springer-Verlag, New York, 1982.

[39] E. M. Coven. Topological entropy of block maps. Proc. Amer. Math. Soc., 78:590–594, 1980.

[40] E. M. Coven and G. A. Hedlund. Periods of some non-linear shift registers. J.

Combinatorial Th. A, 27:186–197, 1979.

[41] E. M. Coven and M. S. Keane. The structure of substitution minimal sets.

Trans. Amer. Math. Soc., 162:91–102, 1971.

[42] E. M. Coven and M. E. Paul. Endomorphisms of irreducible shifts of finite type.

Math. System Th., 8:167–175, 1974.

[43] E. M. Coven and M. E. Paul. Sofic systems. Israel Journal of Mathematics, 20,2:165–177, 1975.

[44] K. Culik, L.P. Hurd, and S. Yu. Computation theoretic aspects of cellular automata. Physica D, 45:357–378, 1990.

[45] K. Culik, J. Pachl, and S. Yu. On the limit sets of cellular automata. SIAM J.Comput., 18:831–842, 1989.

[46] F. M. Dekking. The spectrum of dynamical systems arising from substitutions of constant length. Z. Wahrscheinchlichkeitstheorie verw. Gebiete, 41:221–239, 1978.

[47] M. Denker, Ch. Grillenberger, and K. Sigmund. Ergodic Theory on Compact Spaces, volume 527 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1976.

[48] R. Devaney. An Introduction to Chaotic Dynamical Systems. Addison-Wesley, Reading, MA, 1989.

[49] G. Didier. Codages de rotations et fractions continues. J. Number Theory, 71:275–306, 1998.

[50] T. Downarowicz. Entropy of a symbolic extension of a dynamical system. Ergod.

Th. & Dynam. Sys., 21:1051–1070, 2001.

[51] T. Downarowicz and A. Iwanik. Quasi-uniform convergence in compact dynamical systems. Studia Mathematica, 89:11–25, 1988.

[52] T. Downarowicz and Y. Lacroix. Almost 1-1 extensions of Furstenberg-Weiss type. Studia Mathematica, 130:149–170, 1998.

[53] N. Dunford and J. T. Schwartz. Linear Operators, volume 1. Interscience, New York, 1966.

[54] F. Durand. Linearly recurrent subshifts have a finite number of nonperiodic subshift factors. Ergod. Th. & Dynam. Sys., 20:1061–1078, 2000.

[55] F. Durand, B. Host, and C. Skau. Substitutional dynamical systems, Bratelli diagrams and dimensions groups. Ergod. Th. & Dynam. Sys., 19:953–993, 1999.

[56] R. Ellis. Lectures on Topological Dynamics. Benjamin, New York, 1969.

[57] R. Engelking. General Topology. PWN - Polish Scientific Publishers, Warszawa, 1977.

[58] M. J. Feigenbaum. Quantitative universality for a class of nonlinear transformations. J. Stat. Phys., 19:25–52, 1978.

[59] H. Furstenberg. Recurrence in Ergodic Theory and Combinatorial Number Theory. M. B. Porter Lectures, Rice University. Princeton University Press, Princeton, 1981.

[60] M. Gardner. Mathematical games. Scientific American, October 1970.

[61] R. H. Gilman. Classes of cellular automata. Ergod. Th. & Dynam. Sys., 7:105– 118, 1987.

[62] R. H. Gilman. Periodic behavior of linear automata. In J.C.Alexander, editor, Dynamical Systems, volume 1342 of Lecture Notes in Mathematics, Berlin, 1988. Springer-Verlag.

[63] T. Giordano, I. F. Putnam, and C. F. Skau. Topological orbit equivalence and C^∗-crossed products. J. reine angew. Math., 469:51–111, 1995.

[64] R. Gjerde and Ø. Johanses. Bratteli-Vershik models for Cantor minimal systems:

applications to Toeplitz flows. Ergod. Th. & Dynam. Sys., 20:1687–1710, 2000.

[65] E. Glasner and B. Weiss. Sensitive dependence on initial conditions. Nonlinearity, 6:1067–1075, 1993.

[66] W. H. Gottshalk. Substitutions minimal sets. Trans. Amer. Math. Soc., 109:467–491, 1963.

[67] W. H. Gottshalk and G. A. Hedlund. Topological Dynamics, volume 36 of Amer.

Math. Soc. Coll. Publ. American Mathematical Society, Providence, R. I., 1955.

[68] P. J. Grabner, P. Liardet, and R. F. Tichy. Odometers and systems of numeration. Acta Arithmetica, 70,2:103–123, 1995.

[69] J. Guckenheimer. Sensitive dependence on initial conditions for one-dimensional maps. Comm. Math. Phys., 70:133–160, 1979.

[70] J. Guckenheimer and P. Holmes. Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields. Springer-Verlag, Berlin, 1983.

[71] J. Hadamard. Les surfaces à courbures opposées et leur lignes géodesiques. J.

Math. Pures Appl., 4:27–73, 1898.

[72] G. H. Hardy and E. M. Wright. An Introduction to the Theory of Numbers.

Oxford University Press, Oxford, 1979.

[73] G. A. Hedlund. Endomorphisms and automorphisms of the shift dynamical system. Math. Sys. Th., 3:320–375, 1969.

[74] M. Hénon. A two-dimensional mapping with a strange attractor. Comm. Math.

Phys., 50:69–79, 1976.

[75] R. H. Herman, I. F. Putnam, and C. F. Skau. Ordered Bratelli diagrams, dimension groups and topological dynamics. Internat. J. Math., 3-6:827–864, 1992.

[76] E. Hewitt and K. A. Ross. Abstract Harmonic analysis, volume 1. Springer- Verlag, Berlin, 1963.

[77] M. W. Hirsch and S. Smale. Differential Equations, Dynamical systems and Linear Algebra. Academic Press, New York, 1974.

[78] K. H. Hofmann and S. A. Morris. The Structure of Compact Groups, volume 25 of de Gruyter Studies in Mathematics. de Gruyter, Berlin, 1998.

[79] B. Host. Valeurs propres des systèmes dynamiques définis par des substitutions de longueur variable. Ergod. Th. & Dynam. Sys., 6:529–540, 1986.

[80] M. Hurley. Attractors in cellular automata. Ergod. Th. & Dynam. Sys., 10:131– 140, 1990.

[81] M. C. Irwin. Smooth Dynamical Systems. Academic Press, London, 1980. [82] K. Jacobs and M. Keane. 0-1 sequences of Toeplitz type. Z. Wahrscheinchlichkeitstheorie verw. Gebiete, 13:123–131, 1969.

[83] T. Kamae. Spectrum of a substitution minimal set. J. Math. Soc. Japan, 22,4, 1970.

[84] A. Y. Khinchin. Continued Fractions. University of Chicago Press, 1964. [85] B. P. Kitchens. Symbolic Dynamics. Springer-Verlag, Berlin, 1998. [86] N. Koblitz. P-adic Numbers, P-adic Analysis and Zeta-Functions. Springer- Verlag, Berlin, 1977.

[87] M. Kupsa. Characteristics of recurrence and transition in Sturmian subshifts, 2001. (in czech).

[88] P. Kůrka. Languages, equicontinuity and attractors in cellular automata. Ergod.

Th. & Dynam. Sys., 17:417–433, 1997.

[89] P. Kůrka. On topological dynamics of Turing machines. Theoret. Comp. Sci., 174:203–216, 1997.

[90] P. Kůrka. Zero-dimensional dynamical systems, formal languages and universality. Theory Comput. Systems, 32:422–433, 1999.

[91] P. Kůrka. Topological dynamics of cellular automata. In B. Markus and J. Rosenthal, editors, Codes, Systems, and Graphical Models, volume 123 of IMA Volumes in Mathematics and its Applications, pages 447–498. Springer- Verlag, 2001.

[92] P. Kůrka and M. Kupsa. Recurrence and transition rates in minimal subshifts.

2002.

[93] P. Kůrka and A. Maass. Realtime subshifts. Theoret. Comput. Sci., 237:307–325, 2000.

[94] P. Kůrka, V. Penné, and S. Vaienti. Dynamically defined recurrence dimension.

Discrete and Continuous Dynamical Systems, 8/1:137–146, 2002.

[95] A. Lasota and M. C. Mackey. Chaos, Fractals, and Noise. Springer-Verlag, Berlin, 1994.

[96] T. Y. Li and J. A. Yorke. Period three implies chaos. Amer. Math. Monthly, 82:985–992, 1975.

[97] A. M. Liapunov. Problème général de la stabilité du mouvement. In Annals of Mathematical studies, volume 17. Princeton University Press, Princeton, 1949.

[98] D. A. Lind. Applications of ergodic theory and sofic systems on cellular automata. Physica D, 10:36–44, 1984.

[99] D. A. Lind. Entropies of automorphisms of a topological Markov shift. Proc.

Amer. Math. Soc., 99(3):589–595, 1987.

[100] D. A. Lind and B. Marcus. An Introduction to Symbolic Dynamics and Coding.

Cambridge University Press, Cambridge, 1995.

[101] E. N. Lorenz. Deterministic non-periodic flows. J. Atmos. Sci., 20:130–141, 1963.

[102] M. Lothaire. Combinatorics on Words. Cambridge University Press, Cambridge, 1997.

[103] M. Lothaire. Algebraic Combinatorics on Words. Cambridge University Press, Cambridge, 2002.

[104] R. Mañé. Ergodic Theory and Differentiable Dynamics. Springer-Verlag, Berlin, 1987.

[105] N. G. Markley. Substitution-like minimal sets. Israel J. Math., 22:332–353, 1975.

[106] J. C. Martin. Substitution minimal flows. Amer. J. Math., 93:503–526, 1971.

[107] R. M. May. Simple mathematical models with very complicated dynamics. Nature, 261:459, 1976.

[108] P. Michel. Stricte ergodicité d’ensembles minimaux de substitutions. C. R. Acad.

Sci. Paris, 278:811–813, 1974.

[109] J. Milnor. Morse Theory. Princeton University Prress, Princeton, NJ, 1963. [110] J. Milnor and W. Thurston. On iterated maps of the interval, volume 1342 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1988.

[111] M. Morse. Representations of geodesics. Amer. J. Math., 43:35–51, 1921. [112] M. Morse and G. Hedlund. Symbolic dynamics. Amer. J. Math., 60:815–866, 1938.

[113] M. Morse and G. Hedlund. Symbolic dynamics II. Sturmian trajectories. Amer.

J. Math., 62:1–42, 1940.

[114] B. Mossé. Puissances de mots et reconnaissabilité des points fixes d’une substitution. Theoret. Comput. Sci., 99:327–334, 1992.

[115] B. Mossé. Reconnaissabilité des substitutions et complexité des suites automatiques. Bull. Soc. Math. France, 124:329–346, 1996.

[116] M. G. Nadkarni. Spectral Theory of Dynamical Systems. Birkhäuser Verlag, Basel, 1998.

[117] M. Nasu. Textile Systems for Endomorphisms and Automorphisms of the Shift, volume 546 of Mem. Amer. Math. Soc. American Mathematical Society, 1995.

[118] J. von Neumann. The general and logical theory of automata. In L. A. Jefferss, editor, Cerebral Mechanics of Behaviour. Wiley, New York, 1951.

[119] J. Palis and W. de Melo. Geometric Theory of Dynamical Systems. Springer- Verlag, Berlin, 1982.

[120] J. J. Pansiot. Decidability of periodicity for infinite words. Informatique Théorique et Applications/ Theoretical Informatics and Applications, 20,1:43– 46, 1986.

[121] W. Parry. Intrinsic Markov chains. Trans. Amer. Math. Soc., 112:55–66, 1964. [122] W. Parry. Symbolic dynamics and transformations of the unit interval. Trans.

Amer. Math. Soc., 122:368–378, 1966.

[123] M. E. Paul. Construction of almost automorphic symbolic minimal flows. General Topology Appl., 6:45–56, 1976.

[124] V. Penné, B. Saussol, and S. Vaienti. Dimensions for recurrence times: topological and dynamical properties. Discrete and Continuous Dynamical Systems, 4(4), 1998.

[125] O. Perron. Die Lehre von den Kettenbrüchen. B.G.Teubner, Leipzig, 1929. [126] Y. B. Pesin. Dimension Theory in Dynamical Systems. The University of Chicago Press, Chicago, 1997.

[127] K. Petersen. Ergodic Theory. Cambridge University Press, Cambridge, 1989. [128] H. Poincaré. Les Méthodes Nouvelles de la Mécanique Céleste. Gauthier-Villars, Paris, 1899.

[129] M. Pollicott and M. Yuri. Dynamical Systems and Ergodic Theory. Cambridge University Press, Cambridge, 1998.

[130] L. Pontrjagin. Topological Groups. Princeton University Press, Princeton, 1958. [131] Ch. Preston. Iterates of Piecewise Monotone Mappings on an Interval, volume 1347 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1988.

[132] I. Prigogine and G. Nicolis. Self Organization in Non Equilibrium Systems. Wiley, New York, 1977.

[133] M. Queffélec. Substitution Dynamical Systems - Spectral Analysis, volume 1294 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1987.

[134] G. Rauzy. Nombres algébriques et substitutions. Bull. Math. Soc. France, 110:147–178, 1982.

[135] G. Rauzy. Suite à termes dans un alphabet fini. In Sém. Théorie des Nombres de Bordeaux, volume 25, pages 147–178, 1983.

[136] G. Rozenberg and A. Salomaa. The Mathematical Theory of L-systems. Academic Press, New York, 1980.

[137] D. Ruelle. Elements of Differentiable Dynamics and Bifurcation Theory. Academic Press, New York, 1989.

[138] W. Schikhof. Ultrametric Calculus: An Introduction to p-adic Analysis. Cambridge University Press, Cambridge, 1984.

[139] W. M. Schmidt. Diophantine Approximations, volume 785 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1979.

[140] W. M. Schmidt. Dynamical Systems of Algebraic Origin. Birkhäuser Verlag, Basel, 1995.

[141] P. Séébold. Fibonacci morphisms and Sturmian words. Theoret. Comput. Sci., 88:365–384, 1991.

[142] C. E. Shannon and W. Weaver. The Mathematical Theory of Communication.

University of Illinois Press, Urbana, 1949.

[143] A. N. Sharkovski. Coexistence of cycles of a continuous map of a line into itself.

Ukrainian Math. J., 16:61–71, 1964.

[144] K. S. Sibirsky. Introduction to Topological Dynamics. Noordhoff International Publishing, Leyden, 1975.

[145] A. Siegel. Représentations p-adiques des systèmes substitutifs non unimodulaires. Ergod. Theor & Dynam. Systems, 2002.

[146] S. Smale. Differentiable dynamical systems. Bulletin of the American Mathematical Society, 73:747–817, 1967.

[147] S. Smale and R. F. Williams. The qualitative analysis of a difference equation of population growth. J. Math. Biology, pages 1–5, 1976.

[148] V. Sós. On the distribution mod 1 of the sequences nα. Ann. Univ. Sci. Budapest Eötvös Sect. Math., 1:127–134, 1958.

[149] W. Szlenk. An Introduction to the Theory of Smooth Dynamical Systems. PWN- Polish Scientific Publishers/Wiley, Warzawa/Chichester, 1984.

[150] D’Arcy Wentworth Thompson. On Growth and Form. Cambridge University Press, Cambridge, 1942.

[151] O. Toeplitz. Beispiele zur theorie der fastperiodischen funktionen. Math. Ann., 98:281–295, 1928.

[152] S. M. Ulam. Random processes and transformations. In Proc. Int. Congress of Math, volume 2, pages 264–275, 1952.

[153] S. M. Ulam and J. von Neumann. On combinations of stochastic and deterministic processes. Bull. Amer. Math. Soc., 53:1120, 1947.

[154] A. M. Vershik. Uniform approximation of shift and multiplication operators.

Soviet Math. Dokl., 24:97–100, 1981.

[155] A. M. Vershik and A. N. Livshits. Adic models of ergodic transformations, spectral theory, substitutions and related topics. In Representation Theory and Dynamical Systems, pages 185–204. Amer. Math. Soc., Providence, 1992.

[156] H. Vogel. A better way to describe the sunflower head. Mathematical Biosciences, 44:179–189, 1979.

[157] J. de Vries. Elements of Topological Dynamics. Kluwer, Dordrecht, 1993.

[158] P. Walters. On the pseudo orbit tracing property and its relationship to stability.

In N. G. Markley, J. C. Martin, and W. Perrizo, editors, The Structure of Attractors in Dynamical Systems, volume 668 of Lecture Notes in Mathematics, Berlin, 1978. Springer-Verlag.

[159] P. Walters. An Introduction to Ergodic Theory. Springer-Verlag, New York, 1982.

[160] P. Walters, editor. Symbolic Dynamics and its Applications, volume 135 of Mem.

Amer. Math. Soc. American Mathematical Society, 1992.

[161] K. Weihrauch. Computability. Springer-Verlag, Berlin, 1987.

[162] B. Weiss. Subshifts of finite type and sofic systems. Monats. Math., 77:462–474, 1973.

[163] S. Williams. Toeplitz minimal flows which are not uniquely ergodic. Z.

Wahrscheinlichkeitstheorie verw. Gebiete, 67:95–107, 1984.

[164] S. Wolfram. Statistical mechanics of cellular automata. Reviews of Modern Physics, 55:601–644, 1983.

[165] S. Wolfram. Computation theory of cellular automata. Comm. Math. Phys., 96:15–57, 1984.

[166] S. Wolfram. Twenty problems in the theory of cellular automata. Phys. Scripta, 9:170–172, 1985.

[167] S. Wolfram. Theory and Applications of Cellular Automata. World Scientific, Singapore, 1986.

NOTATION

#A number of elements of a finite set 100 A^∗ set of finite words 100 A^+ set of nonempty finite words 100 A^N symbolic power space (one-sided sequences) 100 A^Z space of two-sided sequences 132 A^N space of one-sided sequences 100 B(Y ) basin of an attractor 77 B_r(x) open ball with center x 231 B_δ(Y ) δ-neighbourhood of a set 24 B base of a topology 238 C(X, C ) space of complex continuous functions 71 C complex numbers 71 C chain relation 49 d(x, Y ) distance of a point from a set 24 d(x, y) distance of points 231 diam(U) diameter of a cover 86 E set of equicontinuous points 61 F^n n-th iteration of F 9 F^{−1}(U) inverse image of a cover 87 F_d dual of a CA 210 F_n n-th Fibonacci number 43 G_n n-th Rauzy graph 173 H(X, F, V) entropy of a cover 88 h(X, F ) topological entropy of a system 88 I unit interval [0, 1] 14 (I, Q_r) quadratic system 14 ||I|| length of an interval 96 K unit circle in the complex plane 72 L(A) linear span in a vector space 244 L(Σ), L^n(Σ) language of a subshift 108 L(x), L^n(x) language of a sequence 108 λ empty word 100 λ(M) spectral radius of a matrix 123 M(ϑ) matrix of a substitution 141

M inseparability relation 242 M(x) connected component of a point x 242 M_p(a) multiplicity of a periodic structure 140 mod_a(x) modulo function 18 μ(U) measure of a set 95 N nonnegative integers 21 N nonwandering relation 49 N , Z spaces of continued fractions 266 O orbit relation 49 O(x) orbit of a point 20 ω(Y ) omega limit of a set 75 A^∗ set of words 100 F = F × F_d symmetrization of a CA 210 Y closure of a set 231 O(x) orbit closure of a point 49 P (n) complexity function of a subshift 111 Per(n) number of periodic points 131 Per_p(x) p-periodic part 178 Ψ grand Sturmian subshift 176 p = (p_i)_{i≥0} periodic structure 137 Q(U) return time 94 Q_p group of p-adic rationals 138 R(U) recurrence time 94 R space of real numbers 231 R recurrence relation 49 r_i(x) period of a coordinate i 178 S(U) transition time 94 S(X, F ) spectrum of (X, F ) 71 S_p(x) p-skeleton of a sequence 178 Σ_E Markov subshift of a transition graph 117 Σ_F subshift of a forbidden set of words 107 Σ_G subshift of a labelled graph 126 Σ_I (F ) column subshift of a CA 193 Σ_M Markov subshift of a binary matrix 122 Σ_ϑ subshift of a substitution 144 Σ_{|G|} edge subshift of a labelled graph 126 Σ_{|G|}|B restriction of a sofic subshift 130 S(L) subshift of an extendable language 108 σ shift map 107 T (U) running time 94 T circle 231 (T, D) angle doubling system 18 (T, R_a) rotation of the circle 38 T set of bitransitive points 195 T set of transitive points 52 T^n n-dimensional torus 37 τ(U) recurrence time 94 τ(U, V ) transition time 94 ϑ[Σ] image subshift of a substitution 144

|ϑ| lower norm of a substitution 141 ||ϑ|| upper norm of a substitution 141 2 binary alphabet 21 U_X system of open covers of X 86 U ⪰ V finer cover 86 U ∨ V join of covers 86 U^n power of a cover 87 |U| size of a cover 86 u ⊑ v subword 100 u ⊑_p v prefix 100 u ⊑_s v suffix 100 [u]_m cylinder of a word at position m 133 u^∞ infinite concatenation of a word 100 u_{[i,j]} subword 100 |u| length of a word 100 |u|_a number of occurrences of a in u 141 Y^∘ interior of a set 231 Z set of integers 132 Z(n) group of integers modulo n 53 Z_p group of p-adic integers 137 Z(L) subshift of a central language 133

INDEX

Abelian group 256 accepting automaton 125-127 adding machine 136, 139-140, 156, 177-179, 182 adjacency matrix 122, 131 almost equicontinuous CA 191, 194-196, 201, 209, 220, 225 almost equicontinuous system 61-65 almost one-to-one extension 70 almost periodic point 39-41, 58-59, 65, 109, 143, 179 alphabet 100, 108 angle doubling system 18-23, 54-55, 86, 89 anticipation of a CA 190, 193, 225 aperiodic word 148 asymptotic points 210-211 attracting point 10-12, 16, 24, 191, 217-219 attracting set 24-26, 29, 77 attractor 77-83, 121-122, 195, 217

Baire theorem 239 balanced subshift 171, 176 base of a topology 102, 238 basin of attraction 77, 83, 191, 217 basis of a vector space 71, 244 bifurcation diagram 17 bijective CA 201-202, 209, 222 bijective map 230 bijective system 133 binary adding machine 61-63, 89 binary alphabet 21 binary full shift 40, 54, 57 binary interval cover 34-35 binary power space 21-22 Birkhoff theorem 59 bitransitive point 195, 208 blocking word 195 Bolzano-Weierstrass theorem 235 Borel sets 97 bounded space 235

Bowen theorem 91, 123

canonical clopen partition 110-112 Cantor set 21-22, 100 Cantor space 102-105, 243 Cantor substitution 142-144 cellular automaton (CA) 190 center of a system 60 central language 133 chain component 82, 120-121 chain relation 49, 52, 80, 120 chain-invariant set 81 chain-recurrent point 56 chain-terminal set 82-83, 120-122 chain-transitive subshift 131, 173 chain-transitive system 52-56, 82, 130 Champernowne sequence 20, 23, 40, 57, 109 chaotic CA 193 chaotic system 18, 21-23, 65, 89, 112, 134 character of a group 73, 257 circle 18, 231 clopen partition 101, 110, 181 clopen set 101-102, 241 closed cover 110, 238 closed equivalence 69, 253 closed map 247 closed relation 51 closed set 231-232 closing CA 210-214 closure 231 coded subshift 134 coding sequence 170 column subshift of a CA 193, 215, 220-221 compact Abelian group 68 compact Hausdorff space 68, 252-255 compact group 67, 138, 256-258 compact space 235-239, 250-252 complexity function 111-112, 122, 158 composition of relations 230 concatenation 100 conjugacy 26, 48, 111, 192-193 conjugate systems 26, 48 connected space 241-243 constant length substitution 141, 156, 179 context length 154 continued fraction 42-43, 158, 168, 262 continuous map 233-234, 247 convergent sequence 232 convergents 158, 263, 268-269 convex hull 269 countable base 238, 253 countable dense set 238, 247 countable group 258 Coven CA 220, 225 cover 86, 238 critical point 26, 33, 36 cross section 207-208 cubic root system 77, 83 cubic system 77, 82 cut point 33 cyclometric spiral 44 cylinder 23, 101-102, 110, 132

dense orbit 20, 23, 54 dense periodic points 20, 23, 38, 119, 201, 214 dense set 20, 238-239 dense trajectory 38 diagonal of a relation 230 diagonal of a set 230 diameter of a CA 190, 199, 202 diameter of a cover 86 diameter of a set 241 diamond 201, 211 Dirichlet theorem 40 discrete spectrum 71, 74 discrete topology 247 disjoint attractors 217-219 disjoint sum space 236, 248 disjoint union 123-124 distance of points 231 distance of sets 24, 241 dual group 257 dual of a CA 210, 215 dyadic adding machine 30-32, 71, 96 dyadic group 31 dynamical characteristic 93 dynamical rate 94 dynamical relation 49 dynamical system 10, 48

eigenfunction 71-73 eigenvalue of a matrix 150, 259 eigenvalue of a system 71-73 eigenvector 150, 259 elementary CA 191 elementary substitution 145-146 embedding 247 empty word 100 entropy of a cover 86-88 equicontinuity set 61 equicontinuous CA 197-198, 201, 218-219 equicontinuous factor 69, 84 equicontinuous point 61-62, 83, 195, 218 equicontinuous system 61, 67-70, 136, 139- 140, 143 equivalence 230 equivalent intervals 153-154 equivalent metrics 233 essential period 178 even subshift 107, 115-116, 125, 129, 223 eventually periodic point 16, 191 expansive system 133 expansivity constant 111 exponential growth 7 extendable language 108, 125 extension 20, 48 extension property 104-105

factor 48, 54, 106, 133, 140, 182, 213 factor map 20, 34, 48, 54, 110, 247 factor space 84, 253 factor subshift of a CA 221-225 factor topology 248 Feigenbaum sequence 177-179, 183 Feigenbaum subshift 33, 112, 182 Feigenbaum substitution 142, 147 Feigenbaum system 17, 24 Fibonacci number 43, 263 Fibonacci sequence 141 Fibonacci subshift 155 Fibonacci substitution 142, 147, 151-152, 157 finer cover 86-87, 239 finite automaton 124 finite intersection property 250-252 finite subshift 117, 144 finite system 53 fixed point 10-11, 16, 142, 155 flow 9, 13 forbidden word 107, 115 full shift 23, 107, 189-193, 211-213

generating cover 34, 89, 110-111, 192 generating partition 158 genetic spiral 42 golden mean subshift 107, 114-116, 123-125, 129 golden number 43 grand Sturmian subshift 176 graph of chain components 82-83 graph of path components 120 group 31 group homomorphism 257-258 group of p-adic integers 136, 140 group of p-adic rationals 138-140 group of characters 257

Hausdorff space 249-251, 255 Hedlund theorem 128, 190 height of a substitution 157 homeomorphic spaces 103, 234 homeomorphism 22, 63, 234, 247 hyperbolic growth 8

identity 56, 197 indegree 173 indiscrete topology 247 injective CA 202 injective map 230 inner point 231 inseparability relation 254 inseparable points 242 interior 231 interval cover 33 invariant measure 97 invariant set 24, 48 invariant subshift of a CA 198 inverse image 86-87 inverse limit 105 inverse limit space 101 inverse relation 230 inversely invariant 62 inward set 78-81, 195 irreducible graph 130-131 irreducible matrix 123, 259-261 isolated point 231 isometry 31, 38, 61, 67 iteration 9 itinerary 33, 86, 110, 163

join of covers 86 joining vertex 173

Klein theorem 269 kneading sequence 36, 163

labelled graph 126, 134, 168-169, 203 Lagrange theorem 167, 265 language 34, 108 language of a sequence 108, 133, 143 language of a subshift 108, 133 Lebesgue number 240 limit 232 linear combination 244 linear entropy 92 linear order 230 linear span 71, 244 linear system 10-12, 55, 106 linearization 11 linearly independent functions 244 linearly independent set 71 local rule of a CA 128, 190, 199, 211 local rule of a substitution 145 locally connected space 84, 243 logistic growth 13 Lorenz attractor 2 lower norm of a substitution 141

magic word 205-207 majority CA 194-197, 200, 222 Markov subshift 114, 117-118, 121-123 matrix of a sofic subshift 131 matrix of a substitution 141-142 matrix of an SFT 123 maximal equicontinuous factor 68-70, 74, 156, 176, 182 maximal totally disconnected factor 84 memory of a CA 190, 193, 205, 222, 225 metric group 73, 257 metric space 231 metrizable space 253 minimal attractor 77, 82, 121, 217-218 minimal subshift 144, 179 minimal system 32, 37, 41, 52, 58-59, 67, 74, 94-95, 112, 136, 139 minimum preimage number 205 mixing CA 193, 215 mixing subshift 119 mixing system 65-66, 70, 217 modulo function 18 monoid 141 monoid morphism 141, 144, 147 monothetic group 257 monotone characteristic 92-95 morphism of CA 190 morphism of dynamical systems 48 Morse substitution 142 multiplication CA 210, 215 multiplicity 140

neighbourhood 24, 231, 241 nonnegative matrix 123, 259 nonwandering point 56-59, 200 nonwandering relation 49, 52, 120 nonwandering set 60, 91, 124 normal space 249 numeration structure 141

omega limit 75-76, 192-194, 217-220 open CA 207-209, 213-215 open ball 10, 231 open cover 86, 93-94, 238-240 open map 247 open set 231-232 open subshift 207 open system 116, 155, 207 orbit 20, 49, 107 orbit closure 58, 107-109, 144 orbit relation 49, 52 order 230 order of an SFT 114-118 outdegree 173

partition 238 partition of a Rauzy graph 173 path component 120, 130 path relation 120, 123, 130, 259 path terminal set 120

Paul theorem 70 perfect space 66, 102, 243 period 197 period of a coordinate 178 period of a point 16 periodic orbit 16-17, 198 periodic part 178 periodic point 16, 39, 56, 131, 142-144, 178, 191, 214 periodic structure 137-140, 156, 178-183 permutive CA 193, 200, 203-207, 215 Perron-Frobenius theorem 123, 150, 259-261 piecewise linear map 25 polynomial entropy 92-94, 112, 186 Pontrjagin theorem 74, 138, 258 positive matrix 123, 259 positively expansive CA 215 positively expansive system 66, 111 power of a cover 87 prefix 23, 100 preimage 199-203, 207 preperiod 197 preperiodic point 16, 57 Preston system 25, 35, 78, 83 primitive matrix 123, 141, 259 primitive substitution 141-148, 153-156 product CA 191, 195-197, 203, 217, 222 product metric 236 product space 233-236, 248 product topology 248 pseudotrajectory 50

quadratic growth 8 quadratic system 13-17, 20, 34, 57, 61, 86 quadratic system on the circle 50, 54-59 quasi-attractor 77, 83, 217-218 quasi-periodic point 32, 39, 139, 177-179

radius of a CA 190-191 Rauzy graph 130-131, 173 realtime subshift 134 recognizable substitution 152-154 recurrence relation 49, 52 recurrence time 94, 113, 161, 186 recurrent point 39, 56-57, 109 redundant positional system 104-105 regionally proximal points 70 regular Toeplitz sequence 183-184 regular language 124-125 relation 230 residual entropy 107 residual set 53, 60, 195, 205, 238-240 return time 94, 113, 149, 161, 186 right-resolving graph 126, 131, 203, 211 rotation of a compact group 68-70, 74 rotation of a torus 37-38 rotation of the circle 38-40, 61-63, 72, 89, 96, 158, 163 running time 94, 113, 144, 161

sensitive CA 194-196, 199, 226 sensitive system 61-66 sensitivity constant 61 separated points 204-205 shadowing property 54-55, 115, 120, 140, 220, 224 shift map 107 simple continued fraction 266 size of a cover 86 skeleton 178, 182 skew Sturmian subshift 126, 167, 170-172, 176 sofic subshift 124-128, 134, 192-194, 202, 222- 224 source map 126 space of connected components 84, 254 space of continued fractions 266 space of continuous functions 71, 243, 246, 259 space-time diagram 191, 203 spectral radius 123, 131, 151, 259-262 spectral radius of a matrix 142 spectrum of a system 71, 74, 156-158 splitting vertex 173 stable point 10-12, 16, 24 stable set 24, 77, 84 state space 10 stationary point 7 Stone-Weierstrass theorem 74, 245-246, 259 strictly ergodic system 95-96, 150-151, 184- 185 strongly invariant set 77 Sturmian sequence 176 Sturmian subshift 158, 170-172, 176 subalgebra 244 subcover 87, 239 subsequence 235 subshift 34, 107, 112, 203 subshift of a language 108, 133 subshift of finite type (SFT) 114-123, 128, 134, 192, 202, 215, 222-223 subshift of minimal complexity 112, 172-173, 176 subspace 233 subspace topology 248 substitution 36, 141, 163, 175 substitutive subshift 141, 144, 151 subsystem 48 subword 100 suffix 100 sum CA 192, 197, 203, 222 sum metric 236 surjective CA 199-202, 205, 211, 219 surjective map 230 symbolic dynamics 21, 99 symbolic extension 107 symbolic power space 100 symbolic product space 100-102 symbolic space 100-103

target map 126 Three lengths theorem 160 Toeplitz sequence 177-181 Toeplitz subshift 177, 182-185 topological entropy 85, 88-91, 111, 123, 131, 225 topological entropy infinite 89 topological entropy positive 89, 112, 184, 225 topological entropy zero 89, 112, 144, 158, 176, 184, 226 topological properties 232 topological space 247 topology 232, 247 torus 38 totally disconnected relation 254 totally disconnected space 102-103, 111, 133, 139, 243 traffic CA 193, 197, 222 trajectory 9-11, 49 transition function 124 transition graph 118, 122 transition time 94, 113, 161 transitive CA 194, 199 transitive point 52-53, 133, 195 transitive relation 51 transitive subshift 119, 124 transitive system 20-21, 52-53, 56, 63-65, 74, 130 trivial equicontinuous factor 157 trivial system 53 Turing machine 134 two-sided subshift 132-133 Tychonoff theorem 252

uniform space 68, 254 uniformity 254 uniformly continuous map 233, 241, 255 uniformly rigid system 63, 198 unique attractor 218-219 upper norm of a substitution 141 Urysohn lemma 249

vector space 244

well order 230 word 23, 100

zero CA 197 Zorn’s lemma 59, 230