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“The story of Vopěnka’s principle [...] is that of a practical joke which

misfired: In the 1960’s P. Vopěnka was repelled by the multitude of large

cardinals which emerged in set theory. When he constructed, in

collaboration with Z. Hedrlín and A. Pultr, a rigid graph on every set [...],

he came to the conclusion that, with some more effort, a large rigid class

of graphs must surely be also constructible. He then decided to tease

set-theorists: he introduced a new principle (known today as Vopěnka’s

principle), and proved some consequences concerning large cardinals. He

hoped that some set-theorists would continue this line of research (which

they did) until somebody showed that the principle was nonsense.

However the latter never materialized – after a number of unsuccessful

attempts at constructing a large rigid class of graphs, Vopěnka’s principle

received its name from Vopěnka’s disciples."1

1Adámek, J. and Rosický, J. Locally Presentable and Accessible Categories.
London Math. Soc. LNS., N. 189. Cambridge U. Press, Cambridge, 1994.



Vopeňka’s Principle (VP):

There is no rigid proper class of graphs.



Vopeňka’s Principle as a large-cardinal axiom

It is well-known that the category of structures in any fixed
(many-sorted, infinitary) relational language can be fully embedded
into Gra. Thus, if in the original definition of VP one replaces
“graph” by “structures in a fixed (many-sorted, infinitary) relational
language”, one obtains an equivalent principle.

VP: In every proper class of structures of the same type there
exists one that can be elementarily embedded into another.

Stated in this form, VP is easily seen to imply the existence of
large cardinals, and in fact it is a large-cardinal axiom.
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Large cardinals



Large cardinals

Large-cardinal hypotheses (a.k.a. large-cardinal axioms) assert
the existence of infinite cardinal numbers, collectively known as
large cardinals, whose associated properties make them very large
and imply they cannot be proved to exist in the set theory axiom
system of Zermelo-Fraenkel with the axiom of Choice (ZFC).



The hierarchy of large cardinals (by consistency strength)
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Three challenging (related) questions

• What is a large cardinal axiom?

• Why do large cardinal axioms appear to be aligned,
forming a well-ordered hierarchy with respect to
consistency strength?

• Are large cardinal axioms true?
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Dedekind’s definition of infinite set

Richard Dedekind

(1831 - 1916)

A set S is said to be infinite when it
is similar [i.e., bijectable] to a proper
subset of itself, otherwise it is said to
be finite.

Was sind und was sollen die Zahlen? (1888).



Infinity as self-similarity

For Dedekind, what makes a set infinite is not its size, but its being
self-similar. Size is, one might say, a side-effect.

Question: Can all large cardinal axioms be formulated as
strong forms of self-similarity?

Recent work on Structural Reflection (SR) reveals that, indeed,
all known large cardinal axioms, correspond to different and ever
stronger self-similarity properties of the set-theoretic universe.



Infinity as self-similarity

For Dedekind, what makes a set infinite is not its size, but its being
self-similar. Size is, one might say, a side-effect.

Question: Can all large cardinal axioms be formulated as
strong forms of self-similarity?

Recent work on Structural Reflection (SR) reveals that, indeed,
all known large cardinal axioms, correspond to different and ever
stronger self-similarity properties of the set-theoretic universe.



Infinity as self-similarity

For Dedekind, what makes a set infinite is not its size, but its being
self-similar. Size is, one might say, a side-effect.

Question: Can all large cardinal axioms be formulated as
strong forms of self-similarity?

Recent work on Structural Reflection (SR) reveals that, indeed,
all known large cardinal axioms, correspond to different and ever
stronger self-similarity properties of the set-theoretic universe.



Infinity as self-similarity

For Dedekind, what makes a set infinite is not its size, but its being
self-similar. Size is, one might say, a side-effect.

Question: Can all large cardinal axioms be formulated as
strong forms of self-similarity?

Recent work on Structural Reflection (SR) reveals that, indeed,
all known large cardinal axioms, correspond to different and ever
stronger self-similarity properties of the set-theoretic universe.



The universe V of all sets



Complete Reflection

The Complete Reflection Principle (CR) (Levy 1960): For every
formula φ(x1, . . . , xn) of the language of set theory, and every set a,
there exists a transitive set A closed under subsets (i.e, all elements
of the elements of A and all subsets of elements of A belong to A)
which contains a and such that for every a1, . . . , an ∈ A,

φ(a1, . . . , an) if and only if A |= φ(a1, . . . , an).

Theorem (Levy 1960)

The theory

Extensionality + Separation + Foundation + CR

is equivalent to Zermelo-Fraenkel (ZF) set theory.
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Levy’s Strong Reflection Principles

Levy (1961) considers principles of reflection stronger than CR and
shows them equivalent to the existence of, e.g., inaccessible or
Mahlo2 cardinals. The idea behind such principles is the following:

If we start with the idea of the impossibility of distinguishing, by
specific means, the universe from partial universes we shall be
led to [some] axiom schemata [which] will be called principles of
reflection since they state the existence of standard models [...]
which reflect in some sense the state of the universe.

This kind of reflection does not go very far. E.g., it cannot yield
measurable cardinals (Koellner 2009).

2A cardinal κ is Mahlo if it is inaccessible and the set of inaccessible cardinals
below κ is stationary.
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Gödel’s insight (after Ackermann, and Cantor)

Kurt Gödel

(1906 - 1978)

The universe of sets cannot be
uniquely characterized (i.e., distin-
guished from all its initial segments)
by any internal structural property of
the membership relation in it [...].

Quoted in Wang 1996



Structural Reflection



Structural Reflection

A class of relational structures C (of the same type, and with the
membership relation) is given by some formula φ(x), so that

C = {A = ⟨A,∈, ⟨Ri ⟩i∈I ⟩ : φ(A)}.

Structural Reflection:
SR(C): There exists a cardinal κ such that for all A ∈ C there
exists some B ∈ C of rank less than κ and an elementary
embedding j : B → A.

κ

A

B



Theorem:

SR(Σ1) (i.e., SR(C) for every every Σ1-definable class C) holds,
witnessed by every κ such that Vκ ⪯Σ1 V .

Moreover, VP(Σ1) holds.
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Supercompactness

Recall: A cardinal κ is supercompact if, for every λ > κ there exists an

elementary embedding j : V → M, M transitive, with critical point κ,

and such that j(κ) > λ and M is closed under λ-sequences.

Theorem: (Magidor 1971, B. 2012, B.-Casacuberta-Mathias-
Rosický 2015)

The following are equivalent:

1. SR(Σ2)

2. VP(Σ2)

3. There exists a supercompact cardinal.
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Beyond supercompactness

Recall: κ is extendible if for every λ > κ there exists an elementary

embedding j : Vλ → Vµ, some µ, with crit(j) = κ, and j(κ) > λ.

Theorem: (B. 2012, B.-Casacuberta-Mathias-Rosický 2015)

The following are equivalent:

1. SR(Σ3)

2. VP(Σ3)

3. There exists an extendible cardinal.
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For the higher levels (n > 2) we need the notion of C (n)-extendible
cardinal.

Notation: C (n) is the class of cardinals κ such that Vκ ⪯Σn V .

Definition: (B. 2012, B.-Casacuberta-Mathias-Rosický 2015)

κ is C (n)-extendible if for every λ greater than κ there exists an
elementary embedding j : Vλ → Vµ, some µ, with crit(j) = κ,
j(κ) > λ, and j(κ) ∈ C (n).

Note: κ is extendible if and only if it is C (1)-extendible.
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Theorem: (B. 2012, B.-Casacuberta-Mathias-Rosický 2015)

The following are equivalent for n ≥ 1:

1. SR(Σn+2)

2. VP(Σn+2)

3. There exists a C (n)-extendible cardinal.

Corollary:

The following schemata are equivalent:

1. SR (i.e., SR(C) holds for all C).

2. VP

3. There exists a C (n)-extendible cardinal, for every n.
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SR from Supercompact to Vopěnka’s Principle

SR ≡ VP Strength

Σ1 ZFC
Σ2 Supercompact
Σ3 Extendible
Σ4 C (2)-Extendible
...

...
Σn+2 C (n)-Extendible

...
...

Σn, all n VP



[Kanamori-Magidor 1978] One way in which Vopěnka’s Principle
will differ from our previous axioms is that it does not merely assert
the existence of a large cardinal with higher order properties, but
provides a framework in which many such cardinals can be shown
to exist.3

3Kanamori, A., Magidor, M. (1978). The evolution of large cardinal axioms in
set theory. In: Müller, G.H., Scott, D.S. (eds) Higher Set Theory. Lecture
Notes in Mathematics, vol 669. Springer, Berlin, Heidelberg.



The Weak Vopěnka Principle



An equivalent formulation of VP

Theorem: (Adámek-Rosický 1994)

The following are equivalent:

1. VP

2. The category Ord cannot be fully embedded into the category
Gra. That is, there is no sequence ⟨Gα : α ∈ OR⟩ of graphs
such that for every α ≤ β there exists exactly one
homomorphism Gα → Gβ , and no homomorphism Gβ → Gα

whenever α < β.
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The Weak Vopěnka Principle

Weak Vopěnka Principle (WVP):4

The category Ordop cannot be fully embedded into the category
Gra. That is, there is no sequence ⟨Gα : α ∈ OR⟩ of graphs such
that for every α ≤ β there exists exactly one homomorphism
Gβ → Gα, and no homomorphism Gα → Gβ whenever α < β.

[Adámek-Rosický 1987]: VP implies WVP .

Question: Is WVP equivalent to VP?

4Adámek-Rosický 1987
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Theorem: (Wilson 2020)

The WVP is equivalent to the principle “Ord is Woodin”, hence it
does not imply VP.



Recall: A cardinal κ is λ-strong, where λ is a cardinal greater than κ, if

there exists an elementary embedding j : V → M, with M transitive, with

critical point κ, and with Vλ contained in M. A cardinal κ is strong if it

is λ-strong for every cardinal λ > κ.

Theorem: (B.-Wilson 2022)

The following are equivalent:

1. WVP(Σ2)

2. There exists a strong cardinal.
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Πn-strong cardinals

Definition: (B.-Wilson 2022)
A cardinal κ is λ-Πn-strong if for every Πn-definable (without
parameters) class A there is an elementary embedding j : V → M,
with M transitive, crit(j) = κ, Vλ ⊆ M, and A ∩ Vλ ⊆ j(A).

A cardinal κ is Πn-strong if it is λ-Πn-strong for every ordinal λ.

Theorem: (B.-Wilson 2022)
The following are equivalent for n > 0:

1. WVP(Σn+1)

2. There exists a Πn-strong cardinal.
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“Ord is Woodin"

Definition:

“ Ord is Woodin" if for every definable A ⊆ V there exists some κ

which is A-strong, i.e., for every γ there is an elementary
embedding j : V → M with crit(j) = κ, γ < j(κ), Vγ ⊆ M, and
A ∩ Vγ = j(A) ∩ Vγ .

Theorem: (B.-Wilson 2022)

The following schemata are equivalent:

1. WVP

2. There exists a Πn-strong cardinal, for every n.

3. “ Ord is Woodin”.
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From Strong to Ord is Woodin

WVP Strength

Σ1 ZFC
Σ2 Strong
Σ3 Π2-Strong
Σ4 Π3-Strong
...

...
Σn+1 Πn-Strong

...
...

Σn, all n WVP ≡ Ord is Woodin



VP as a combinatorial principle



Reflecting measures

Recall that Pκλ = {x ⊆ λ : |x | < κ}.

Definition

Let κ be an infinite cardinal, and let λ be an ordinal greater than or
equal to κ. An n-reflecting measure on Pκλ is a κ-complete
ultrafilter U on Pκλ which contains the set of all σ ∈ Pκλ such
that ot(σ) ∈ C (n).
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Recall that an ultrafilter U on Pκλ is fine if for every µ ∈ λ the set
{σ ∈ Pκλ : µ ∈ σ} belongs to U . And U is normal if it is closed
under diagonal intersections, i.e., if X = ⟨Xi : i ∈ λ⟩ is a sequence
of elements of U , then ∆X = {σ : σ ∈

⋂
i∈σ Xi} ∈ U .

Theorem (B.-Goldberg 2023)

A cardinal κ is supercompact iff there exists a fine and normal
1-reflecting measure on Pκλ for every λ in C (1) greater than or
equal to κ.
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Theorem (B.-Goldberg 2023)

A cardinal κ is extendible iff there exists a fine and normal
2-reflecting measure on Pκλ for every (equivalently, for a proper
class of) λ in C (2) greater than or equal to κ.

Theorem (B.-Goldberg 2023)
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Corollary:

The following are equivalent:

1. For every n there exists a cardinal κ such that for all
λ ∈ C (n+1) greater than κ there exists a fine normal
(n + 1)-reflecting measure on Pκλ.

2. VP



VP beyond Choice



Berkeley cardinals

Definition (Woodin)

A cardinal δ is a Berkeley cardinal if for every transitive set M that
contains δ and for every α < δ, there exists an elementary
embedding j : M → M with α < crit(j) < δ.

Note that if δ is a Berkeley cardinal, then there exists an elementary

embedding j : Vδ+2 → Vδ+2 with critical point below δ. Hence, by

Kunen’s Inconsistency Theorem, AC must fail.
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In ZFC (i.e., using the AC), VPω implies VP, hence VPω and VP

are equivalent.

[Mohammd 2025] If δ is a Berkeley cardinal, then VPδ holds.
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